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PREFACE 

This book is designed for students who. having acquired a good 
working knowledge of the calculus, desire to become acquainted 
with the theory of functions of a complex variable, and with the 
principal applications of that theory. In order to avoid making 
the subject too difficult for beginners, I have abstained from the 
use of strictly arithmetical methods, and have, while endeavour¬ 
ing to make the proofs sufficiently rigorous, based them mainly 
on geometrical conceptions. 

The first two chapters are intended to familiarise the student 
with the geometrical representation of complex numbers and 

of the simpler rational and irrational functions of a complex 
variable. 

In Chapter III. the properties of holomorphic functions 
are established; these properties are then used to define the 
Exponential, Circular, Logarithmic, and other transcendental func¬ 
tions for the domain of the complex variable, their properties as 
functions of a real variable being assumed to be known. It is 
thus possible in Chapter IV. to make use of these functions in 
examples on integration; such examples are both interesting and 
important, and it seems desirable to introduce them to the student 
m a manner that does not involve the difficulties of complex 
series. As a preliminary to Green’s Theorem I have given a 
short account of curvilinear integrals. Two proofs of Cauchy’s 
Theorem are given, only the first of which depends on Green’s 
Theorem. A large number of examples on contour integration 
are worked out, and here, ^ throughout the book, the text is 
plentifully illustrated by diagrams. 
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In view of the very full exposition of the subject given by 
Dr. Bromwich, it has been thought unnecessary to give a de¬ 
tailed account of infinite series. A summary of those theorems 
which are used in the book will be found at the beginning of 
Chapter V.; the theory of uniform convergence is dealt with in 

Chapter VI. 

The remaining chapters are devoted to the applications of the 
subject. Chapter VII. includes, among other matters, the theory 
of Analytical Continuation; various examples of the applications 
of that theory are given there and in Chapters VIII. and XV. 
The asymptotic expansions of the Gamma Function in Chapter 
VIII. and of the Bessel Functions in Chapter XV. are worked 
out for complex values of the variable. 

Chapters IX. to XI. deal with Elliptic Integrals and Functions. 
In Chapter IX. the student is shown how to reduce and evaluate 
elliptic integrals. In Chapter XI. I have established the exist¬ 
ence of the Jacobian Functions by considering the values of the 
Weierstrassian Function when one period is real and the other is 
purely imaginary. 

The last four chapters of the book contain a discussion of the 
theory of linear differential equations. As the most important 
of these equations are of the second order, it has been thought 
unnecessary to consider equations of higher order than the second. 
The Hypergeometric Function and Spherical and Cylindrical 
Harmonics are discussed as they arise through the solution of 
their differential equations; other properties of these functions 
are given in examples, with, in most cases, hints as to the methods 
of solution. No attempt has been made to deal with the applica¬ 
tions of these functions to physics, but it is hoped that the 
applied mathematician will find in these pages ready access to 
the instruments which he requires. 

Numerous examples have been given throughout the book, 
and there is also a set of Miscellaneous Examples, arranged to 
correspond with the order of the text. 

The writing of the book was undertaken at the suggestion 
of Professor George A. Gibson, LL.D., to whom I have been 
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indebted for important criticisms at all stages of the work. I 
have also to thank my colleagues, Mr. Robert J. T. Bell, D.Sc., 
and Mr. Arthur S. Morrison, M.A., B.Sc., for their assistance in 

correcting the proofs. 

Acknowledgment has been made, in foot-notes to the text, of 
various sources from which I have derived assistance. Of the 
books which I have found helpful I would particularly name 
Lindelof’s Calcul des Residue, Cauchy’s Memoire sur les inte¬ 
grates dAfinies, Jordan’s Cours d' Analyse, and Forsyth’s Thecrry 
of Differential Equations. I have also made use of lectures by 
Mr. R. A. Herman, M.A., and Professor E. W. Hobson, Sc.D. 

In conclusion, I would express my thanks to Messrs. MacLehose 
for the excellence of their printing work. 

THOMAS M. MACROBERT. 


Glasgow, September 1916. 


PREFACE TO THE SECOND EDITION 

In the main this edition is a reprint of the first edition. The 

discussion of the Bessel Functions in Chapter XV. now includes 

an account of the modified Bessel Functions I n (z) and K n (z). 

The definition of the associated Legendre Function Q n m (z) in 

Chapter XV. has been altered by the omission of a factor e mwi ; 

this ensures that, for real values of n and m, the function shall 

be real when z is real and greater than unity. In consistence 

with this change a factor (- 1)”» has been inserted in the 

formulae on pages 250 and 251 defining Q n -(z) when m is an 
integer. 

Other additional matter has been added in four appendices 
and a second set of miscellaneous examples. The first appendix 
is made up of a number of short notes amplifying points in the 
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text. Appendix II. contains proofs of the analytical continua¬ 
tions and the asymptotic expansion of the Hypergeometric 
Function. In Appendix III. further properties of the Legendre 
Functions are established ; in particular, the asymptotic ex¬ 
pansions, the recurrence formulae and the addition theorems. 
In dealing with values of z near the origin Ferrers’ function 
T n m {z) has been employed in preference to P n m {z). Here again, 
in defining T n m (z), an exponential factor has been omitted in 
order to ensure that, when n and m are real, the function 
shall be real for real values of z numerically less than unity. 
Appendix IV. is devoted to proofs, by the method of contour 
integration, of Fourier’s Integral Theorem and of the Fourier- 
Bessel Integral Theorem. 

I take this opportunity of cordially thanking those friends 
who have pointed out to me errors in the examples and in the 
text. 

T.M.M. 

Glasgow, February 1933. 


PREFACE TO THE THIRD EDITION 

A fifth appendix, on Generalised Hypergeometric Functions, 
and a third set of miscellaneous examples have been added. 

It should, perhaps, be pointed out that Dr. Dougall’s Bessel 
Function G n (z) is related to the Hankel functions by the 
equations 

in H n (1 >(z) = 2G n (z), in H n (2) (z) = - 2e imr G n (ze <w ). 

Dougall’s function corresponds more closely than these to the 
Modified Bessel Function K n (z); and, in any ca'se, there is no 
advantage in introducing two functions when one only is 
required. T.M.M. 

Glasgow, October 1946. 

PREFACE TO THE FIFTH EDITION 

The fifth appendix, which was extended for the fourth edition 
in 1954, has been further extended by the addition of more 
examples. 

Glasgow, October , 1961. 


T.M.M. 
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CHAPTER I. 
COMPLEX NUMBERS. 


X. Definition of Complex Numbers. In the domain of real 
numbers there is no number which satisfies the equation x l = - 1. 
To remedy this defect in the number system a new kind of 
number, denoted by i, and known as the imaginary unit , is 
introduced. This number satisfies the fundamental laws of 
algebra, associative, commutative and distributive, and is such 
that t 2 = - 1. Thus the two roots of the equation x 2 = —l are 
i and — i. A number of the form p+iq, where p and q are real, 
is called a Complex Number. If q = 0 the number is said to be 
purely real, and if p = 0 it is said to be purely imaginary. The 
complex numbers p + iq and p — iq are called Conjugate Numbers. 
The number p + iq is zero if and only if p = 0 and q = 0. 

If p—p + iq, it is frequently found convenient to write R (p) for p and I(p) 
for q, where R(p) stands for the real part of p and I (p) for the imaginary 
part of p. 

Complex Numbers are subject to the same algebraical laws 
of addition, subtraction, multiplication, and division, as real 
numbers. These operations, when applied to real and complex 
numbers, produce real and complex numbers only ; and it will 
be shewn (§§ 6, 20) that this is also true of the remaining 
algebraical operation of root extraction. 



2. Geometrical Representation of Complex Numbers. The 

>mplex Number z = x + iy can be represented geometrically by 
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means of a Rectangular Coordinate System X'OX, Y'OY (Fig. 1). 
The point V{x, y ) corresponds uniquely to the number 2 , and is 
called the point In particular, points on the x-axis correspond 
to purely real numbers, and points on the y-axis to purely 
imaginary numbers. The figure is called the Argand Diagram, 
and the coordinate plane is spoken of as the s-plane. 

Example. If z x and z 2 are conjugate numbers, shew that the straight line 
joining the points z x and z 2 is bisected at right angles by the .r-axis. 


3. Modulus and Amplitude. In polar coordinates P is the 
point (r, 6), where r denotes the positive value of OP. and 
0 the angle XOP. The angle XOP is defined as the angle 
traced out by a radius-vector which revolves either positively 
or negatively from its initial position along OX till it coincides 
with OP. OP or r is called the Modulus of z , and is written 
mod z or | z \ ; 0 is called the Amplitude * of z, and is written 
amp z. The amplitude can evidently have an infinite number of 
values differing from each other by multiples of 2tt: that value 
which satisfies the inequalities 

— vr < 0 ^ 7r 


is called the Principal Value of amp z. 

The rectangular and polar coordinates are connected by the 

relations x = r cos 6, y = r sin 6, 

r = Jx l -\- y l , tan Q = y/x. 

From the.se it follows that 


z = x+iy = r(Qos 0-f isin 6), 

an equation which expresses z in terms of its modulus and 
amplitude. 


Example 1 . Prove | cos 0+ i sin d | = 1 . 

Example 2. If z=x + ii/, shew that |y| = |*|» 

Vectors. A line AB (Fig. 1), equal to, parallel to, and in the 
same direction as OP, may also be used to represent the number z ; 
mod (AB) and amp(AB) are then identical with \z\ and amp 2 . 
AB is called a Vector. It follows that 


BA= - AB. 

* The word Aryumenl is used by some writers in place of Amplitude. 



§§3 ,4] MODULUS AND AMPLITUDE 3 

4. Geometrical Representation of Addition. Let P, and l\ 

(Fig. 2) be the points z x = x x + iy, and z 2 = x 2 + vy 2 . Tlien 

+ z 2 = (x x + x 2 ) + i(y x + y 2 )• 



Flo. 2. 

Through P x draw PjPg equal to, parallel to, and in the same 
direction as OP 2 . P s has coordinates (x l + x 2 , y x + 2 / 2 )* and is 
therefore the point z l + z 2 . In vectorial notation 

OP 3 =OP 1 +PjP 3 = OPl + OP 2 = OP2+P?3- 

Subtraction. Since z l — s 2 = ^-K — z 2 )> a subtraction can always 
be treated as an addition. Thus, if P 3 (Fig. 2) is the point z. t , 

z 3 - 2 2 = OP s - OP 2 = OP 3 + P^P x = OP, = 2 ,. 

Theorem I. The modulus of the sum of any number of 
complex quantities is less than or equal to the sum of their 
moduli: that is, if n is any positive integer, 

| z x z 2 -+-... ■+* | ^ | z x | -f- | z 2 | 4-... -f-1 3 |* . 

This follows from the geometrical theorem that a side of a 
triangle is less than or equal to the sum of the other two sides: 

thus (Fig. 2) _ _ 

mod (OP 3 )^ mod(OP 1 )d-mod(P 1 P 3 ). 

Therefore | z l z 2 1 | z x | | z 2 |. 

Hence 1 *i + s 2 +* s l = I ^-\-z 2 1 + I « 3 1 

, = 1 2 i I +1 2 21 +12 3 1 ; 

and so on. 

Theorem II. The modulus of the sum or difference of two 
complex quantities is greater than or equal to the difference of 
their moduli. 

The verification of this theorem is left as an exercise to the 
reader. 
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5. Multiplication and Division. Let s^r^cos flj-f-isin 0j), 

2 2 = r 2( COS ^2 + ^ sin # 2 )’ • • •» «n = ‘>*n(cOS0 n + isin 0 n ). 

Then, by De Moivre’s theorem, 

z 1 z 2 ...z n = r 1 r 2 ...r n {cos (6 1 + 0 2 +... +0„) 

-\-i sin (0J + 02 + ... + #«)}• 

Hence, the modulus and amplitude of a product are equal 
respectively to the product of the moduli and the sum of the 
amplitudes of the factors. 

In particular, if n is a positive integer, and if z = r(cos 6 + i sin 0 ), 
^ en z” = r n (cos 716 + i sin nd). 

Example. If p + iq is a root of the equation 

a 0 z n + a 1 z n - l + ...+a„ = 0, 

where the coefficients Oq , a,, ..., a„ are real, prove that p — iq is also a root. 


Again, — = — cos{0 1 — 0 2 )+i sin (0, — 0 2 )}: 

Z 2 r 2 

so that the modulus and amplitude of a quotient are respectively 
the quotient of the moduli and the difference of the amplitudes 
of the numerator and denominator. 

It follows that the equation 

z n _ r n( cos n 0 4 . { 8 i n 

holds when n is a negative integer. In particular, 

mod ( 1 / 0 ) = 1/1 z | and amp (\/z)= — amp 0 . 


Example 1. Give a geometrical construction for l/z. 

Example 2. Shew that amp = BAC. 

Let OP and OQ be parallel to and in the same direction as AB and AC. 
Then anip = amp AC - amp AB 


= amp OQ — amp OP 
= POQ = BAC. 


If the angle so obtained is a positive Fig. 3(a)} or a negative {Fig. 3(6)} 
reflex angle, the principal value of the amplitude of the quotient is obtained 
in the first case by subtracting and in the second case by adding 2ir ; the 
resulting amplitude is in the first case negative and in the second case 
positive. As a rule , when the amplitude is mentioned, it is to be understood 
■ kat the principal value is referred to. 



§§ 5, 6] 


MULTIPLICATION 


5 


Example 3. Shew that, if amp —i 3 j=amp (*2- — y'ji the points z 3 and z A 

are on the same side of the line joining*, and * 2 , an( * 2 n z 2 * 2 3 » z *> are eoncyclic. 
Let P„ P 2 , P 3 , and P 4 be the points z it z 3 , and z t respectively. Then 

* 2-*4 

z l -z i 

Therefore P,P 3 P 2 = P,P 4 P 2 . 

Moreover, the points P 3 and P 4 must be on the same side of the line P,P 2 ; 
for if not, the angles P,P 3 P 2 and P,P 4 P 2 would have opposite signs. 

Hence the points Pi> P 2 > P 3> and P 4 are concyclic. 


amp (^37 ) = PiP 3 p 2 ; amp ( 


)- 


P,P 4 P 2 . 



6. Root Extraction. If 11 is a positive integer there are n 

distinct values of z n . 

For, since, if k is any integer, 


cos 


0 + 2/C7T 


1 • • 0-+-2A:7r\ n _ . . 

-Msm-—- ) = cos 0 -f 1 sin 0 , 

9 V / 


- W 

1 / 

it follows that r n f cos 


0 + 2/C7T . . 04-2/C7T 

-ht sin — - - 


is an n th root of 


z — r (cos0-Hsin 0). Now, if for k the numbers 0, 1, 2, 3,..., 

— 1 , are substituted in succession, n distinct values of z* 1 are 
obtained. The substitution of other integers for * merely gives 
rise to repetitions of these values; and there can be no other 

values since ^ is a root of the equation which has not 

more than n roots. 


Similarly, if p and q are integers, and q is positive, 

£= rf(cos2®±^T + i sin 
where <c = 0, 1, 2 ,..., q — 1. ? ? 
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Example. Shew that the ?i th roots of any number can be represented by 
n equidistant points on a circle with centre at the origin. 

EXAMPLES I. 

1. Shew that the straight line joining the points z, and z 2 i s divided in 
the ratio m : n at the point (wiz 2 + 7zz,)/(w-f-7i). 

2. Prove that the centroid of the triangle whose vertices are z I , z 2 , and 
z 3 is (2 1 +2 2 +Z 3 )/3. 

3. Prove that the modulus of the quotient of two conjugate numbers 
is unity. 

4. Prove that ampz — amp( — z)= ±ir according as ampz is positive or 
negative. 

5. If |*i | =|**|, and amp 2 1 + ampz ; , = 0, shew that z, and z 2 are conjugate 
numbers. 

6. If 2cos d = a + 1/a, shew that 2 cos nd—a n -\- l/a n . 

7. Prove algebraically that |z,+z 2 | ;$> \z x | + |z 2 |. 

8. Shew that, if \z x -fz 2 -f ... +z n | = \z x | + |z,| +... + | z„ |, the z 's must all 
have the same amplitude. 

9. Shew that, if amp = 7 r, then z 3 and z. are on opposite 

Z 3)\ Z 2~ z i)J 

sides of the straight line joining z x and z 2 , and z,, z 2 , z 3 , z 4 , are concyclic. 

10. Let A, B, C, and D be the points 2 ,, z 2 , z 3 , and z 4 . Shew that, if 
z J z. 2 + z 3 z i = 0 and z, +z 2 = 0, then A, B, C, and D are concyclic and the triangles 
AOC and DOA are similar. 

11. If AC : CB : : - AD : DB, and if A, B, C, 1) are the points z ls z 2 , z 3 , z 4 , 
shew that A, B, C, and 1) are concyclic, and prove (zj +z 2 )(z 3 +z 4 )=2(z 1 z 2 + z 3 z 4 ): 
also prove triangles AOC and DOA similar, where O is the mid-point of AB. 

12. Prove that the two triangles whose vertices are the points a n a 2 , 03 , 
and 6,, b.,, fe 3 , respectively, are directly similar if and only if 

«l, h \y 1 

Cl.f y Jj.f y 1 — 0. 

a 3 > ^3 > I 

13. Prove that the curves j = constant and amp(*— ^\=constant 

are orthogonal circles. c + l \z-fl/ 

14. Prove that the imaginary /j 0 * roots of a real quantity can be arranged 
in conjugate pairs. 

15. Picture on a diagram the roots of the equation z^-f 1 =0. 

16. Shew that the equation 32z 5 = (z-f-1 ) 6 has four complex roots, two of 
which lie in the second quadrant and two in the third. Shew that all the 
roots lie on a circle. 


{See also Miscellaneous Examples /.. 1-9.) 
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CHAPTER II. 

FUNCTIONS OF A COMPLEX VARIABLE. 

7. Uniform Functions. When a variable complex quantity 
w is connected with another variable complex quantity z in such 
a way that to each value of z there corresponds one value of w, 
w is said to be a Uniform or Single-valued function of z. For 
example, a polynomial in z , or the ratio of two polynomials, is 
a uniform function of z. The formal definition of a Holomorphic 
function of a complex variable will be given in Chapter III. 

The values of z , for which w is a function of z , may be limited 
to some assigned region of the plane. Thus the equation 

y = 1 + CC + X 2 + . • • , 

where x is real, defines y as a function of x for those values of x 
and those alone which satisfy the inequality — 1 < 1. 

Multiple-valued Functions. If several values of w correspond 
to each value of z , w is said to be a Multiple-valued or Multiform 

function of z . For example, Jz is a two-valued, and ^Jz an 
Tt-valued function of z. 

Path of Variation. In the theory of functions of a real 
variable, the independent variable x can only vary by values which 
correspond to points on the x-axis: in the theory of functions of 
a complex variable, on the other hand, the independent variable 
c can vary by values corresponding to the points of any path 
connecting the initial and final points. 

8 . Transformations. If w is a function f\z) of z , the relation 
between w and z may be interpreted geometrically, and the 
relation may then be called a transformation : the point z is said 
to be transformed into the corresponding point or points vu by 
means of the transformation w =f(z). If xv = az + b, the trans¬ 
formation is called a linear transformation. If w = <p(z)/\fs(z), 
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where and \fs(z) are polynomials, the transformation is said 
to be rational. Transformations of the type w = (az + b)/(cz+d) 
are known as bilinear transformations. 

We proceed to investigate the geometrical meaning of linear 
and bilinear transformations. 

I. w = z + b. Let P, Q, and B (Fig. 4) be the points z, w, and 
b. Then, since PQ = OB, it follows that the effect of the trans¬ 
formation is to impose on- every point z a translation equivalent 
in magnitude and direction to OB. 



Fio. 4. 


II. w = az. This transformation gives |t«| = |a|.| 0|, and 

amp w = amp a -f- amp z. 

Consequently, if P and Q are the points z and w, the point 
Q can be derived from the point P by turning the radius-vector 
OP through an angle amp a and then multiplying it by \a\. It 
follows that any figure in the plane is changed by the trans¬ 
formation into a similar figure. 

III. w = az + b. This, the general linear transformation, can 
be effected by applying transformations II. and I. in succession. 
Like transformation II. it transforms any figure in the plane 
into a similar figure. The ratio of the distances of corresponding 
points is given by the equation 



and the angle between corresponding lines by the equation 

amp(wj — w 2 ) — amp(2 1 — z 2 ) = amp a. 

IV. w=lfz. Here |w|=l/|s|, and ampw= -ampi. Now 



5 0] TRANSFORMATIONS » 

let P (Fig. 5 ) be the point 2 and P' the inverse of P with regard 
to the circle (2 1 = 1 . Then the modulus of P' is 1 /M and its 
amplitude amp z. Again, let Q be the image of P in the rc-axis, 
then the modulus of Q is 1 /M, and its amplitude is -amp 2. 
Hence Q is the point w. It follows that the transformation is 
equivalent to an inversion in the circle of unit radius with the 
origin as centre, followed by a reflection in the a>axis. 



Fir;. 5. 


Point at Infinity. As 2 tends to infinity, w approaches the 
origin. In the theory of the complex variable, infinity is regarded 
as a point; namely, that point which is related to the origin by 
means of the transformation w=ljz. 

V. w = afz. This can be regarded as a combination of trans¬ 
formations IV. and II. 


VI. The general bilinear transformation w = (az-\-b)/(cz + d), 
where a/b =/= cjd. (If a/b = c/d, then w is a constant.) 

This transformation can be written 



(be — ad)fc 2 a 
z + d/c +c- 


It can therefore be effected by combining the three 
transformations z^z + d/c, z 2 = k/z 1 , where k = (bc-ad)/c 2 , and 
w = 2 2 4-a/c. It should be noted that 2 can also be derived from 
w by the bilinear transformation 2 = ( — dw + b)/(cw — a). 

Since the inverse of a circle is a circle or a straight line, 

it follows that bilinear transformations transform circles into 
circles or straight lines. 


10 


FUNCTIONS OF A COMPLEX VARIABLE [ch. n 


Example 1. Apply the transformation «>=(2z+3)/(z — 4) to the circle 
x 3 +y 2 -4y=0. 

Since to = 2 4- ll/(z-4), the transformation can be effected by applying 
successively the transformations 

(i) z, = z —4, (ii) z 2 = l/z 1 , (iii) z 3 =llz 2 , and (iv) w=z z + 2. 

From transformation (i) we get 

x=x 1 + 4, y=y x . 

Hence (^i + 4) 2 +y 1 3 -4y 1 =0. 

Transformation (ii) gives 

x x = xj(x 2 2 + y 2 2 ), y x = -yj (x 2 2 +y 2 2 ). 

Therefore \§(x^+y<?) + &x 2 + 4y 2 + \ =0. 

Again, from transformation (iii), 

x% = x 3 j 11 , y 2 =^ 3 / 11 > 

so that 16 (a: 3 2 +y 3 2 ) + 88^3 + 44 y 3 + 121 = 0 . 

Finally, if w=u+iv t transformation (iv) gives 

,r 3 = u- 2, y 3 = v. 

The given circle is therefore transformed into the circle 

16tt 2 + 16y 2 + 24j/ + 44y + 9 = 0. 

Example 2. Shew that the transformation of Example 1 changes the 
circle x l +y 2 — 4x—0 into the line 4?t + 3 = 0, and explain why the curve 
obtained is not a circle. 

9 . Geometrical Representation of Functions. It is often 
convenient to represent the dependent variable w on a different 
plane from the independent variable 2. 1 his plane is called the 

w-plane, and w = u+iv is represented on it by the point (n, v) 
referred to rectangular axes U'OU, V'OV. If w is a uniform 
function f(z) of 0, and if 0 moves from a to b by different paths in 
the 55-plane, w will move from /(a) to f(b) by different paths 
in the w-plane. In the case of multiple-valued functions, how¬ 
ever, it will be shewn that the final point attained in the w-plane 
depends on which value of w is selected as initial value, and 
also on the path followed by 2 in the 2-plane. 

Example 1. Let w = z 2 y so that u — x y 2 t v = 2xy. 

Then, if # = 0 , u= -y 1 and v = 0. Hence as z moves up the y-axis from 
- 00 to 0 , u increases from - 00 to 0 , and therefore u moves along the u-axis 
from — co to 0. Again, as z moves up the y axis from 0 to + cc u decreases 
from 0 to - ac , and therefore w moves back along the u- axis from 0 to - cc . 

Similarly, it can be shewn that as z moves along the .r-axis from - co to 
4- ac , passes along the «-axis from 4 - co to 0, and then back from 0 to 4 - ® . 
Likewise, the positive and negative parts of the v-axis correspond respec¬ 
tively to the lines y=x and y = -x. 
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Again, if we put 2 = r(cos 0+ '»in 6) and «’ = p(cos ./>+ i sin </>), wo have 

p = r 2 and •f> = 26 . 

Hence, if 2 lies on the circle ABCD (Fig. G) of radius a, w will He on the 
circle PQRS of radius u 2 . Let 0 = 0, <f> = 0 initially, so that A and 1 are the 
initial positions of 2 and v\ Then as 2 passes round the quadrant AB m tlie 
anti-clockwise direction, 6 and (/> increase to tt 2 and - respectively, so that 



id passes round the semi-circle PQR. Similarly, it can be shewn that, as 2 
passes round the quadrants BC, CD and DA, w passes round the semi-circles 
RSP, PQR and RSP respectively. Thus, when 2 describes the circle ABCD 
once, w describes PQRS twice. 

Example 2. If w = z 2 , and if 2 describes the line x = c , shew that w 
describes the parabola w = c 2 --r 2 /4c 2 Trace on a figure, for the particular 
case c = 1. the course of 10 as 2 moves up the line .r = 1 from - 00 to + co . 


In applications it is often important to trace the change in 
the amplitude of u> when z describes a closed curve. We shall 
consider some particular cases. 



( 1 ) iv — z. Here amp w — amp z. Let z describe a closed curve 
LMN (Fig. 7 ) about the origin. Then, if z passes round LMN 
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once in the positive direction, amp?, and consequently ampwj, 
will increase by 2tt. Similarly, if z passes round the curve once 
in the negative direction, amp z and amp w will each decrease by 
2tt\ while n successive revolutions in the positive or negative 
direction will alter the amplitudes by -+- 2mr or — 2mr. 

Again, if the origin is exterior to the closed curve APBQ 
(Fig. 8) described by z, the amplitudes of z and w will increase 



from lXOA at A to ?_XOB at B, and then decrease from Z.XOB 
to Z.XOA; so that the total change is zero. 

(2) w = a(z — z 1 ), where a and z x are constants. Here 

amp w = amp a + amp (z — z x ) ; 

so that, since amp a is constant, the change in amp w is equal to 
the change in amp (z — z x ). Hence, if z describes a closed curve 
surrounding z x in the positive or negative direction, amp w will 
alter by +2?r or — 2 tt ; while, if z x is exterior to the curve, 
ampit; will return to its original value. In the first case w will 
describe a closed curve in the iy-plane about the origin; while 
in the second case it will describe a closed curve not enclosing 
the origin. 

(3) w = a(z — z 1 )(z — z 2 )(z—z s ), where a, z lt z 2> and z 3 are 
constants. 

Here amp w — amp a + amp ( z — z x ) + amp ( z — z 2 ) 4- amp {z — z 3 ). 

If z passes round the curve C 0 (Fig. 9), which does not contain 
any of the points z lt z 2 , z 3 , then amply will return to its 
initial value; so that w will describe a closed curve not enclosing 
the origin. If z passes round C x> C 2 , or C 3 , amp w will be altered 
by 27 r, 47 r, or C7r, and w will pass round the origin once, twice, 
or thrice as the case may be. 

(4) iv = a(z — z 1 )(z — z 2 )...(z — z n ). If in this case z describes a 
closed curve within which none of the points z x , z 2 , ..., z n lies, 
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it follows, as in cases (2) and (3), that ampw will regain its 
initial value, and w will describe a closed curve which does not 
surround the origin; while, if z describes a closed curve within 
which r of these points lie, amp w will be altered by 2r7r, and to 
will pass round the origin r times. 

(5) w = a(z-z l )/(z-z 2 ). 

Here amp w = amp a 4- amp (z — z x ) — amp (z — z 2 ). 

It follows that, if z describes the curve C x (Fig. 10) or C 2 in the 
positive direction, ampw is increased or decreased by 27r; while, 



if z describes either of the curves C 0 or C 8 , amp w regains its 
initial value. 

In all these cases it is obvious that the change in amp w due 
to the description of any closed curve is independent of the 
shape of the curve, so long as the same set of points z x , z 2 , z 3 , ... 
lies inside or outside it. It is often found convenient to take the 
curve in the form of a circle. 

(6) w — sfz. If 2 = r(cos 0+ i sin 0), then w has two values, 

w 1 = r l f*{cos (0/2) +1 sin (0/2)} 
and w 2 = rl/2 { c °s(0/2-{-7r)-|-tsin(0/2-4-7r)} = 

Ea«h of these two quantities to, and w 2 varies with 2 , and is 
therefore a function of z: they are called the Branches of the 
two-valued function to. 

Let 2 start from the point P(r, a.) (Fig. 11), and let the initial 
values of w 1 and w 2 be 

_ = r^ (cos (oc/2)-f i sin (oc/2)} and w 2 = -w x . 

Then and will be represented by the points P^r 1 / 2 , oc/2) 
and P 2 ( 7 U/*, oc/24-tt) in the w-plane. Now, if z moves round the 
circle PQR of centre O and radius r, 6 will increase by 2 tt, and 
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ampw by 7r. Consequently w x will move round the semi-circle 
PjQjRjPg and w 2 round the semi-circle PgQgR^ in the w-plane: 
the final values of w x and w 2 will be w 2 and w x . A revolution 
of z about the origin therefore interchanges the branches of w. 
Two such revolutions bring back w x and w 2 to their original 
values; or, graphically expressed, if z moves round the circle 
PQR twice, w x and w 2 each move round the circle P 1 Q 1 P 2 Q 2 once. 



If the circuit described by z does not enclose the origin, 6 will 
regain its initial value fx, and w x and w 2 their initial values w x 
and w 2 . 

The point O is called a Branch Point of w, because a circuit 
about it interchanges the branches of the function. 

(7) w = Ja(z — z x ). Here amp w= h amp a +£ amp (z — z x ). 

This is again a two-valued function. A single circuit about z x 

interchanges the branches, while a double circuit brings them 
back to their initial values. On the other hand, the description 
of a circuit which does not enclose z x effects no alteration in the 
branches. Hence z x is a Branch Point of w. 

(8) w = Ja{z — z x )(z — z 2 ). 

Here amp w = h ampa.+ £ amp (z — z x ) + % amp (z — z 2 ). 

Hence the description of Cj (Fig. 12) or C 0 interchanges the 
branches, while the description of C 0 or C s leaves them unaltered. 
Thus z x and z 2 are Branch Points of w. 

(9) w = y{z — a). If z — a = r( cos 0 + isin 0), w has n branches 

\( d-f 2S7T . . d + 2S7T\ . 

w x> w 2i ..., w„, where w 8 = r n {cos— - — +ism—-—). A 

positive circuit round the branch-point a increases 0 by 27r, and 
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therefore changes w t into w 2> w 2 into rv 3 , ... , 7v n into Circuits 

which do not enclose a leave the branches unaltered. 
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Example 3. Let w> = \/( 1 — 0(1 + 2 a ), and let the value of w when z is at O 
be + 1. Then if z describes the curve OPA (Fig. 13), where A is the point 2, 
shew that the value of w at A will be — isfb. 

The three zeros of w are 1, i’, and — i. Let B, C, and D be the corre* 
sponding points, and through C and D draw CL and DM parallel to OX. 
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Let the moduli and amplitudes of BP, CP, and DP be r„ r.„ r 3 , and <&., <A>, 
«/. 3 , respectively, where 4.XBP = <f> ly Z.LCP = <£.,, and lMDP = </> 3 . Then 

w = ( - 1 )* r* r 2 *r 3 * (cos ii ±<fg + <b* + ,* sin <^> 1+^2 + ^ 

It has still to be determined which of the two possible values +tt or -tt 

is to be assigned to amp( - 1). Now, when z is at O, <£, = tt, <f> 2 = - tt/2, </> 3 = tt/2 ; 

so that <£ 1 + </> 2 + < /> 3 = 7r . Hence, if amp(-l) = T , amp 10 = *- at O; while, if 

ampt-iampw=0 at O; but rc=+l when z is at O, so that the 
latter value must be chosen. Therefore 


w = r 1 ^r^r 3 ^ (cos^lil^2+^3 E + l - s i n + <kt + <l>* — ir \ 

xr \ 2 2 / 

- 71 -/ 2 "to^ fr TJ° l A A ’ ^ decreases from to 0, <f> 2 increases from 

amnio— V ^ decr P*** from «*/2 to tan'U Therefore at A 

amp 10 = -,/a ; also r l = l, r 2 = V5, r, = -s/6. Hence 

** = V5 { cos ( - tt/2) +1 sin ( - tt/2) }= -i ^5. 
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10. Roots of Equations. In works on the theory of equa¬ 
tions it is shewn how, by means of Sturm’s Theorem, it is possible 
to find the number of real roots lying between any two real 
values of the variable. We shall now shew how to find the 
number of real or complex roots of an equation which are 
contained in various regions of the 2 -plane. 

Consider the equation 

f(z) = a^z n + a x z n ~ 1 + ... -r a n = 0. 

We assume that every equation has a root: a proof of this 
important theorem will be given later (§33). It follows that 
f{z) can be put in the form 

ajz - z i) ( z “**) • • • ( z — 

If z be taken positively round a closed circuit in the 2 -plane 
which encloses r of the points z 13 z 2 ,..., z n , the amplitude of f(z) 
will be increased by 2rir. Consequently the number of roots of 
f(z) = 0 which lie inside a given circuit can be ascertained by 
determining the change in the amplitude of f{,z) when z passes 
round the circuit. 

The following theorem will be found useful in locating the roots. 

Theorem. If 2 be taken round any part of a large circle with 
the origin as centre and radius R, and if 6 be the change in 



amp z, the change in the amplitude of /(z) will differ from nO by 
a quantity which tends to zero as R tends to infinity. 

For /(z) = 2 “ (a 0 4- ajz + ajz*+...+a n /z n ). 

Hence amp/(z) = n amp 2 + amp (a 0 + ajz + ajz 2 +... + ajz? 1 ). 
Now | <hJ z + ajz 2 +... + a n /z n \^p, 

where p — l a il/R +1 a 2 l/^ 2 “b ••• +1 a »l/® ,n * 

Let R be chosen so large that p<|a 0 |. Then the point 
a o + a i/ 2 + • * • + a n/z n must lie inside a circle of centre a 0 or A 
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(Fig. 14) and radius p. If OP be a tangent to this circle, 
amp(« 0 +«,/«+... +«„/*”) differs from amp« 0 by an angle rj, 
which is not greater than ^.AOP and which can be made as 
small as we please by increasing R, and thus decreasing p. 

That is, amp/(3) = 7iampz + ampa 0 ±> 7 . 

Hence Lim amp/(z) = w amp 3 + amp a 0 . 

R—><» 

Therefore, when R tends to infinity, the change in amp f(z ) 
tends to n times the change in amp z. 

Example. Investigate the positions of the roots of the equation 

z* + z 3 +l =0. 

Let io=z*+z?+l i and let z describe a contour consisting of the three 
portions : 

(1) the x-axis from 0 to + qo ; 

(2) the first quadrant of a circle of centre O and radius infinity ; 

(3) the y-axis from + co to 0. 

(1) At points on the x-axis, w= u + iv=.r 4 + x*+ 1, so that u=x 4 + x 3 +l 

and v = 0. Hence, as z passes along the x-axis from O to -f- oo , w passes along 

the u-axis from 1 to + co,and therefore amp?£ remains constant and equal 
to zero. 

(2) On the great circle amp 2 increases by tt/ 2, and therefore, by the 
theorem above, amp w increases by 2 7 r. 

(3) At points on the y-axis, u=y*+ 1 and i> = -y^. Hence 10 lies on the 
infinite curve LMN (Fig. 15), given by these equations, and aa y decreases 



quadrants. 


Again, let z describe the contour OABCO _* . 

th0 * and s and ABC is a of ctrc le Vl = T ^ ° “* 
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Then, firstly, the description of OA gives rise to no change in ampu>. 
Next, for points on a circle of centre O and radius R, 

2=R(cos 0 + i sin #) = R(1 — t 2 +2it)/(l +* 2 ), where t = tan (0/2), 

= R(1 + if)/(l — it). 

Accordingly, at points on ABC, z=(l+it)/(\ -it), so that 

w = (3 — 12< 2 + t* + 2 it + 2i* 3 )/(l - it)*. 

Hence amp w=anip{(3- 12^-f t*) + i(2t + 2t*) }-amp(1 -it)*. 

Now, as $ varies from 0 to 7r/2, t varies from 0 to +1 ; so that amp(l — it) 
decreases by irj\. Hence amp(l — it)* decreases by 7r. 

Again, let £ = 3-12< 2 +f* and rj = 2t + 2t 3 . 

Then the curve given by these equations is of the form shewn in Fig. 17, 



the arrows indicating the variation of the point (£, tj) as t increases from 
— qo to + qo . 

Now, when t = 0, £ = 3 and rj = 0, so that amp(£ + i77) = 0 ; also, when t = 1, 
£=—8 and rj = 4, so that amp(^+u/)=0, where 0 is the angle in the 
second quadrant for which tan 6= —1/2. Hence the change in arapw due 
to the description by z of the quadrant ABC is 

7r + 6 = 27t — tan -I ( 1 /2). 

Finally, at points on OC, u=y* +1 and v=—y 3 , so that w lies on the 
curve LMN (Fig. 15). When y — 1, w is at the point K(tr=2 — i), and 

amp w= — tan -1 (1/2) ; 

while, when y = 0, w is at the point M(«>=1) and ampw = 0: so that the 
change of amplitude due to path CO is tan -, (l/2). 

Hence the total change of amplitude due to the circuit is 27 t, and there¬ 
fore the root which lies in the first quadrant lies within the unit circle. 
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Similarly it can be shewn that the root in the fourth quadrant lies within 
the unit circle, while the other two roots lie outside it. 

Again, it can be shewn that all the four roots lie inside the circle \z\ = 2. 

For, if z = 2(l+ii)/(1 -it), 

w={( 25 - 102* 2 + 9«*) +1(76* - 44* 3 )}/(l - iey. 

Now the curve £ = 25 — 102* 2 + 9f 4 , rj — 'iGt — 44* 3 , 

is of the form shewn in Fig. 18, the arrows indicating the variation of the 
point (£, q) as * increases from — co to +qo. But as amps varies from —tr 



to + 7T, < vanes from - co to + co, and therefore amp (£ + irj) increases by 4 tt. 
Also amp {1/(1 — t*) 4 } increases by 4;r. Hence amp t* increases by STrfand 
therefore all the four roots lie inside the circle. 


.EXAMPLES II. 

1. If .0 and z are connected by the bilinear transformation 

w = (az + b)f(cz + d), 

she d w if that e P ° inU aDd “ 2 Corres P° nd respectively to the points z, and *„ 

w - w l ^ cz 2 + d z~z x 
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3. If w = (az + b)/(cz + d), and if the points w li w 3i and xo K correspond 
respectively to z lt z 2 , z 3 , and z 4 , shew that 

( w \ ~ w t )(w a - w A ) (z, - z 2 )(z 3 - z 4 ) 

( w l - - “>i) (h - * 3 )(‘* - *4)* 

4. Shew that the constants in the transformation w = (az + b)/(cz + cl) can 
be so chosen that three arbitrary points u>,, w 2 , and w 3 correspond respectively 
to three arbitrary points z,, z 2 , and z 3 . 

5. Find the bilinear transformation which makes the points «, 6, and c 
in the 2 -plane correspond respectively to the points 0, 1, qo in the w-plane. 

. z -a b-c 

Ans. id— -- -. 

z—c b—a 

6. Find the bilinear transformation which makes the points 1, i, — 1 in 

the 2 -plane correspond respectively to the points 0, 1, co in the w-plane 
Shew that the area of the circle \z\ =1 is represented in the w-plane by the 
half-plane above the real axis. Ans. -t(z-l)/(z+l). 

L Prove that the relation w=(l+tz)/(i+z) transforms the part of the 
real axis between 2=1 and 2 = — 1 into a semi-circle connecting w= 1 and 
w ~ ~L -A-lso find all the figures which, by successive applications of the 
relation, can be obtained from the originally selected part of the ar-axis. 

8. Let io=tJ(2 — 2z + z 2 ) f and let z describe a circle of centre 2=1 +i and 
radius V2 in the positive direction. If 2 starts from O with the value \/2 of 
10 , what are the values of w 

(i) when 2 returns to O ; 

(ii) when 2 crosses the y-axis? 

Ans. (i) -s/2 ; (ii) V 20 {cos(3 tt/ 8 + A/2)-f tsin(37r/8 + A/2)}, where A is 
the angle in the second quadrant for which tan A = — 3. 

9. Let w=<J(5 — 2z + z 2 ) y and let 2 describe a circle of centre z= 1 +2i and 
radius 2 in the positive direction. If 2 starts from the point +1 with the 
value +2 of w, find the values of w at the first and second crossings of the 
y-axis. 

Ans. (i) n/ 2 V(20-f8v/3){cos(7r/3-t-a./2) + isin(7r/3 + cx./2)}, where a. is the 
angle in the second quadrant for which tan ol= -4 — \/3 ; 

(ii) *J2 */(20 - Ss/3){ cos (2 tt/3 + 0/2) + i sin (2 tt/ 3 + 0/2)}, where 0 is 
the angle in the second quadrant for which tan 0= — 4 + s/3. 

10. If io 2 =z+l f shew that, when the point 2 describes the circle \z \ =c, 
each of the points w describes the Cassinian r,r a = c, where r t and r 2 are the 
distances of w from the points +1 and — 1. 

11. Shew that the equation z* +z+l=0 has one root in each quadrant, 
and that the root belonging to the first quadrant lies outside the circle | z ( = 1 
and inside the circle \z\ =2. 

12. Shew that the root of z* -f-z-f-1 =0 belonging to the first quadrant lies 
inside the square whose sides are x = 0, x= 1 , y = 0, and y = 1 . 

13. Shew that the equation 3 4 + 4(l + 1 ) 2+1 =0 has one root in each 
quadrant. 
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14. Shew that two of the roots of the equation z 6 —z + 16 = 0 have their 
real parts positive, and three their real parts negative. Also shew that all 
five roots lie outside the circle |z| = l and inside the circle |z| = 2. 

15. Shew that the only root of z^ + lOz —1=0 inside the circle |z|=l is 
real and positive. 

16. Prove that jt’ + IOz — 1=0 has no root the modulus of which exceeds 2. 

17. If M>={(2 + *)z + (3 + 4i)}/r, shew that: 

(i) as (.r, y) describes the circle j?+y‘ t =\ positively, the point (?/, v) 
describes the circle (u — 2) 2 + (v—1) 2 = 25 negatively ; 

(ii) as y) describes the circle j~ 2 +y 2 - 4x - 6y - 12 = 0 positively, the 
point (w, v) describes the circle (u - l/2) 2 + (v -13/12) 2 = (25/12) 2 
negatively. 

18. Apply the transformation io=\/z, (i) to the set of straight lines 
through the point (a, 0), and (ii) to the set of circles with this point as 
centre : and shew that the set (i) is transformed into a set of coaxal circles 
through the points w = 0, 10 = 1 / 0 , while the set (ii) is transformed into a set 
of coaxal circles, of which these two points are the limiting points. 

19. Show that the equation z s — 5z + 16 = 0 has only one real root, a negative 
root, and that the other roots lie one in each quadrant. [The imaginary roots 
are in conjugate pairs, so that it is only necessary to show that two and only 
two roots lie to the right of the imaginary axis.] 
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11. Limits. A single-valued function f(z) is said to tend to 
the limit L as z tends to the value z x if, corresponding to any 
assigned positive number e, however small, a positive number 
t] can be found such that \f(z) — L|<e for all values of z (except 
z \) which satisfy the inequality | z — z x | < tj. For brevity we write 

Lim f(z) = Li. 

z —> z i 

This condition can be represented geometrically as follows : if y (Fig. 19) 
be a circle in the w-plane of centre L and assigned radius €, a positive 


z - plane iv-plane 



number rj can be found such that, so long as z remains inside the circle C 
in the z-plane of centre z, and radius jf, the corresponding point/(z) in the 
if-plane will remain inside y. 

The limit L is clearly independent of the path by which z 
approaches z x . 

The limit L has not necessarily the same value as f(z x ): for, 
consistently with the definitions of § 7, any arbitrary value can be 
assigned to the function at the point z x . 

Limit at Infinity. If, corresponding to any positive number 
e, however small, a positive number N can be found such that 
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|/0)-L|<e for |z|>N,/(» is said to tend to the limit L as z 
tends to infinity: that is, Lim /(z) = L. 

Example. Lim 1/2 = 0. 

I — > 00 

Infinite Limits. If, corresponding to any positive number N, 
however large, a positive number tj can be found such that 
| f(z) | > N for 1 2 — z x | < *j, f(z) is said to tend to the limit infinity 
as z tends to z l . 

Example . Lim \/z = co. 

t —>o 

The branches of multiple-valued functions generally tend to 
different limits as z tends to z x . 

If the limit L is a function L (z x ) of z lt and if an can be 
found such that, for all points z 1 in a given region, | f(z) - LfzJlO 
provided | z -z 1 1 < >/, f{z) is said to tend uniformly to the limit 
L(z 1 ) in the region. [N.B., tj is independent of the position of z x .] 


12. Continuity. The function f(z) is said to be continuous 
at z x if f(z x ) has a definite value, and if Lim f(z)=f(z x ). 

*->*i 

If f(z i) is infinite,/(z) has not a definite value, and is therefore 
discontinuous at the point z x . 

The condition for continuity can be expressed as follows : if, 
corresponding to any e* an tj* can be found such that 

\f( z )-f(Zi)\<e for |s-z,|<»7, 

f(z) is continuous at z v 

A function is continuous in a region, if it is continuous at all 
points of the region. 

lf/(z) has a definite limit at z x different from f(z x ), f(z) is said 
to have a Removable Discontinuity at z x , and the function can 
be made continuous by replacing the value at z x by the limit at 
that point. This can also be done when/(z 1 ) has no value. 

To investigate the continuity of a function at infinity, put 
z = l/£> &nd test for £ =0. 


Theorem 1. The sum of a finite number of continuous 
1 unctions is a continuous function. 


* In this book * will usually bo understood to represent an 
positive number, and rj a positive number. 


arbitrarily small 
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Theorem 2. The product of a finite number of continuous 
functions is a continuous function. 

Theorem 3. The ratio of two continuous functions is 
continuous except for values of z which make the divisor 
zero. 

The verification of these three theorems is left to the reader. 
The proofs are almost identical with those for functions of a real 
variable. 

Theorem 4. If f(z) is continuous and has the value l at z v 
and if is continuous at l , <f> [f(z)} is continuous at z x . 

For, \f(z) — 1 1 O, if \z — z x \<.ri; and e can be chosen so that 

0(f)—0(01 < e '» if lf-0o* Now let £=/(*); then 

l0(/(*)}-0{A*l)}l<'. 

provided \z — z 1 \<C.tj. Hence <f>{f(z)} is continuous at z = z v 

Theorem 5. The real and imaginary parts of continuous 

functions are continuous functions. 

For, if w—u+iv is continuous at z = z x , and if its value at 
that point is w x = u x + , an rj can be found such that, for 

|*-*i|<* 

I w^w x \ — \{u — — v x )\ < e. 

Thus 7{(u — Ui)*+(i» — e; 

so that | u — u x | < e, | v — i\ | < e. 

Hence u and v are continuous functions at z = z v 

13. Uniform Continuity. A function f{z) is said to be 
Uniformly Continuous in a given region, if, corresponding to 
any e, an rj can be found such that, for every point z x in the 
region, | f(z) -f(z x )\ < e, when \z-z 1 \<r ] ; i.e. if f(z) tends uni¬ 
formly to f{z x ) in the region. [The region is closed (see page 92).] 

Theorem. If f{z) is continuous in a given region, it is uni¬ 
formly continuous in that region. 

The proof of this theorem depends on the following Lemma : 

Lemma. If |/(z)-/(2i) | < e for | Z-*, | < ■», then 

l/(*)-/(**) I < 2 * for I *-**!< H 

where z % is any point of the closed circle | z — H 1 = to- 
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Let C x (Fig. 20 ) and C 2 be the circles | z — z 1 1 = rj and | z — z x 1 = \t). 
Then, if z and z 2 lie within C lt 

I/<*)-/(**) | = | f(z)-f(z 1 )+f(z 1 )-f(z 2 ) | 

^\}{z)-f{z l )\ + \f{z 2 )-f{z l )\ 

<2e. 

But if z 2 be restricted to lie within or on C 2 , every point 2 such 
that | z — z 2 | < fa will lie within C x . Hence the Lemma holds. 



C, 


Now for uniform continuity in the region there must cor¬ 
respond to every e an 17 such that 

l/(z)-/(z 1 ) |<€ if |z-Zil<»7, (a) 

where z x is any point of the region. Suppose there is an e for 
which this is not true. Divide the region into smaller regions 
by means of sets of equidistant lines parallel to the two axes. 
In one, at least, of these smaller regions (a) is not satisfied. 
Divide this smaller region into still smaller regions in the same 
way as before. In at least one of these regions (a) is not satisfied. 
By continuing this process a series of regions is obtained, each 
part of the preceding one, and in each (a) is not satisfied. Now 
let z x be a point common to all these regions ; then, since f(z) 
is continuous at z lt an tj can be found such that 


1 /( 2 )-/(Si) I <c/2 if \z-z 1 \<2q. 

Hence, by the Lemma above, |/(z) -f(z 2 ) \ < c if | z —z a |< ^, 
where z 2 is any point of the circle | z - z, | = , ; so that (a) is 
satisfied for this circle. But if the subdivision of the given 
region be continued till a region is reached which is contained 
in this circle, (a) is not satisfied in this region. Also, since this 
region ,s contained in the circle, (a) is satisfied in it. Thus two 
contradictory results are obtained. Hence /(z) must be uni- 
formly continuous in the given region. 
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Functions of Two Real Variables. A function u(x, y ) of x 
and y is said to be uniformly continuous in a given region if, 
corresponding to any e, an rj can be found such that, for every 
point (x, y) in the region, 

| n(x + Ax, y + Ay)—u(x, y) |<e, 
provided |Ax|<> 7 , \Ay\<irj. A function u(x, y) which is con¬ 
tinuous in a given region is also uniformly continuous in the 
region. The proof of this theorem is left as an exercise to the 
reader. The region is, of course, a closed region. 

Again, let the continuous function n{x , y) have continuous 

partial derivatives of the first order in the region. Then, if 

Au = u(x + Ax, y + Ay) — u(x,y), 

Au= [u(x + Ax, y + Ay) — u(x, y + Ay)} 

+ {u( x > y + Ay)-u(x, y)} 

0 0 
= Ax — u(x + SyAx, y + Ay) H- Ay ^ (x, y + G Z Ay\ 


where 0*<d 1 <C!l, 0 < d 2 < 1. 

Now ^ and ^ are continuous in the given region, and 

dx ?>y 

therefore, from the property of uniform continuity, 

^uix+e.Ax, y + Ay) = Zu ^ • v) +«., 


where | oc | < e, | /31 
Hence 


y + e 2 Ay) p, 

e, provided | Ax | < tj, | Ay | < »/, 


Aa = ^Ax + ^~Ay + oc Ax+/3 Ay, 


where oc and @ tend uniformly to zero with Ax and Ay at all 
points in the given region, since r\ is independent of x and y. 

14. Differentiation. The Derivative of any function /(s), 
obtained by applying a finite number of the algebraical operations 
considered in §§ 4, 5, and 6 to 2 in succession, is 

Li rn MM. 

Az —>o As 

These limits are obtained by the same rules as when the 
independent variable is real. It is important to notice that the 
value of the derivative is independent of the amplitude ot As. 
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dz" 


Example 1. Prove ^ = nz”~\ (i) for n a positive integer, and (ii) for n a 
negative integea*. 


dz” 


Example 2. Prove -^—nz n ~ x for n a positive fraction. 

Let n=plq, where p and q are positive integers ; then, if 

2 = r(cos 6 + i sin 0), 


- ~( 
z« = r«( 


6 + 2kir 


0 4- 2ktr 


cos-H ^ sin- 

9 9 


where X: = 0, 1, 2, ..., q — 1. 


Now let ^=z l l9 J where { represents the branch of z x,<l corresponding to one 
particular value of k. 

Then, if the increment Az of z correspond to the increment Af of £, 

(.- + A £)*!* - zri* __ (£+ A£) p - C p 
Az (£+ao«-£«* 


Hence 


dz*'_p(*- 1 p tp _^ p£-i 


dz q - q 

where the same value of z 11 * is taken on both sides of the equation. 

Example 3. Prove = nz n ~ l for n a negative fraction. 

15. Holomorphic Functions. Any function of x and y can 
be regarded, according to the definition of § 7, as a function of z : 
for if ^ be given, the corresponding values of x and y are known, 
and therefore the corresponding values of the function can be 
found. For example, one value of x — iy or of x 2 — y 2 corresponds 
to every value of z. But these functions cannot be expressed in 
terms of z, and it is much more satisfactory to regard them as 
functions of the two independent variables x and y. It should 
be noted that these functions do not, like those considered in 
§ 14, possess definite derivatives at 0 . For example, take the 
function f(z)=x-iy. If the increment Az of z corresponds to 
the increments Ax and Ay of x and y> 

Lim fl*.+ A a 2) -/W = Lim ~ = Lim 1 - iAy/A* 

A2- *° Az az-*o Ax + iAy Az— mjI 4* iAy/Ax* 

Ay-*0 Ay—*0 

and this limit will vary with the limiting value of Ay/Aa; ; i.e., 
with the limiting value of amp Az. The conditions subject to 
which a function possesses a definite derivative will now be 
investigated. Later, in § 39, it will be seen that such functions 
can usually be expressed explicitly in terms of z. 

Let w=u + iv, where u . «(:r, y) and v^v(x, y) are continuous 
functions of x and y possessing continuous partial derivatives 
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of the first order. If the limit of Aw/Az when Az->0 is inde¬ 
pendent of amp Az, so that w possesses a definite derivative at z, 
this derivative will have the same value when amp Az = 0 as 
when amp Az = &r ; when Az = Ax and when Az= iAy. In 

the first case 

dw T . u(x + Ax, y)+iv{x + Ax, y)-u(x, y)-iv(x, y) du .dv 

-Ai di + , dx' 

and in the second case 

dw T •__ u (#» y + &y )+ * v ( x * y + Ay) - u (x, y) - iv (x, y) _ 1 du ^ dv 
d£~ iAy idy+dy' 

Thus, on equating the real and imaginary parts of these 
expressions, we have the Cauchy-Riemann Equations 

du _dv 'du _ — dv / v 

dx ~ dy* dy dx' 

It follows that these conditions are necessary for the existence 
of a derivative ; it will now be shown that they are also 
sufficient. 

Let the increments Az, A u t Av and Aw of z, u t v and w cor¬ 
respond to the increments Ax and Ay of x and y. Then 

Aw __ Au + iAv 
Az ~ Ax + iAy 

Ax + ^ Ay + cl Ax + /3Ay) +i(j^Ax + ^Ay+oL'Ax+0'Ay) 


~ Ax + i Ay 

where a, /3, a.', tend uniformly to zero with Ax and Ay. Thus, 
from equations (a), 

a (A* + iAy) + o-Az + /3A y + icu'Ax + ip'Ay 

Daw \qx ox/ 


Az Ax + iAy 

and therefore, since | Ax | ^ | Ax + iAy |, | Ay | ^ | Ax + iAy |, 

s^(i +< ii)|si a i + i* l+|a ' l+l ^ 

But, when Az->-0, the right hand side tends to zero ; therefore 


(S* 


i^)(Ax + iAy) + a. Ax + /3A y + ia.'Ax + i/3'Ay 

GX' 


T . Aw du .dv 
Lim -r— ==— +tr-, 
az -*o Az dx dx 


which gives the required result, 
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Corollary 1. 


dw __ 'dw _ 1 dw 
dz dx i dy 


Corollary 2. Since the partial derivatives of " and r are 
continuous, is also continuous. 

Definition. If a function is uniform and continuous, and 
possesses a definite continuous derivative at any point, it is said 
to be Holomorphic * at the point. 

A function is said to be Holomorphic in a given region, if it is 
holomorphic at all points of the region. 

Equations (a), expressed in terms of polar coordinates, become 

du _ 1 dv 1 da dt* 
dr r dO’ r d 6~ dr ’ 


(A') 


(App. I., Note 1.) and the derivative is then obtained as follows: 


dw 

_dw _dw dr 

.dnv c$ 

dz 

do: dr dx 

+ W Zx 


'dw / 

'du 


=^ cose ~{ 

I 

?l: 

+ 


= (cos 0~i sin 6) 

or 


da\ sin 6 
dr/ r 


Example 1. Shew that the function e'fcosy + 1 sin^) is holomorphic, and 
find .U derivative. Angm ^ (c03 / +{siny y 

Example 2. Shew that logr + i'0 is holomorphic unless r = 0, and find its 
aenvative. Aju (cos Q _ ^ 

Abfe. From the definition of a derivative the rules for 

lnerentiating products and quotients follow as in the case of 
the real variable. 

Theorem. If f(z) is liolomorphic in a given region, then, for 
points z x in the region, 

/(*)=/(* 1 )+(s- 2l )/'(z 1 )+(®-i 1 )X, 
where X tends uniformly to zero as z tends to z.. 

The proof of this theorem is left as an exercise to the reader. 

’no'Zt W Th " tllTn whicW y ‘i, T “““l by S ° m<! Writera «-«-* ° P 

in Chapter XII. § 82. 6 8 a use the word Analytic will be explained 
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Corollary. If f(z) and <p(z) are holomorphic, and iif(z x ) = 0 , 
and <p(z 1 ) = 0, while <j\z i)=^=0, 

Lim 1^1 (See App. I., Note 2.) 

Function of a Function. If w=f(0 and £=<f>{z) are holo- 
morphic functions of f and z respectively, w is a holomorphic 

C c c dw dw dt 

t unction of z\ tor = 

dz dQ dz 


Simply-Connected Regions. If any two points in a region can 
be connected by a curve which lies entirely within the region, 
the region is said to be Connected. A connected region which is 
such that any closed curve lying entirely within it can be con¬ 
tracted to a point without passing out of the region is said to be 
Simply-Connected. Connected regions which are not simply- 
connected are said to be Multiply-Connected. The region 
enclosed by the curve Cj (Fig. 21) is simply-connected, while 
the region between the curves C x and C.> is multi ply* connected. 



Fio. 21. 


The branches of multiple-valued functions can be treated as 
uniform functions in simply-connected regions which do not 
enclose any branch-points. No path in such a region can enclose 
a branch-point; so that, after describing a closed path, the 
function regains its initial value. For example, each branch of 
xo = -Jz is holomorphic in the simply-connected region obtained by 
making the negative real axis a barrier which z cannot pass. 
Such a barrier is called a Cross-cut. The derivative 1/(2 Jz), of 
course, takes the value corresponding to the value of sfz under 
consideration. 

Inverse Functions. If w=f(z ) is a holomorphic function such 
that w = w l corresponds to z = z x , z can be regarded as a function 
of w with z l corresponding to w x : if this function is uniform 
and continuous in a region of the u;-plane which encloses u\, 
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then, since = 1 

aw 


dw 

dz 


, it is a holomorphic function of w at all 


points of the region except those for which ( -^ = Q. This 
function is called the Inverse Function of f{z ). 

Example 1. If w = z 2 , there corresponds to any value z x of z one value 
w x of w : conversely, one of the brandies of z = »Jw gives the value z x of z 

corresponding to w=w x . Now the only value of w for which ^^ = 0 is io = 0. 

Hence, if u> x =£0, w x can be enclosed in a region in which the branch is 
holomorphic, and therefore z = dw is the inverse function of io = z 2 . 

Example 2. For what values of z do the functions w defined by the 
following equations cease to be holomorphic? 

(1) 2 = e u (cosv4-isin v) ; 

(2) z = \og p + icf), where «> = p(cos <£ + zsin <£). 

Ans. (1)2 = 0; (2) None. 

Laplaces Equation. It will be proved later (§35) that if 
w = u-\-iv is a holomorphic function, w,u, and v have continuous 
derivatives of the second and higher orders. The reader can 
easily verify that u and v both satisfy Laplace’s Equation 

c> 2 V o°-V 

ac 2 + oy 2 ~ 

The solutions of this equation are called Harmonic Functions, 
and are of great importance in Mathematical Physics. 

It follows that, if a function u or v is given, a corresponding 
holomorphic function w will not exist unless the given function 
is harmonic. If, however, this condition is fulfilled, the function 
W can be found by means of equations (a): for example, if u is 
a uniform continuous function which satisfies Laplace’s Equation, 

IS a complete differential, and v can therefore be found. 

andfindl. ^ «=f-^+^-3^+1 is a harmonic function, 

ana find the corresponding holomorphic function. ^ 

A ns. z 3 + 32 s +1 + tC, where C is a real constant. 

jar? is holomorphic, u and t, are 

^lled Conjugate Functions. These functions possess two im- 

« Pr t r tleS: ^ th6y SatiSfy Ration; and 

2 i i r T Cl i V = C >’ Wh6re ^ and arbitrary 

constants, intersect at right angles, since the product of their 
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-df/lj) and -(H/IP “ - 1 - The systems ° f 

curves obtained by varying the constants c l and c 2 are called 
Orthogonal Systems. 

Example. Picture on a diagram the orthogonal systems given by 

M>=logr + i0. 



16. The Exponential Function. The function u + iv, where 

u + iv = e x (cos y + i sin y) 

is holomorphic for all finite values of z> since u, v satisfy 
equations (a), § 15. When y is zero, the function becomes the 
ordinary exponential function e x : it is therefore regarded as 
the extension of e* to the domain of the complex variable, and 
is denoted by exp ( z ). Obviously 

\exp z\ = e z t amp (exp z) = y. 

Again, since 

e*(cos y + i sin y) x ^(cos y' + i sin y') 

= e x+z ' {cos ( y + y')+i sin (y + y ')}, 
exp (z) x exp ( z ') = exp (z + zf). 

Hence exp(z) x exp( — z) = exp(0)= 1; 

so that exp ( — z) = 1 /exp (z). 

Thus, exp ( z ) satisfies the index laws. It is often found 
convenient to write e z for exp(z): in particular, e {y stands for 
cos y + i sin y. 

cL ^ 

Derivative, -j- (exp z) = — {^(cos y + i sin y)} = exp z, 

(tZ ox 


or 



Periodicity. Since cos y and sin y have the period 27 t, exp ( z ) 

lias the period 2iw: i.e. 

e i+u-in _ gr( cos 21ci r + i sin 2Jctt) = e z , 

where k is any integer. 

Zeros and Infinities. Since \e z \ = e x , e? can only have zero 
and infinite values when e* is zero or infinite. But e? is only 
zero when x= — go, and only infinite when #=+oo. The 
Exponential Function is therefore finite and non-zero if x is 
finite. 

Example. Shew that every period of exp(r) must be an integral multiple 
of 2*7r. 
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17. The Circular Functions. Since e ,x = cosa: + i sin x 
■i sin a:, 


an<l 


e~ >£ — cos x 


cosx = 


e' x + e 


- IX 


e' x — p 


- IX 


sin x = 


2 i 


These functions can therefore be extended to the domain of 
the complex variable by means of the equations 


cos 0 = 


e u + e 


- _ ,, 
—, Kill z — - 


- *: 


2i 


which define them as holomorphic functions. 

The following well-known formulae can be derived from these 

definitions: . „ 

sim-z-p cos -2 = 1 ; 

sin(c 1 4-2.,) = sin 2 , cos 2 .,4-cos z x sin z 2 ; 
cos(z 1 + z 2 ) = cos z i cos z., — sin z x sin z 2 ; 


(l sin 2 


= cos z ; 


d cos z 


= — sin 2 ; 


7 - WVJ V • 4- 

dz dz 

sin( — z)~ — sin z ; cos( — 2 ) = cos z. 

Note. If /( — z)= — f(z ) for all values of 2 for which f(z) Is 
defined, f(z) is said to be an odd function of 2 : if /( — z )=f(z), 

f(z) is an even function of 2 . Thus, sin 2 and cos 2 are odd and 
even functions respectively. 

Zeros. If sin 2 = 0, 

— P~ * z — £ ~ fe+2lmr» 

where k is any integer; therefore iz= —iz + Zkiri. 

Hence the values of 2 which make sin 2 zero are 0, ± 7 r, ±2tt 
± 3-7T, .... ’ 

Similarly, since - e -- = e -«+ca + , )rfj the valucs of - which make 

cos 2 zero are given by z = (k-\-k)Tr, where k = 0, ±1, ±2,.... 

The other circular functions are defined by means of sin 2 and 

cos 2 : e.g. tan 2 = sin 2 /cos 2 . The inverse functions are written 
sin -1 2 , tan -1 2 , etc. 

The Hyperbolic Functions. These functions are defined by the 
equations: J 


cosh 2 = 


e z + e~ z 


sinh 2 = 


e z — e~ z 


, t sinh 2 

tanh ' s ’ = <^ir 2 ; etc - 


Example. Prove : -~. nb * =- end, , . d cosh 2 . 

M F dz ^—-sinh z; cosh-z — sinh 2 2= 1 . 
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18. The Logarithmic Function. If y = e* y where x and y 
are real, the inverse function is x = logy : for complex values of 
the variables, the inverse of the Exponential Function is defined 
as follows: 


Let z = r (cos 0 -4- i sin 0) = exp ( w ) = e u (cos v + i sin v). 

Then e u = r, so that u = log r and v = 6 4- 2&7r, where k is any 
integer. Hence the inverse function is 

w = \ogr+iO, 

where 6 may have an infinite number of values differing by 
multiples of 27r. This function is denoted by Log 3. 

If z passes round the origin once in the positive direction, 6 
increases by 2tt and Log z by 2i7r. The origin is therefore a 
branch-point of Logs. Each of the infinite number of branches 
of Log z is uniform and continuous in the simply-connected region 
formed by taking a cross-cut along the negative real axis; and 
therefore, since it satisfies equations (a') of § 15, it is holo- 
morphic in that region. That branch for which — 7r < 0 ^ + tt 
is denoted by log 2 :; for positive real values of z this branch is 
the ordinary Naperian logarithm. 

Zeros and Infinities. Since log r is infinite when r is zero or 
infinite, Log z has infinities at the origin and infinity. Log z is 
only zero when both logr and 0 are zero; i.e. when z— 1. 


Derivative. ^ r 



Example. Shew that Log(^) = log 2 + log / + 2 kiru 

2 e< w _ e~ iw 

The Function tan~ l z. If z = tan u) = j then 

1 / C> "T" ® 

T^Tz~ 

so that ™ = i Log f, where Now Logf is uniform if a 

cross-cut is taken in the f-plane* along the negative real axis. 
But the transformation £=(1+iz)/(l-iz) is bilinear, so that 
one point in the f-plane corresponds to each point in the z-plane, 

* The notation $-={ + 177 is adopted ; £, 17. then correspond to x, y , 2. 
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and conversely. Accordingly, if a cross-cut be taken in the 
2 -plane corresponding to the cross-cut in the f-plane, the function 
Log £ will be uniform in the 2 -plane. Now, since 

to the part of the f-axis between 0 and —1 corresponds the 
y -axis from i to -f-ioo, while to the £-axis from —1 to — oo 
corresponds the y-axis from —izc to — i. Hence, if a cross-cut 
is taken along these parks of the y-axis, the function 


ta„-, = I.Log(l±||) 

is uniform throughout the 2 -plane. That branch which has the 
value zero when 2 = 0 is the Principal Value, and is equal to 

1 (\ j ■ 

2 i ] ° g \l^Tz)'’ its real parfc lies befcwecn ~ 7r / 2 a nd tt/ 2, while 


its imaginary part varies from - oo to + » . For any other branch 

tan- 1 , = ijlo fr (i±4|)+ mT , 

where m is an integer. 

O 

It follows that tan(2-j-?U7r) = tan z, and that 


dz 


tan “ 1 2 = 


1 

1 + 2*' 


19. The Transformation w = Logz. Since 76 = log 7 -, to circles 
2 1 = constant in the 2 -plane correspond lines u = constant in the 


z - plane 



to- pianc 



i _ 

i 










- V-=7T 


W a 


L-o 

L, 


- 

L. 

u' 


O 




-V 

U 



V* 




-7' = -7T 


Fio. 23. 


^ 17 : the , circ ' es C o. C ..C s , •••, C.j, C. 2 ,... (Fig. 22) of radii 
x, e, e , , e , e * ... correspond to the equi-distant lines 

^0» ^1* ••• » L-j, L_ 2 , ... , 

whose equations are 76 = 0, 1 2 —1 "9 
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To tlie origin and infinity in the 2 -plane correspond u = — oo 
and u = + oo in the w-plane. 

Again, since v = 6, to the rays 0 = constant in the 2 -plane 
correspond the lines v = 6 in the w-plane; so that, if a cross-cut 
be taken in the 2 -plane along the negative £C-axis, the entire 
2 -plane is represented by that part of the w-plane which lies 
between the lines v = — tt and v = + 7r. If now the cross-cut be 
removed, and 6 increase from ir to 37r, the entire 2 -plane corre¬ 
sponds to the strip of the w-plane which lies between the lines 
v = 7r and v = 3tt. Similarly the entire w- plane can be divided 
into strips of breadth 27r, on each of which the entire 2 -plane is 
represented. Points in these strips which correspond to the same 
point in the 2 -plane lie on the same parallel to the v-axis, at 
distances 27r from each other. To each point in the w-plane, 
however, corresponds only one point in the 2 -plane, since 
exp('iu) is a uniform function of w. Each strip of the u»-plane 
represents one of the branches of w, the boundary in each case 
being assigned to the strip below it. 

20. The Generalised Power. Up to this point z n has only 
been defined for rational values of n (§§ 5, 6). We are now in a 
position to define it for all values of n, rational or irrational, real 
or complex. 

If w — Log 2 , then 2 = exp(w); hence 

2 = exp (Log 2 ) = exp (log 2 + 2kiri), 

where lc is any integer. Accordingly, for all values of n, we 
define z n by means of the equation 

2 ” = exp (n log 2 + 'Ijikiri). 

Corollary 1. If n is an integer, 2 n has only one value, 
exp (n log 2 ), (cf. § 5). 

Corollary 2. If n=plq , where p and q are integers with 
no common factors (q positive), 2 n has q values given by 

exp log z) e q 2l ~ m , where k=0, 1, 2, ..., q- 1. 

\q / 

The reader can easily verify that this agrees with the results 
of § 6. 

Corollary 3. If n is irrational or complex, z n has an 
infinity of values. That value for which £ = 0 is the principal 
value. 
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dz n 

Example 1. Prove = values of /*, where tlie same value 

of z n is taken on both sides of the equation. 

Example 2. Shew that, for all finite values of 

Lira ( 1 +— =e a , 

where z tends to infinity in any direction whatever. 

We have ($15, Cor., j,. 30) Lira g - (1 :t550 = (Jt . 

£-*■« C 

so that, if £= l/z y Lira 2 log(l + «./*) = «.. 

-—>■ » 

Thus, since the exponential function is continuous ($ 12, Th. 4), 

Lira ( 1 + - ) *sLiiu« ,,0€,,+B/ *»=se». 
x—►» V z / x— 

Example 3. Shew that, for all values of m, Lim z ,x (Log z)" 1 = 0, pro¬ 
vided R(n)>0. 

See also Examples m. 13, 14, 15. 

21. Conformal Representation. Let w be a holomorphic 

function of 0 ; then, if the points w, w lt w 2 (Fig. 23), in the 
'W-plane correspond to the points 0 , 0 lf 0 2 , in the 0 -plane, 

w l — w _ dw _ . 


Lim 

*r 




_ ^ w _^’2 — w 

~ dz~ 0 , - 0 


or 


Lim Lim ^ 


w . — w 


0.-0 


Hence, if the two triangles of vertices w, u\, u and z, Zj. z 2 , 

z -plane 




F 10 . 23. 


are infinitesimally small, they are directly similar. Also, since 
to the first order of infinitesimals, 

the first triangle can he obtained from the second by turnin g it 
through an angle amp (dw/dz) and magnifying it in the ratio 
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| dw/dz\. It follows that two intersecting curves in the 2 -plane 
are represented in the tu-plane by curves which intersect at the 
same angle. 


Each plane is said to be represented Conformally on the other. 
Examples of Conformal Representation have been given in 

breaks down if is either 


§§ 9 and 19. The representation 


zero or infinite. 


Exam-pie. Deduce, from the principle of Conformal Representation, the 
theorem that the curves u = constant, v = constant, intersect at right angles, 
where u and v are Conjugate Functions. 

22. Singular Points. A point at which a function ceases to 
be holomorphic is called a Singular or Critical Point , or a 
Singularity of the function. For example, 2 = 0 is a singularity 
of 1 / 2 . 

If a circle can be drawn with the singular point as centre, so 
as to enclose no other singularity of the function, the singularity 
is said to be Isolated. The function 1/sin(I/ 2 ) has a non-isolated 
singularity at 2 = 0: for, since sin(l/2) is zero for 2=l/(/c7r). 
where k is any integer, it is impossible to surround the origin 
with a circle which does not contain an infinite number of these 
points. 

A point which can be made the centre of a circle enclosing no 
singularity is called an Ordinary Point. If the radius of the 
circle is equal to the distance of the point from the nearest 
singularity, the interior of the circle is called the Domain of the 
point. 

Poles. If Lim (2 — 2 1 ) n /( 2 ) = C, where C is a non-zero constant 

*->*i 

and n a positive integer, z x is said to be a Pole of f(z) of order 
n, and f(z) = <p{z)/(z —z x ) n , where <f>(z) is holomorphic at z x . If 
7 i = l, z x is a Simple Pole of j{z). For example, l/z n has a 
pole of order n at 2 = 0. 

Example. The function 1/din(z-*,) has a simple pole at z x : for (§ 15) 

Lun | (2 - 2, ) sin ( z _ ^)} “ { C os(z - *,)} t _ L 

The function f(z) will have a singularity at infinity if f=0 is 
a singularity of /(1/f). For example, az 2 + bz + c has a pole of 
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the second order at infinity. If infinity is an isolated singularity 
of f{z ), f=0 will be an isolated singularity of/(1/f), and a circle 
|£| = e can be drawn to enclose no singularity of /(!/£) except 
f=0. Hence a circle |:s| = l/e can be drawn which will have 
within it every singularity of f(z) except infinity. 

Meromorphic Functions. A function which is holomorphic 
throughout a region except at isolated poles is said to be Mero¬ 
morphic in that region. 

y^^R^sential Singularities. If no value of n can be found such that 

Lim(s — z x ) n f(z) = C, then z x is said to be an Essential Singularity 
*-> 2 ! 

of f(z). Poles are Non-Essential Singularities. 


Example. The function e I/z has an essential singularity at 2 = 0. 

Branch-Points. The branch-points of multiple-valued func¬ 
tions are Singular Points: for example, z = 0 is a singularity 
of Logs. 

5^efos. If f(z) = (z — z l ) n (j>(z), where n is a positive integer and 
#( 3 ) is holomorphic and non-zero at z lt then z x is said to be a Zero 
°f/(®) °f order n ; a zero of order 1 is also called a Simple Zero. 
If z x is a zero of f(z) of order n t it is a pole of l/f(z) of order n. 

^^PffEOREM 1. A pole is an isolated singularity. 

If z x is a pole of f(z) of order n, the function ( z — z x ) n f(z) is 
holomorphic at z x ; consequently, if C is its value at that point, 
an n can be found such that | (* -z x ) n f(z) - C | < e, provided 
* s - mZ i\<1- Hence/(z) must be finite at all points except z x in 
the circle | z z x \ = tj t so that the singularity is isolated. 

Corollary 1. The zeros of f(z) must also be isolated, or the 
function l/f(z) would have non-isolated poles. 

Corollary 2. If infinity is a pole of f(z). a circle can be 
drawn which encloses all the singularities of f(z) except infinity. 

. Thborem 2. No region can contain an infinite number of 
isolated singularities. 

Let a given region contain only isolated singularities, and let 
it be divided up as in §13. If there is an infinite number of 
singularities in the region, one at least of the divisions must 
contain an infinite number of singularities, and by continuing the 
process of subdivision a point can be found such that, in every 
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neighbourhood of it, there is an infinite number of singular 
points, i.e. it is a non-isolated singularity, which is contrary to 
hypothesis. 

Corollary. If a function is meromorphic throughout the 
plane, and has an ordinary point or a pole at infinity, it follows 
(Th. 1, Cor. 2) that it has only a finite number of singularities. 



PLES III. 


1. Shew that 11 {(z — a)(z — b)(z — c)} is holomorphic except at a, 6, and c. 

2. Shew that the following functions are holomorphic, and find their 
derivatives: 


(i) e~ v (cos x -f i sin x). 

(ii) cosh .rcosy-f isinha'siny. 

(iii) sin x coshy + icos x sinhy. 

(iv) cos .r coshy — f sin a: sinhy. 

3. If n is real, shew that 
possibly when r= 0, and 


Ans. ifi-^cos jr + isinx). 

Ans. sinh x cosy -fi cosh# sin y. 
Ans. cos x coshy — i sin a:sinhy. 
Ans. — sin a? coshy — i cos .rsinhy. 


^(cosnd + i sin nd) is holomorphic except 
that its derivative is nr n ~ 1 (cosn — lO+isinn—10). 


4. For what values of z do the functions w defined by the following 
equations cease to be holomorphic ? 

(i) z = e~"(co3u + i sin u). Ans. 2=0. 

(ii) 2 = 8iuh w cos + t cosh wsinv. Ans. z= ±i. 

(iii) 2 = sin u cosh v + i cos u sinh v. Ans. 2 =il. 


5. If <f> and \/r are functions of x and y satisfying Laplace’s Equation, 

shew that s + it is holomorphic, where an< l * = + 

6. Shew that w = e x (.rcosy -ysiny) is a harmonic function, and find the 

corresponding holoraoi-phic function. Ans. ze* + iC. 

7. If w = z 2 t shew that the curves «=c,, v = c 2 , are rectangular hyper¬ 
bolas, and represent them on a diagram for different values of c t and c... 

8. If 2 = sin u cosh v + i cos u sinh •», picture on a diagram the orthogonal 
systems u = c lt v = c 2 . Shew that the first system consists of confocal 
hyperbolas, and the second of confocal ellipses. 

9. Shew that, (i) sin iz = i sinh 2 , (ii) cosi 2 = cosli 2 . 

10. Prove (i) sin (z x + ? 2 2 ) = sin 2 , cosh 2 2 i- icosz l sinh z 2 , 

(ii) cos ( 2 j + iz 2 ) = cos z x cosh z 2 T t sin z x sinh z 2 . 


11. Prove (i) |sin(•r-f-*y)| = v /(sin 2 .r-f sinh 2 y)^coshy 

= |sinhy|, 

(ii) |cos(jri fy)| = v /(cos 2 x4-sinh 2 y) = coshy 

= |sinhy|. 

12. Prove Log( — l)=(2Xr+1 )jti, where k is any integer. 

13. If n is real and z — re ,0 , shew that 2 n = r’V , ‘ (fl+2i ’ r \ where r n is real 
and positive. 
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14. Shew that z n z n ' — z n *"' for all values of n and where suitable 
branches of the functions are taken. 

15. Shew that (z n ) n> = z nn ' for all values of n and where suitable branches 
of the functions are taken. 


16. If v>={(z — c),/(z + c) } 2 , where c is real and positive, find the areas of 
the 2 -plane of which the upper half of the tf-plane is the conformal 
representation. 

-dns. (i) The lower half of the circle |z| = e; (ii) that part of the plane 
above the .r-axis which is exterior to the circle \ z\~c. 

17. If w= - iccot(z/2), shew that the infinite rectangle bounded by x = 0, 
■ r== 7r, y = y= co , on the z-plane is conformally represented on a quarter of 
the w-plane. 

18. Shew that infinity is a simple zero of (nz 2 + bz + c)/(l z 3 + mz 2 4- nz +p). 

19. Shew that the ratio of two polynomials is a meromorphic function. 

20. Shew that secz, cosec z, tan z, and cotz are meromorphic in the 
finite part of the plane. 

21. If U’ = sin -1 z, shew that w = hr 4 t Log {iz + v /(l - z~) 1 according as the 
integer k is even or odd, a cross-cut being taken along the real axis from 
1 to co and from - ac to -1 to ensure that Log{t*+*/0 -z 2 )) should be 
uniform. 


Deduce that 


d 

dz 


sin -1 z = 


v(i -z*y 

where the branch of ^ ^ ^ is chosen whic h corresponds with the branch 

of sin -1 z under consideration. 


2 — » 2 


22. Prove (i)Lim^-^=2z,; (ii) Lira 


z 3 — z 




*—>1 2" — 3z-f-2 

(m) Lim —-= --—, where ?i 

Sin Z7T - 

x T . tan \z . 

(iv) Lim —-— = A. 

*—►o z 




is an integer ; 


23. Shew that all the values of i* are given by e~< 2 *+D ,r , where k is any 

integer. * J 

24. If w=\jz y shew that the curves u = c x , v = are orthogonal circles 
which pass through the origin, and have their centres on the y-axis and 
x-axis respectively. 

25. If io = -i(z + i)l(z-i), show that to points in the interior of the circle 
I 2 I -1 correspond points in the upper half of the te-plane. 

26. Show that the function l/(e* - I) - l / 2 can be made continuous at z=0 
by assigning the value - 1/2 there. 
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CHAPTER IV. 

INTEGRATION. 

23. Limit of a Sequence. Let z lt z 2> z 3 , ... be an infinite 
sequence of real or complex numbers; the sequence is said to 
converge to a limit l if, corresponding to any assigned e, a 
number m can be found such that \ z n — l | < e, when n 2 : m. 

If z n = x n +iy n and l = a + ib, then \x n —a\ < e and 1 3 /^ — 61 <ej 
hence it follows that the sequences x lt x 2 , x 3 , ... and y lt y 2 , y 3> ... 
converge to the limits a and b. Conversely, if these two 
sequences tend to the limits a and b, the 2 -sequence tends to the 
limit a + ib. 

Theorem. The necessary and sufficient condition that the 
sequence should have a limit is that, corresponding to any e, 
an n can be found such that | z n+p — z n | < e, where p is any 
positive integer. 

This condition is necessary, for, if l be the limit, 

I 2 n+p z n I = |( 2 n+j> 0 ( z n 0| = 1 z n+p 0 l"H z n ^ I* 

It is also sufficient, for it involves the conditions 

I n+p 3 -h II yn+p y n I e » 
which determine the convergence of the x and y sequences. 

Uniform Convergence of a Sequence. It may be that all the z’s 
are functions of a variable f: this is indicated by writing 2 n (f) 
for z n . Then if, at all points f in a given region, the sequence 
is convergent and has the limit Z(f), and if an m can be found 
such that, for all points within the region, \z n (£) — 2 (f)| < e 
when 7 i 2 ^m, the sequence is said to converge uniformly within 
that region. 

24. Curv ilin ear Integrals. Before defining definite inte¬ 
grals of functions of a complex variable, we shall define curvi¬ 
linear integrals, and prove Green’s Theorem. 
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Consider a curve C (Fig. 24) joining two points A and B in 
the ( x , y) plane. This curve can be divided into segments AL, 
LM, MN,..., such that, for each of these segments, only one 
value of y corresponds to each value of x ; and thus in each 
segment y is a uniform continuous function of x. Denote these 
functions by y> 1 (x ), <p 2 (x), <p 3 (x), .... 

Now let f(x, y) be a uniform continuous function of x and y 
in a region of the plane containing the path C. Then the 



functions f{x, 0,(a;)}, f{x, 0 2 (x)}, f{x, 0 3 (x)}, are uniform 
continuous functions of x on the arcs AL, LM, MN, ... , respec¬ 
tively, and the integrals 

J f{x, M x )} dx, f f{x, <p 2 (x)} dx, f f{x, <p 3 (x)} dx, , 
u a J l J m 

where a, are the abscissae of A, L, M,..., B, are 

ordinary definite integrals. They are the Curvilinear Integrals 

f/(*. j L /(x, y)dx, y)dx, ... , 

&nd their sum is the Curvilinear Integral 

f(x, y)dx. 

Jo 

Similarly, by dividing C into segments in each of which x is 
a uniform function of y, we can define the curvilinear integral 

JoVK*. V)dy. By combining these a third type of curvilinear 

integral f 

J 0 {/(*» V) dx -f \f,(x, y) dy } 

is obtained. 
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Corollary 1. If a; and y are uniform functions of a para¬ 
meter t, the integral becomes 

1 ' { /( "'- 

where t 0 and t 1 correspond to the initial and final points of C. 

Corollary 2. If x and y are uniform functions of g and 
and if the curve F in the (£ rj) plane corresponds to the curve 
in the (a;, y) plane, 

j* c {/(^ y)dx + \Js(x, y)dy } 

»>( 3^+lf ^)}- 

Cokollary 3. If C be divided into n segments by points 
( x i> 2 /i)» (* 2 * 3 / 2 X •••» (*^n+i> y n +i)> taken in order on the curve, where 
( x i> 2/i) an d ( x n+i> y n + 1 ) are the points A and B, and if (£, rj x ), 
(£ 2 * * 72 )* •• •» (£ n > *1 n)» are points taken at random on these seg¬ 
ments, the sum 

n 

*lr)( x r +1 x r) + y I'(£rt *7r)(2/r+i Vr)} 

r= 1 

tends to the limit J {/(a;, y)dx-\-\^{x, y)dy) when the law of 

division is made to vary in such a way that n tends to infinity 
and the greatest of the segments tends to zero. 

Corollary 4. 

\ {A x > y) +V'(•*» y) < l y > = - i { f( x > y) ^( x , y)dy). 

J BA JAB 


Corollary 5. If K is any point on C, 

1 {f( x > y)dx + \fs(x, y)dy} = f {f(x, y)dx + \J,(x, y)dy } 

Jab Jak 

+ I {f(x, y)dx + y)dy). 

J KB 

Corollary 6. If C is a closed curve, the value of the integral 
is independent of the position of the initial point, but its sign 
depends on the direction in which the curve is described. 

Differentiation under the Integral Sign. If f(x, y, a.) and 

— f( x > °0 are continuous functions of x and y on the curve C, 

doc 


so 
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and of the real parameter cl between assigned limits for cl, and if 
<P(cl) = j\/'(.r, V> <*-)dx, then 0(c l) has a derivative given by 


*' {CL)= \ 0 ik f{x ’ y ' dx ‘ 


For 


A0(a.)= 0(cc + Acl) — 

= f {f( x > y> oc-f Aoc) —f(x, y, cj.))dx. 


Now, for points on C ,f(x, y, cl) is a function of two variables 
x and cc; hence (§ 13) 

f(x, y, (L + A(l) =f(x, y, oc) + | — f(x, y, og-fxjAcx., 
where X tends uniformly to zero with Acx.. 

A0(oc) f _3 
A cl J c 3 ol 

and the latter expression tends to zero with Aoc. 

Thus <P(cl) has a derivative, given by 

= j y, cx)<£r. 


Therefore 


~\ c h f(x ’ y- a ) rf - e |=|Ic xdB 


25. Green s Theorem. This theorem gives an important 
relation between a double integral and a curvilinear integral. 

Let the functions P(x, y) and Q(.t, y) be uniform and con¬ 
tinuous, and possess continuous partial derivatives, in a simply- 



connected region containing a closed curve C. Consider the 

taken over the simply-connected area enclosed by C. 

Assume in the first place that C (Fig. 25) is a curve such that 
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no line parallel to either of the axes cuts it in more than two 
points. 

Let y 1 and y 2 {y z = y\) be the values of y on C corresponding 
to any value of x, and, let A and B be the points on C of 
minimum and maximum abscissae x 0 and X 0 . 


Then 


“If % dxd y = -\*^ v ( x > 2/ 2 )-PO, y,)}dx. 


The latter expression is the sum of the two curvilinear integrals 

— f P( x > y)dx, [ P(z, y)dx 

JAQB JAPB 

and therefore, since - f F(x, y)dx=[ P(x, y)dx, 

J AQB J BQA 

“II |f ^^y=Ic I> C*, y)dx, 

the integral being taken round C in the positive direction. 
Similarly jj ^dxdy^^x, y)dy. 

Hence Green’s Theorem, 

\\{-% + ^) dAcd y=\ c ^ dx+( ^ d y'>- 

holds for the region considered. 

Next, if C does not satisfy the condition that no line parallel 
to either of the axes cuts it in more than two points, the region 
can be divided into regions each of which possesses this property. 
For example, if in Fig. 2G the points A and B, at which the 
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tangents are parallel to the y-axis, are joined by a straight 
line, the two regions so obtained are of the type required. 
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Hence 


JJv 


')dxdy= \ (Pcfo + Q <ly)+ f (P dx + Q dy) 

' J AQBA Jarpa 


J ABPA 


i 


= (Pdx + Qdy), 


since the sum of the integrals along AB and BA is zero. 

Thus the theorem can be shewn to hold for all simply-connected 
regions bounded by closed curves. 

Corollary. The area of the region enclosed by C is given by 
any of the three integrals 


—\c ydx ' \c xdy > ^\ c ( xd y~y dxS )- 

Multiply-Connected Regions. Consider the region between 
the curves 0 and C' (Fig. 27). This region can be made simply- 



connected by drawing a line LM from C to C\ Hence 

+7 5x) dxd y = f (P<&c + Q<2y)+ f (Pc/,r-f-Q dy) 

^ J LM 


“ J<v( p ^ + Q d y >+ J M (P dx + Q dy ) 

= j 0 ( p <^ + Q^>/)-J c ( p rfa: + Qrf 2 /), 

whe re the latter integral is taken positively round C'. 

lmilarly, for the region between the curve C (Fig. 28) and 
e n cur\es c x , « 2 > c s> c„, it can be shewn that 

JK- 


2 ? .?9 

'dy 'dx 


) dx d V = J c ( p dx + Q dy )-Sf (P dx + Q dy). 
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Example. IfPcdr+Qd^isa complete differential, shew that 

f c (Pdx+Qciy) = 0, 

where C is a closed curve. 
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26. Definite Integrals. Let f(z) = u(x, y)+iv(x, y) be a 
uniform continuous function of z in a given region, and let ACB 
(Fig. 29) be a curve in this region connecting the points z 0 and z. 



Let z , z 9 , ..., z , be n points taken in order on this line, where 
is z, and let f 2 , ...» £» be arbitrary points on the segments 
(z 0 , z x ), (z lt z 2 ), ... f (z n - lt z n ). Then if, in the sum 

s„ = TC f( Cr)( Zr z r-l)> 
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the real and imaginary parts be separated, we obtain 


71 


—tfr-,) — f(#r, >?r)(2/r “ */r-.)} 


r — l 


n 


+ ' l '^,{v(£r, tlrXXr — CCr.^ + U^r, >] r )(y r — y r . t ) } , 

r = l 

where f r = £ + iV 

Now if the law of division of the curve ACB varies so that 
n tends to infinity and the greatest of the segments tends to 
zero, this latter expression tends to the limit (§ 24), 

Jac^ dx — vdy) + i^J^vdx+udy), 


or 


J (u -f- iv)(dx 4- i dy). 

ACB 


This limiting value of S n is called the integral of the function 
f(z) taken along the curve ACB, and is written 


[ f{z)dz. 

J ACB 


Corollary 1. From the theory of limits it follows that, 
corresponding to any <?, an n can be found such that 

s »-f/(s)d3 < e. 

J ACB 

Corollary 2 . f f(z)dz= - f f(z)dz. 

J BCA J ACB 

Corollary 3. 

Corollary 4. Jj/i(*)+/,(*)+... +/.(*)}* 

=\A (2)d2+ Ui {z)dz+ - ■ ■ + \m z)Jz - 

Corollary 5. ^ Jtf ( z)dz = k ^ J \ z ) dz , where k is a constant. 
Corollary 6. j A A®)^ = £/{0(f)}0'(f)<*£ where 0(f) is a 

holomorphic function of f, and the path ACB in the s-plane 


corresponds to the path cxy/3 in the f-plane. 

m.f, ° r 

D 
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For I f{z)dz= Uu dx — v dy) + i l(?> dx + u dy) 

J acb J J 


+i J V5£" s c( 

since z is a holomorphic function of £ 


= J(u+ iv) (?|+ ijjp (d£+i dn) 

= f fMOWD'K 

J ay0 

Corollary 7. The modulus of the integral is finite. 

For, let M be the greatest value of |/(s) | on ACB; then, since 

r = l r=1 


I f A Z ) f7 Z 

| J ACB 


l, 


where l is the length of ACB. 

Corollary 8. If F(z) is a holomorphic function whose 
derivative is f(z), f f{z)dz — Y(z) — F(z 0 ). 

Jr o 

For, let F (z) = U (x, y) + iV(x, y); then 


_dV _3U 

'dx ~ dy * V dx dy 


= dU = dV 


Therefore 

J Z f(z)dz = J(™ dx — v dy) + i J(v dx + u dy) 


-KI-+W 


'dV 


''») +i J(s ,i ' + »y 


s *> 


Now the integrands are complete differentials; therefore the 
integrals are the limits of the sum of the increments of V(x, y ) 



§§ 26, 27] 


CAUCHY’S INTEGRAL THEOREM 


51 


and V(a), y ) obtained in going along ACB from ( x 0 , y 0 ) to ( x , y). 
Hence 

J/(3)^={U(a-, 2 /)-U(.r 0 , y 0 )} + i {V(.r, ?/) — V(^ 0 , 2/ 0 )l 

= F(z) —F(z 0 ). 

Since F(^) is single-valued, it follows that the value of the 
integral is independent of the path. 

Example. Shew that f z n dz = (: n+l — z 0 n * 1 )/(n-\-l) for all integral values 

* : 0 

of n except — 1. If n is negative, the path must not pass through the origin. 
See also Examples IV. 1-4. 

Consider now the integral I f(z)dz, where the path C goes to 
infinity. c 

By means of the transformation s — c=l/£, where c does not 
lie on C, C is transformed into a finite path C' with f=0 as 
final point, and the integral becomes 


-L/H)?' 


In order that the integrand /(c+l/f)/f 2 should be continuous, 
Lim/(c-f l/f)/f 2 or Lim z-f{z) must be finite. Hence the given 

{ ->0 Z ->30 

integral has a definite value if Limz 2 /(3) is finite. 

X—>30 

~z= - provided that the path in the 2-plane does 

not go through the origin. 

27. Cauchy’s Integral Theorem. If a function f(z) is holo- 
morphic in a simply-connected region A, and if C is a closed 

contour lying entirely within A, j* f(z)dz = 0. 

Let f(z) = u-\-iv\ then, by Green’s Theorem, 

^J(z)dz = ^(icdx--vdy) + i^J < vdx + udy) 

the double integrals being taken over the area enclosed by C. 
Hence (equations (a), § 15) C; / / 

| o /(2)(Zs = 0. ^ / 
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Example. From the integral / where C denotes the circle |.z|=l, 

deduce Jc z + 2 

C n 1 + 2 cos 0 

Jo 5 + 4 


cos 6 


d6 = 0. 


The following important theorems are corollaries of Cauchy’s 
Theorem : 

Theorem 1. Let f(z) be holomorphic within a simply- 
connected region, and let the paths ABC (Fig. 30) and ADC 



joining the points z 0 and 2 lie entirely within the region. Then 

f f(z ) clz -f f f(z) dz = 0', 

Jabo Jcda 


so that 


f f(z) dz = f J\z) dz. 
J ABC J ADC 


Tlie integral is therefore independent of the path, so long as 
the path lies entirely within the region. 

Theorem 2. Under the conditions of Theorem l,F(z) = J f(z)dz 
is a holomorphic function of z. ‘° 

Let the increment AF(z) of F(^) correspond to the increment 
Az of z ; then 

Cz + Az Cz fz-f Az 

AF( 2 ) = J f{z)dz-yf(z)dz = y f(0d£ 


z 0 

fz-f Az fz-f Az 

= J f(z) cZf+J {/(f) -AZ)) tff 

=f(z) Az +£ + * {/(f) -/(*)} rff. 

Now take | Az | so small that \f{ 0 — /( s )| f° r points £on 


the line joining z and z + Az; then 

I AF (c) —f(z)Az | < e | As |. 

4 / 


Therefore 
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Hence F(s) lias a definite derivative f{z); it is therefore 
holomorphic throughout the region. 

From this theorem the method of Partial Integration can be 
derived exactly as for the real variable. 

As in the theory of integrals of real functions, we say that a 

function F(s), which is such that ' =/(-)> is an Indefinite 
Integral of /(s); and we write 

F(z) = J f(z)dz. 


Example. Prove 


I log z dz — z log z — z. 


Theorem 3. Let f(z) be holomorphic in* the ring-space bounded 
by the curves C and C' (Fig. 27); then 

fc /(2) dZ = \j {Z) dz ' 

the integration in both cases being in the positive (or negative) 
direction. 

For, by Cauchy’s Theorem, 


Io /(2) <,j+ L/ (s) ,,z -\j {z)dz+ \j ( ^ dz =°- 


But 


Therefore 


Jm/ (2)<?2= - La ,lz - 

^f(z)dz=\j\z)dz. 


Similarly, if /(s) is holomorphic in * the region between C 
(Fig. 28) and the ti curves c t , c 2 ,..., c n , it can be shewn that 

J/ (2) ^= Mj {z)dz - 

Theorem 4. If a is a point enclosed by a curve C 

f A -jw. 

J c z — a 

Round a describe a small circle c of radius r; then (.Theorem 


f dz _ I* dz 

) c z — a J c z — a 


3) 


insider ^ in . Cauch y ,s Theorem, it is to be understood that the boundaries lie 
inside a region in which /(=) is holomorphio. 
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On c let z — a = re w ; then dz = re w i d6. Therefore 

} Q z — a J 0 

28. Cauchy’s Theorem: Alternative Proof.* The following 
proof of Cauchy’s Theorem does not depend on Green’s Theorem. 

The proof will be taken in three parts: firstly, for C a 
triangle; secondly, for C an arbitrary polygon; and, lastly, for 
C any closed curve. 

(1) Let O be a triangle A (ABC in Fig. 31), and let the mid¬ 
points D, E, and F of the sides be joined, so that the triangle is 
divided into four congruent triangles A', A", A'", A iv . 



Now integrate round these four triangles in succession in the 
same (positive) direction, as indicated by the arrows. The two 
integrals along each of the lines DE, EF, and FD cancel each 
other, so that the net result is the integral round A in the positive 
direction. Hence 

J f{z)dz = J J(z) dz+ £ /(s) dz + j^ /O) dz + j^/0) dz ; 

so that II. f(z)dz\^Y.\\j(z)dz\. 

There must therefore be at least one of these smaller triangles 
—we denote it by A ±—such that 

| f f(z) dz | ^ 411 £ /( 2 ) dz I. 

* Cf. Knopp, Fuiiklionenlheorie, VoL L 
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Dealing with A l in the same way, we obtain a triangle A 2 
such that 



f f{z)dz 

Ja, 

= 4 

• 

f /(-) dz ; 

J A, 

and therefore 

J f(z)dz 

= 4- 

f f(p)dz 

Ja., 


Proceeding thus, we obtain a sequence of similar triangles 
A, Aj, A 2 , each contained by the preceding one, and such that 

A, i+1 = pA„, and |j ' f(z)dz = 4" | j f(z) dz , n = 1 , 2, 3 . 

As n tends to infinity, the triangle A„ shrinks to a point, f say, 

which lies within every one of the triangles A, A x , A.,. 

Now, corresponding to any e, an > } can be found such that 
I X | < e if | 3 — £ | <>/, where 

/(s) -/(f)+(* - on ?)+(«-?)x. 

Let n be chosen so great that A„ lies entirely- within the 
circle \z — f | = then 

!/(*) dz = J/(f) f7 - + | i /'(f)(s - 0 d ® +J 4 M* - 0 dz 

+fXS)\(z - 0 rfs+j^X^ - C) dz. 

The first two of these integrals vanish (§26, Corollary 8) 
so that 

| f(z)dz = I X(s-f) dz. 


Therefore 


f /(j)c( 3 L [ | X | |s —\ dz 


Hence 


Therefore 


== € ~ 2 s n> where s n is the perimeter of A n , 
e / s \ 2 

— 9 \ 2 » ) ’ " ^ ere 5 fhe perimeter of A. 




z) dz — 0. 
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(2) If C (Fig. 32) is a quadrilateral, it can be divided into two 
triangles A and A' by a diagonal which lies within it; then 

J c /(-) dz = J J\z) dz + J /(*) dz = 0. 

Similarly, if C is any polygon, it can be divided into triangles 



by diagonals lying within it, and, since the integrals along these 
diagonals cancel each other, I f(z ) dz = 0. 

Jc 

(3) Let C be any closed curve; then, as in § 26, 


I 


n 


f(z) dz = Lim S n , where S n ='£f(z r )(z r -z r -i). 

c r =1 

Now let f{z)=f(z r ) + tir for points 3 on the straight line joining 
z r -1 and z r , and let the law of division of C vary so that, for 
r= 1, 2, 3, 7i, | t] r | < e/(2L), where L is the length of C, 

and also . p 

|J c /( 2 )<fe-S„ 

Then, if P is the polygon of vertices z 0 , z x , z 2 , ..., z n . 


€ 

2 * 


f f(z) dz = ^ f {f(z r ) + >ir) dz = S n -f 2 f t] r dz. 

JP r=l J* r —l r = lJtr-i 

But J f(z)dz = 0; therefore 


n 


1 S n | <C 2L I 0r_ '^r-i | = 2 * 


Therefore 11 f(z)dz Nil f(z)dz- S n 

f f(z)dz = 0. 

Jo 


+ |S n |<e. 


Hence 
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29. Cauchy’s Residue Theorem. If the point a is the only 
singularity of f(z) contained in a closed contour C, and if 

has a value, that value is called the Residue of f(z) at a. 

From Theorem 3, §27, it follows that, if C encloses several 
singularities, the sum of the residues at these points is 

The following cases are important: 

Casio 1. If n is any integer except 1, the residue of (z — a)~ n 
at a is zero. 


Casio 2 . The residue of (z — a)~ l at a is unity. 

Case 3. If 

f( z )~ A.J{z — a)-\-A 2 /(z — a) 2 A n /(z — a) n -\-<p(z), 
where <f>(z) is holomorphic at a, the residue of f(z) at a is Aj 

Example. Shew that the residue of (2z + 3)/(z — 1)- at 1 is 2. 

Case 4. If f(z) is holomorphic at a, the residue of f(zM(z — a\ 
at a is/(a) : for 9 

If f(z I d2= 1 [ J_f f(2)-f(a) 

2™j c z-a -IttiJoz-o. z-a dz 

=/(a) + 2^7l 0 ^< a > dz + 2^7j 0 X ^. (P 2 9. Th.) 

=/(a) + 2^J 0 Xrf2 - 

Now take C so small that for all points on it j X [<e; then 




2t r 


kf ~~ dz —f(a) 

■7njQZ — a ' 

where l is the length of C. 

Hen “ =/(“>■ 

This is equivalent to the following theorem: 

Theorem 1. If Lim {(z ~a)f(z)}, where (z-a)f( z ) is ho l, 
morphic, is a definite number A, the residue of f(z) at a is A. 
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w 


It follows that, if 0 ( 2 ) and \}s (z) are holomorphic at a , and if 
z — a is a non-repeated factor of 1 /( 2 ), the residue of <f>(z)/\fr ( 2 ) 
at a is (a), (p. 30, Cor.). 

Example. Shew that the residues of ( pz 2 + qz + r)/{(z-a)(z-b )} at a and b 
are (pa- + qa + r)/(a- b) and (pb 2 +qb + r)/(b - a). 

See also Examples IV. 5-7. 


Multiply-Connected Regions. If f(z ) satisfies the conditions 
of Theorem 3, § 27, except for isolated singularities at points 
in the space between C and the curves c lt c 2 , ..., c n> the sum 
of the residues at these points is 


Mj (z)dz -%Mj (z)dz - 


Residue at Infinity. If f(z) is holomorphic, or has an isolated 
singularity, at infinity, and if C is a large circle enclosing all the 
other singularities of f(z), the residue of/ ( 2 ) at infinity is defined 
to be (see note below) 1 r 

2 ViF (z)dz ’ 


taken round C in the negative direction (negative with respect 
to the origin), provided that this integral has a definite value. 

If the transformation 2 = 1/f be applied to the integral, it 
becomes 


taken positively round a small circle about the origin. Hence 
it follows that, if Lim { — /(l/f)/f} or Lim { — zf{z)} has a definite 

value, that value is the residue of f(z) at infinity. 



Example. Shew that the residues of z/{(z — a)(z — b)} and (z 3 — z 2 + l)/z? 
at infinity are — 1 and 1. 

Rote. Both of these examples shew that, if a function is holomorphic at 
infinity, it does not necessarily follow that its residue there is zero. 


Theorem 2. If a uniform function has only a finite number of 
singularities, the sum of the residues at these singularities, that 

at infinity being included, is zero. 

Let C be a closed contour enclosing all the singularities of 


f(z) except infinity: 
singularities is 


then the sum of the residues at these 
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But the residue at infinity is 



Hence the sum of the residues is zero. 


Example. Evaluate the residues of r "*/](z — 1 )(s — 2)(z — 3)} at 1, 2, 3, and 
infinity^ and shew that their sum is zero. Aws. 1/2, —8,27/2, — G. 

See also Examples IV. 8 -10. 


30. Evaluation of Definite Integrals. Many definite in¬ 
tegrals can be evaluated by means of integrals round closed 
contours. 


Example 1. Prove f — >s - ' / ' c —, where a >0. 

.'o .r- + u- 2a 

Integrate f(z) = e 0 /(z-+ a 2 ) round the contour (Fig. 33) consisting of : 

(1) the or-axis from - R to E, where R is large ; 

(2) that half of the circle JzJ = li which lies above the .r-axis. 



The only pole of /(*) within the contour is ia , at which the residue 

Lim f(z-ia) e . \=1—. 

r ->.a V z- +WJ 2 ia 

/* It 

Hence / /(.r)dlr-h f /(R^)Re^ dd = 2Tri~ = ? e -. 

J-n Jo '2ia a 


is 


But 


f(Ke i6 )YU i0 ide ^ f W R dd, (p. 3, Th. II. 


) 


R / • 

< R 2 — a 2 / since e -Rsin ®^l 
ttR 


R 2 - a'-' 


Hence the integral along the semi-circle tends to zero as R tends to 
mnmty. 


Therefore 


/ 


+® e lx 




03 

0 D 


•r^-ha 2 


dx= 


ire' 


cos * dx= ne 


o or 2 + a 2 


2a 


so that 
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Theorem 1. 
for which 6 1 = 


Let AB (Fig. 34) be that arc of the circle |z| = Il 
0 = 0 2 > '"’here 0 = amp 2 ; and let zf(z), as R tends 

B 



to infinity, tend uniformly to the limit K, where K is a constant; 

then r 

Lim I f(z)dz = i(0., — 6 1 ) K. 

R->» Jab 


For, let zf{z) = K + A, and choose R so great that | A | < e; then 

K + A 

AB 3 


11 


dz— i(0 2 -0 1 )K|=||Vv+x);rfe-i(e 2 -e 1 )Kj 


0, 


<*(0,-0,). 

r 

Hence 

R—>oo J AB 

For example, in Examine 1, | zf(z ) | ^ R/(R 2 —a 2 ), so that K = 0. 
Example 2. If m > 0, prove 


^ c \ v - , 2 ' / 1/ 1 
Lim f f(z)dz = i(6 2 — d l )K. 

R->oo J AB 


f- 

Jo 1 


cos mx dx 7r - -tt 




m ( m . *r\ 

S "'l 2 + 6 > 


+x 1 + x x V3 

[Integrate e ,mz /( 1 +z 2 + z*) round the contour of Fig. 33.] 

From Theorem 1 it follows that, if f(z) = <j>(z)/\js(z), where 
\}s{z) is a polynomial of degree n, and <p(z) is a polynomial of 
degree less than ?i, 

Lim f f(z)dz = i(d 0 — 6 l ) t> 

R—>oo J AB 0 

where a and b are the coefficients of z 1l ~ l and z n in <p(z) and 
\}s(z) respectively. 

In particular, if the degree of <p(z) is ^n — 2, a is zero, and 
therefore the integral of /(z) round the contour of Fig. 33 gives 

J f( x ) dx = 2—iS, 
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where 2 denotes the sum of the residues of at points above 
the a-axis. 


Example 3. Prove I -ff . = - ‘7f > where a>0. 

Jo + 4a 3 

The residue of l/(z* + a*) at a pole a. is 

[ I /{*^ + a,) }L a = 1 /4«A 

But the poles above the .r-axis are ae in l 4 and ae i3n l*. 

Therefore ( + ” = o 7 ri{~e~ «' 3 "/4 + — e~ «'<W< ] - 

.r* + a 4 14a 3 + 4a 3 

Hence /* ^ _~\ / 2 


7T\/2 
2 a 3 


-'0 .r 4 -^/ 4 4« 3 " 

The inequality sin 0^2(9/77-, where OrS0<7r/2, is frequently 
found useful. J 


Sample 4. Prove j’ dx =f e-, where a > 0. 

T 4 A . . 


w ; ,w e ?^ te/(2)= ^ 2+a2) round the contour of Fig. 33. The only pole 
in the contour is la, the residue at which is «-*/2. Hence 


But 


/_ R /(*)<**+/ o 7( R«»* =ttiV-. 


I < r R2g ~ Rsin g 

1 Jo \ Jo R 2 — a 2 




* R8 (\-HsiueM 
R 2 - a 2 .-o * 

2R2 /*? 

•nr^ X * - <*> 


Hence 
Therefore 
so that 


R 2 

R^ 2 * 1 -<-">• 


Lhn rf(Rs*)B<*id$=0. 

R —►x 0 

/ J{x)<ix=7rie- a ; 

* — 00 

/ " -rsin-r 7 ^ 

-'0 -^2 _ l _ „2 “ a — o e • 


• •** + <** 2 
5 ‘ Inte grate e- over the following contour ( Fig. 35): 


(1) the .r-axis from O to R ; 
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(2) the circle \ z | = R, from 6 = 0 to 0= cl, where a. — — ; 

(3) the line 6 = cl, from |z| = R to O. 

r co / 

When R tends to infinity (1) gives e~ xi d.v or . 

On ( 2 ) e-z 2 = e -R 2 cO 8 200 -«R 2 sin 2 e . so that, if 20 = 7 r /2 — (f>. 


~--dz 


= —I e ~ R2 siu $ d<f>, where/?= 7 r /2 — 2 a. 
2 J 

■ 2-h 


<2 F <-'"*** 

P 


4R 


2R2 


Accordingly, when R tends to infinity, this integral tends to zero. 

Again, on (3) z=re ia , and therefore, when R tends to infinity, the integral 

becomes e _ r 2 C o 8 2 a ^ cos ( r 2 s j n 2 a.)-z sin (r 2 sin 2 a.) }e fa dr. 

But the integral is holomorpliie within the contour ; hence 
j *e-r 2 co 8 2 a| cos ( r 2 s i n 2 a.) — tsin(r 8 sin 2 a .))dr = ‘^e~ ta 

— (cos <l — i sin a.). 

2 V 

Therefore, if the real and imaginary parts are equated, 

Jit 


i> 


x2cos2a cos(x 2 sin 2 a .)dx — -g- cos ex^ 

\Ar . 
sin ou 


and e~ x * cos 2 a sin(o^ sin 2a.)dx= g 

If a. = 7 t/4 , these integrals become the Fresnel Integrals 

r r*> _ n/27t 

cos x-dx = I sin x 2 dx = —• 


/" e 

Example 6 . Prove / 

v — CD * 


.'o .'0 

+ ” e az dr 7T 


-, where 0 •< « •< 1 


sina7r 

Integrate /(z)=e az /(l + e 2 ) round the contour (Fig. 36) consisting of the 



Y, 

27r/ 

->“ 


i ^ 

1 

-F 

>. o 

R X 


Flo. 36. 


x-axis and the lines *= ± B, y = 2- The only pole within the contour is an, 
at which the residue is — e®"** 
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If z=l\, + i?/> then |/(OI = * I, 7(* ,l -I)t 80 th&t Limy - ( 2 ) = 0; lienee the 

R—>■ x> 

integral along ,r=R vanishes when R tends to infinity. 

R c== + then \ f(z)\ — e~ <tR /(l — e~ R ), so that Lim/(;) = O ; thus the 

H-> x- 

integral along .r= — R vanishes when R tends to infinity. 

,-+® nr 7 | /-+* £«(.»■+2wi) 


Therefore _L f + ' f**# _L [ 

'2-iJ.^ \+e x '2m.L 


Hence 


Therefore 


1 +«* 

1 - /* fr> c nx d.r 


<h = -e ani . 


•2 


f lam I r c 

7T~.L r i 


^ * + e* 


= -e° ni . 


I " 


+ e x sin a—’ 

Ihe transformation c t =y changes this integral into 

r (o<«<i). 

Jo 1 sill UTT 

Two methods can be employed to evaluate integrals of the 
ty’P e J /(cos 0, sin 0)rZ0, when /(«, y) is rational in x and y. 

Tlie first is to use the transformation x = tan 10. The integral 

then becomes an integral of the type [ + R(.r)cfo, where R(.r) is 
rational in x. 

1 lie alternative method is to apply the transformation z = e' 9 , 
and integrate round the circle | z | = 1. 

Evampu v - - here the -g" " f 

is chosen to satisfy the inequality (« - N /(a 2 - b 2 ) | < | b |; it is assumed that 
is not a real number such that - 1 ^a/b^ll. 

If z = e<6, f iw <*6 2 /' dz _ 2 f dz 

Jo a+ b cos 6 i J c bz 2 + 2az + b ib J c (z - a.)(z - £)’ 

where C is the circle Uj = l, and ol and /? are the roots of bz 2 + 2az-x- b=0. 

V ol,ows tbafc eitber M or \P I is Jess than 1, or that 

nth , j ' lhe latter alternative is excluded, however, since in that case 
/ would be real and such that -l^a/6^1. Let a. = ( - a + - &)/b. 

" re tbe 81 S n selected for is that which makes | a. | < 1 . Then 


c id 


0 .2 l 

= 2771 — 


r ___ _ _ 

Jo a + 6cosf? lb 0.-/3 Ja 2 — b 2 

Theorem II. If Lim (s-a)/(s)=where r is a constant, 

n the integral being taken round the 

6ig amp ( Z - a) £ d 2 of the circle | 2 - a J = r, is i (0 2 - OJk. 


arc 
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For, corresponding to any e, an r\ can be found such that 
if 1 0 — a | < rj, | X | < e, where (z — a) f(z ) = k + X. Hence, since 

\fMd z =\^ a dz=i\X + x)de, 


Therefore 


\^f{z)dz — i{6 2 — 6 x )K <e(d 2 — dj). 
Lim f f{z) dz = i(0 2 — dj) k. 

r —M) J 


Example 8. Prove j S ‘^ — dx — 


Integrate f{z) = e xz jz round the contour (Fig. 37) consisting of 

(1) the .r-axis from r to R, where r is small and R large ; 

(2) the upper half of the circle \z\ = R ; 

(3) the .r-axis from — R to — r ; 

(4) the upper half of the circle | ~| = r. 



Let I he the integral due to (2) ; then 

J __ f*£( It cos 0—Rslnd 
*0 


i d 0. 


Hence 


111 < J\- ntlae cl0 =2 f\~ 


It Bin 0 


do 


f 


< 2 , , 


2R 

~-'' e d6 = j i 0 


Lim 1 = 0. 

R—► ® 


Therefore 

Again, Lim zf(z)= 1, so that (Theorem II.) the integral along (4) tends to 


(->0 

— 17 r as r tends to zero. 


Hence 


Therefore 


Lim | —c lx+I ^(/x}=7TJ. 

r ,-q i.—® .r • r J? J 


r sinx 7 7r 
—^=2 


When, in the description of a contour, part of a small circle is 
described to avoid a singularity of the integrand, the contour 
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§30J 

is said to be ‘indented’ at the singularity: for example, the 
contour of Fig. 37 is the contour of Fig. 33 indented at O. 

Example 9. If 0< p < 1, prove I X ——- r _ ,r 

J u I + .r sin />— 

Integrat e f(z) = z r> ~ l /(l -\-z) round the contour (Fig. 38) consisting of : 

(1) the x-axis from r to It ; (2) the large circle |- | = R ; 

(3) the x-axis from It to r ; (4) the small circle | z | = r. 



Within this contour /(;) is uniform. Consider that branch for which 
amp 2 = 0 on (1). 

Since p >0, Lim 2 /(*)= 0 : hence the value of the integral along (4) tends 
to zero as r tends to zero. 

Again, when L| = R, L/C) |= R P /(R - 1) : therefore, since p< 1, the 
integral along (2) tends to zero as R tends to infinity. 

At the point — 1 aiup; = -: hence the residue at this point is 
Also on (3) amp z — 2tt. Therefore 


Hence 

The substitution 


( 1 - e-P™ ) f — dx = 2t rid- 1 ) 7r *. 

Jo 1 + x 


/; 


x 


+ 

;>-i 


dx = — 


7r 


Jo 1 +X Sin fXTT 
x=e y transforms this integral into 

+ *' p ' rf -" - (0 < /> < 1 ). 


/. 


— 00 l+e y sinpTr 


Principal Value of an Integral If f(z) is holomorphic in a 
region containing that part of the .T-axis for which a =x^b, 

except for a simple pole at a point c on the 2 -axis, where 
< c < b, then 


{J rt /(«)<**+ J ^ f(x)dx^ 
tends to a definite limit as e tends to zero. 


M.F. 


E 
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SC 


For 1 *+[iog(»-o)j +> 


= log ( b ~ c ) — log (c — a). 


Hence Lim { P -i^} = logP—) 

e—>0 vJa ^ Jc4-e^ \C m —(t/ 


Now, let f(z) = </>(z)/(z — c); then (§ 15, Theorem, p. 29) 

/(^) = 

where X is continuous in the region. Therefore 
Lim |f f(x)clx+ f f(x)clx\ 

e—>-0 \J a Jc-f« J 

= 0(c) log (^ 3 ^) + (b - a) 0'(c) + j X cfa. 

This limit is called the Principal Value of f f(x)dx, and is 

•n 


written 


j f(x)dx. 


Example 10. If 0 < a < 1, prove 

r ~a—l 

- dx=7T cot air. 

1 —x 

Integrate 2" _1 /( 2- 0 round the contour of Fig. 38 indented at 1 (Fig. 39). 



Example 11. 


If — 7T < a < 7T, prove 



si nil ax 
sinh 7r.r 



Integrate e^'/sinli( ttz) round the rectangle (Fig. 40) of sides y— 0, y — 1, 
.r = ±11, indented at O and i. 


§§30,31] THEOREM ON RESIDUES 07 

Example 12. Integrate e“‘/(r + &) a , where 0<a< 1, r > 0, h > 0, round 


/ 



O R X 


Fin. 40. 


the contour of T ig. 41, where it is assumed that amp(r + * 2 ) is zero at points 
on they-axis between 0 and ir ; and thus prove 



Fio 41. 


If r = 1, x = tan $, deduce 
/*? 

/ o (cos 0) a_2 cos a6 cos (/> tan 6)d$ 

/'I 

- l o (cosO) n ~-sina08in(lttanO)dO= ? ^~l) a - 1 e- i . 

31. Theorem. Let C be a closed curve such that /(s) is holo- 

morphic within and on C and <f>(z) is meromorphic within and has 
no singularities or zeros on C ; then 


2 Vi f„ A«> dz = - 2",/(«>,), 

where a lt a 2 , a 3 ,... are the zeros of <f>(z) within C of orders 

witD’ ^’7 re fP ectivel y> and K K- are the poles of *(*) 
within C of orders Sj, s 2> s 3> ... respectively. 
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l<or </>(z) — (z — a l Y l \/r{z) t where ^(z) is holomorphic at a x ; hence 

= i\{z - aji ~ 1 yj^z) + (z- apyjrXz) ; 

so that ^ = _ r i_ + 'Kill 

<p(z) z — a x \J,(z) 

The residue of the integrand at a x is therefore 

Li,„( 2 -a l )/( 2 )^)=r l/ (a 1 ). 

Similarly, since (z—b i y'</>(z) = x(z), where x ( z ) is holomorphic 
at b x , the residue at is -Sjfibj). 

Hence h L % dz =~ wv- 

Cokollary 1 • 2s L fw * - 2r * - ^ ■ 

Corollary 2. ^ , gg cfe = Sr,*, - 2^6, 


Example 1. If <f>(z ) is a polynomial of degree n, shew that 2 >j = h. 

Example 2. If <£( 2 ) is a polynomial with factors 2 -oc, 2-/3,..., shew that 
oC~ k + /3~ k + ...= — R, where k is any positive non-zero integer, and R is the 

residue of A at 2 = 0. 

2 * </>( 2 ) 


32. Liouville’s Theorem. A function which is holomorphic at 
all points of the plane, and finite at infinity, must be a constant. 

Let f(z) be such a function; then, if a and b are any two 
distinct points, the only singularities of the function 

F(z)=-- 

(z — a)(z — b) 

are a and b, and possibly infinity. But since LimzF(s) = 0, the 

r—>co 


residue of F(z) at infinity is zero (§29, p. 58). Now the sum 
of all the residues is zero (§29, Theorem 2): hence 


/(<*) ■ f< b ) _ 

a — b^b — a 


so that /(a) =/(&); and therefore, since a and b are arbitrary 
points, f(z) is a constant. 

Corollary. Every function which is not a constant must 
have at least one singularity. 


§§ 31-34 j DIFFERENTIATION UNDER INTEGRAL SIGN C>9 


33. The Fundamental Theorem of Algebra. If j\z) is a 
polynomial in 2 , the equation f(z) = 0 has a root. 

For, if not, the function 1 jf(z) would be finite and holomorphic 
for all values of 5, and would therefore be a constant (Liouville’s 
Theorem). Hence f(z) would be a constant, which contradicts 
our hypothesis. 


34. Differentiation under the Integral Sign. Let the func¬ 
tion f(z, f) of the two independent complex variables 2 and f be 
holomorphic with regard to both z and f so long as z lies in a 
region A of the 2 -plane and £ in a region A'of the £-plane. Then 

the function </>(£) = j\/'(~> '' here C lies entirely in A, is holo- 

rphic at all points of A', and «//(£)= f ~/(z, f)(h. 

J c c S 

Let f( z > 0 = u + i ( - and </>(£)=P + ?Q, 


mor 


P = J c ( u (lx “ v d V)> Q = | c ( o </./• + u chj ); 

W = L1? dy )' W = lc(^’ dx + ZZ, d,J )- 

Hence (equations (a), § 15), 


so that 

then (§ 24), 
31 


ve is 


3P_3Q 3P_ ?Q 

<$£ ?>; ’ 3^’ 

Thus 0(£) is a holomorphic function of f: its derivati 
given by 

C , In , tegTatlon under the Integral Sign. Shew that, if (• and 

L 1,e ,n A and A respectively, 

Uc A - °* rff =X L f(z ' i)didz - 

is h^'iTptfcttaeT 61 ' and UPPer OItre,nitieS ° f C: the " X l Az ' 0AdZ 

JfX X /( *’ f)rff*=X /( -’ 
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Hence f +«)</£= f I f(z, f I Ah 0^dz\ . 

Jif j C •'C' LJc Jc' Js = Su 

= ( f /(*> A- 

J C ^C' 

35. Derivatives of a Holomorphic Function. A function 
f(z) which is holomorphic in a simply-connected region enclosed 
by a curve C, possesses derivatives of all orders at every point 
interior to C. 

For, if z is any point interior to C, 

JK ’ 27TiJ c f-S 

Now let A be a region which contains the point z , and whose 
boundary is interior to C. Then the function /(£)/(£—z) is holo¬ 
morphic with regard to both f and z so long as f remains on C 
and 2 in A Hence (§ 34), 




Similarly, by means of repeated differentiations, it can be 
shewn that , - - /Jlx 7 - 

"- 1 - 2 . 3 . 


Corollary 1. If C is a circle of centre z and radius R, and M 
is the maximum value of \f(z)\ on C, |/ (n) ( 2 )| ^nl M/R". 

Corollary 2. If /(z) is continuous at all points of a finite 
(not necessarily closed) path C, the function 

f AQAC 

Jo f-s 

is holomorphic in z at all points which do not lie on C, and its 
71 th derivative is 

n \ 

Corollary 3. If u(x, y) + iv(x, y ) is a holomorphic function 
of z = x + iy, then u(x, y) and v(x, y) have partial derivatives 
of all orders. 


f f(t)d£ 

Jc (f -*)" +1 


§35] DERIVATIVES OF A HOLOMORPHIC FUNCTION 71 


1. Prove / 
axis. Jz,) 


EXAMPLES IV. 

f — = log-, a cross-cut being taken al 

2 2 Ct 


ong the negative real 


2. Under the same restriction as in the previous example, prove 

rz 7 fl +1 - n 4 -1 

/ ——-y— t 

J.'n « + 1 


I > > --;,- 1 

-h 0 w + 1 

where n may have any value except - 1, and the same branch of z" is taken 
on both sides of the equation. 

3. Prove J e at (tz=(e ni — l).'a. 

r * 

4. Prove J cos ctzdz = sin (<tz)/a. 

5. Shew that the residue of e at /(l +e ; ) at ~i is —e nwi . 

6. If k is any integer, shew that the residue of cot z at ktt is 1. 

7. Shew that the residues of e*‘/(z- + a-) and ze **/(«* + «*) at ai are e~ n /2ai 
and e~ a l2 respectively. 

8. Shew that the sum of the residues of any rational function is zero. 

9. + + ... s hew that the residue of/(z)/(z-£) 

at a is -/({). 

n 

10. If f( 2 ) = 2 Ar!(z - a) r + where <f>(z) is holomorphic near «, shew 

that the residue of f(z)/(z — x) at a is — A,/(.r — </) r . 

1 

11. Shew that, if m and n are positive integers, and in<n> 


r° 7T 

Jo dr = 2 „ 8in ^» + l r j' 


12. Integrate zc* mt i(z A + where in and a are positive, round the contour 
of Fig. 33, and shew that 


f xs\n?nx 


_ ^ vu Q ;,. 

ma 

0 x* + a* 

Uvl 

ma 

— 7T-T> e Sill 

2a- 


dr _ ^ r 

Vo 

. ( ma , 7T \ 


2a? 6 


wi + 4/’ 

• 


_ __ TTX(\ / . 

COS 11KV J 7r -77= . (mu . tt\ 

-T— — .cLc=—-.e vo ain i + ). 

2 « 3 \ v /2 4/ 

14. Integrate e ,: /(z-ai), where a>0, over the contour of Fig. 33 }l nd 

shew that _ * 

/ + *a cos.r-f .rsin .r , 

/ - »——5 - dx=2ire-*‘. 

x^ + a 2 

15. By integrating e iz l(z+ai ), where a>0, prove 

/* + ” — a cos ar + .r sin .r , ^ 

I --o—;—-rf.r=0. 

16 Prove /' X ‘x 3 sin nix 7 r ma 

Jo ~x* + a* d ' V = 2 6 COS ^I’ W ‘ e,e m > °- 
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17. If 0 < a < 2, shew that 

/ 27ra + 7r 

(i) (~ aT-'dx 2 tt COS \ 6 

7o l+.r-f.r 2 ^'3 sin7ro 

. /27ra + 7r 


<“> f£ 


2tt Sln V 


) 


a:+ar- ^3 sin7ra 
[Integrate ^^ 2 round the contour of Fig. 37, and equate real and 

imaginary parts.] 

▼ 

18. Prove f o i _2^cos20 + 6 = f Io S 0 + 0, if -loci 


= f I “g( 1 +^). « 


r< - 1 or ;•> 1. 


[Integrate —■ — . -round the contour of Fig. 33, and 

2 -(l +r)- + (l -r) 2 I+ 2 2 & 

put x*=tan <?.] 

19. If «> 0 , and — 7 t/2 < 0 < 7r/2, prove 

x a ~ 1 e~ 3CCOa0 cos (orsin 0)rf.r = cos (a0) T(a), 

and ^-ig-^cosogin (.rsin 0)<£r=sin («0) F(«). 

[Integrate z a ~ 1 e~ t round the contour consisting of the positive x-axis, the 
line amp z = 6, and arcs of a large circle and a small circle.] 

20. If a^l 0, prove 

/?\ /*“(1 +.r 2 )cosa.r- . ir _ 

(0 Jo -i + * + ,- - d ' V= j3 e 

(i f " xs in 

Jo \+x- 


a 

2 cos - : 
2 


er.r 


7T . a 


J I§ — — — (1 • V* 

( /x=— 77 .e 2 sin 
v/3 2 


[Integrate e^/C+ 2 + 22 ) round the contour of Fig. 33.] 

21. Integrate e~ t! round the rectangle of sides y = 0, y = b, x= ± R. and 
show tliat /•+* i *+® 

/ <?-<*+«>* <&•--= / e-*dx=*J^. 

J — 1o • —» 


Deduce: 


(i) / e - '*cos 2b.vdr = ‘^.e ~ t1 ; 
.'o 2 

.-+» 


(ii) / e _, -* +e, *</.r=V7r, where c is any constant. 

•/ —ao 

22. Integrate e ,z /(z + a), where a >0, round the square whoso sides are 
a: = 0, .r = R, y = 0, y = R, and shew that : 


(i) 


COS X . 

_ ft r — 

r 

are- ax , 

fj 7* • 

Jo 

ti — 

x + a 

Jo 

u-.c * 

1 + a- 2 

(h) 

r- 

sin .r f 

dx = 

r 

,,-ax 

i-a 

Jo 

x a 

10 

1 + x- 2 
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23. Integrate e •' round the rectangle whose sides are ./• = <), // = (), 

y=b, where b> 0, and shew that: 

(i) e~ xi cos2bxdx=“J~e~ bi \ 

Jo 2 


(ii) / e - - 1 *sin 2b.rdx = e~ l! I e* ! d.r. 
Jo Jo 


24. I ntegrate ^Veosh 7T-- round the rectangle of sides .*• = ± K, */ = n, /=l 
and shew that 

f r cosh a.v 1 a 

k d '=9. SeC 9 ’ whe ™ 


25. Prove 


26. Prove 


Jo cosh 7r~c " 2 ~ 2 

O-o ~ bi = 2~i, if b > 0, 

2 = — 2~i, if b< 0. 


i: 


cot 


.'0 
*•« 


/ o cos u 6(W = o, if n is odd, and 

1 . 3.5 ... (n — 1 ) .. 

= —~" iseven. 

2.4.6 ...n 

27. 1 rove that, if y is the unit of circular measure : 

/:N / + ” sin.r ,t t. 

{ ) L. = 2~ e ~ cos V + s 1 • 1 7) '• 

r>,\ r K l-coax ,17, . 

00 *(.** - 2*+2) Clt '= Te (e ~ COS y-* m V>- 

28. If « is positive, prove 

(i) -Js.W; (ii) 

29. If r and 6 are positive, and 0 < a < 3, prove 

(0 / o .r»-‘sin - ix)^ ; ~ a = | ; 

(ii) Pi>-si„ (‘f—("f - 

[Integrate (i) f-'+ ,*) round the contour of Fig. 37, and 

(") ^ 1 e ibc J{z- - r 2 ) round this contour indented at r and - /•.] 

^ — l<a<l, prove 

/. er.w 

= 4^p={ I+ (r^r') }■ if -'<'■<!. 

, = 4Ww{ i_ (p+t) }- if '■<-!. <•■■'•>i 

deduce that, if - 1 < a < 1, 

* TV - ^ 

//(tan 0)°cf0= / '(cot = --21-. 

Jo 7 2cosi«— 

[lntei;rate +*’) + ( 1 — r) r" , .. 

^ 2 2 (l+r) 2 +“(l^r r ) 2 r + ;• round t,ie contour of 37, and put 
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31. Prove 

1 — r cos 20 


p 1 — r cos 20 . aj£x 

/ ^-o- .,/> —o log tan Odd 

I o 1 - 2 r cos 20+ T 2 ° 


t i 

= 7 log 
4 ° 


(&)• if - 


1 < >•< 1 , 


Jo l-2rcos20+r*~ 6 '~- (r - 1 \ .. ^ . 

= “ 4 log (, 7+1 > if r < - 1 , or r > 1 . 

[Integrate // ~ *1 round the con tour of Fig. 37.] 

(1 — r)- + 2 “(l +r)- 1+z 3 


or. ^ ^ r sin xd.v ir _ v 

32. If « > 0, prove -O- 

33. If a > 0, prove 

r 7 r(l — cos ax) — 2 log .r sin a.r , _ ... 

—-TTi— v , , 7771- dx= 2 ir{\ — e "). 

x {(log xy+IT-/4} 

[Integrate-——- round tlie contour of Fig. 37.] 


e-°). 


1 _ gfni 

[Integrate —-—— 

2(log2 —17T/2) 

34. If a >0, prove 


( io g 


sin 20 


1 _ 

[Integrate —-—r- round the contour of Fig. 37.] 

2 log (l-* 2 > 


35. If b>0, r>0 and 0<a<2, shew that 

r , . . (air . , \ dx 7 r „_ 2 .-br 

[Integrate z a ~ 1 e‘ lb2 /(z 2 + r 2 ) round the contour of Fig 37.] 

36. If 0<a<2, prove jf “ V ( 2 ““ t)' 

where 0 < 6 < 2 . 

37. Let P( 2 ) and Q( 2 > be polynomials of degree m and n respectively, 
where m^n - 2, and let Q( 2 ) have no positive or zero real roots. By means 
of the integral of Y(z) Log z/Q(z) taken round the contour of Fig. 38, prove 

rm*-- * 

Jo Q(*^) 

where R denotes the sum of the residues of P(*) Log z/Q(z) ( 0 <amp z<'*) 
at the zeros of Q( 2 ). 

38. By integrating (Log 2 > 2 /(l + 2 2 ) round the contour of Fig. 38, prove 

n?>= 0 . 

Jo 1 + .r 2 

39 By integrating log ( 2 + z)/(r 2 +1) round the contour of Fig. 33, prove 

^ l°gO+f l>^ =jl o g2 . 


Deduce 
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40. Prove 


0 sinh.r 4 

41. If a is real, show that 

/;\ /"“sin ax , 7r . ott .... f™ xcosax , -r-e~ ar 

J 0 sinh.v 2 2 .'o smlix (1+<?-“*)- 

42. If in > — 1, n > — 1, and ?/i — « is an even positive integer, prove 


43. Prove 


sin wix — sin nx , 

c 

(1 -+- x~) sin .r 

— 7T ~ 

ri'"«*y U ' = 

10 

Jo 1 + X + X" 

81 N / 




c — e~ x 


[Integrate (Log 2 ) 3 /( 1 +2 + 2 2 ) round the contour of Fig. 38.] 

44. If 0<p< 1 and 0< A< 7 r, shew that 

f*° .r~ p dx _ 7 T sin;> A 

Jo 1 + 2x cos A -Kr* sin p— sin A 

45 - PrOVe /o’,-ra^ 1 ^='lo«(l+«), if 0 <«< 1 , 

= ^°g( 1 + ^)' if K>1 - 

[Integrate z/(u — e~ u ) round tlie rectangle of sides x= ± tt , y = 0 , R.] 

46. If r>0, «>0, 0<«<1, 0<6<1, a + &;>l, shew that 

(0 f"_^_ = / > " = ■>_, -, ..i,—* r(«+_ft -1 >. 

J_» (r+«ar)“(«-i.r)» J_. (r-«?)"(* +ix) 6 F(a) i'(6) ’ 

(ii) r~_ (/r _ f +n dx 

J-« (>’ ~ «?)*(* - *>)* J-» (r + Ivy (s + i.r) 6 

Deduce (%os 0) a+6 - 2 cos(/>-«)0</0 = -^i_ r (« + ^~ 1 ) . 

Jo ' V ' 2 '* + t ’ -1 r(a)r(6) 

47. By integrating c^jz round a suitable contour, shew that 

[* sin # 3 . 7r 

I -a.r = - • 

Jo x 4 

Deduce f m 

Jo x 

48. By integrating e u /Jz along a suitable path, shew that 

P r ^ dc== 

Jo */.v Jo N /.r » 2 

49. If 0 < a. < 7 r /o > shew that 

f + ” tan^xtfx _ ttol 
J-„ x 2 - 2x sin <x + 1 — 2cos a." 

L ntegrate log(l -{ z )/( 2 2 _ %z sin <x +1) round the contour of Fig. 33.] 

= 0 * e tax l(e in — 1 ), where a is real, round the rectangle of sides 

’ *-&> 2/=°* y=L indented at 0 and i\ and shew that 

r sin ax, 1 /,A 1 


or . 7r 
<ir=-. 
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CHAPTER V. 

CONVERGENCE OF SERIES: TAYLOR’S AND LAURENT’S 

SERIES. 

36.* Convergence of Series. Let S n denote the sum of the 

co 

first n terms of the infinite series 2 w n> where the w's are real 

n = 1 

or complex quantities; then, if S„ tends to a finite limit S as n 
tends to infinity, the series is said to converge or to be convergent 
and to have the sum S. The necessary and sufficient condition 
for this is (§ 23) that a number in can be found such that, when 
n^lm andp is any positive integer, 

|S n+p — S„|<e or \w n + x + w n+2 +...+w n + p \<e. 

If w n = u n + iv n , the series 2u n and converge to the 

71 

real values U and V, where U + iV = S; for — U and 

7* 1 

y v n — V are both less than |S„ — S|. Conversely, if the 

i i 

series 2u n and Xv n converge to the values U and V, the series 
S(w n + w„) will converge to the value U + iV, since 

+ «>,») —(U + iV) < j> n -U + . 

i i i 

CO 

Absolute Convergence. If the series of moduli ^, 1 w n I 18 

71 = 1 

convergent, the series is also convergent, since 

! Wn+i + W n+2 + • • • + Wn+p \ = | W»+i | + | «>n+ 2 | + ... + | Wn+p ! : 

a series of this kind is said to be Absolutely Convergent. The 
series 2u n and are then also absolutely convergent, since 

* In this and the following paragraphs some definitions and theorems on 
infinite series which will bo found useful in the course of this work are 
summarised; for fuller proofs and for further information on the subject 
reference may be made to Bromwich's Theory of Infinite Series. 
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I'W-n | = | w n | and |v»|~|w„|. Conversely, if and are 

absolutely convergent, will be absolutely convergent, since 

l w »| = |^»| + |v„|. 

i\ ote. The value of an absolutely convergent series is inde¬ 
pendent of the arrangement of the terms.* 

Multiplication of Series. Since 

(u n + iv n )(u' m + iv m ) = u n u m - v n v ' m -f iu n v' m + iv n u' m , 

the product of the two absolutely convergent scries Zw n and 
is equivalent to 

Xu m — 2i/ n , 4- i 2u n Xv' m 4 - i Xv n Hu' m . 

Hence the product is the absolutely convergent series 

w l W 'l + ( W 1 w '2 + w 2 w\) + (zv x U’' a + w 2 w\, + W.Jw\) + ... . 

Most of the series with which we shall have to deal will be 

absolutely convergent series. The tests for convergence of series 

of positive terms apply also to absolutely convergent series: the 
most important of these is: 

The Ratio Test. If Un, | w„ +t /w„ | < 1 , the series is 

absolutely convergent: if Lim |«„+,/«■„|> 1 , the series is 
divergent. >*-►» 

If Lnn h„ +1 KI = l. further tests must be applied f: one such 
test Jis the following: 


If 


w 


n 


IV 


n+1 


-l+ff+2;, 

n n~ 


where /x is a constant and |«. | is less than a fixed number A 
divergent J i"' ^ iS COnVer S e " t if M > 1 and 

■Example 1. Shew that the Hypergeometrie Series 

F(ol, p, y, 3 

1 • y i.2.v( v +n - 


y ’ 1 • 2 -y(y + i) 

4- 2^2i±i)(a- + 2)/?(/3 + 1 )(B 4 . 2 ^ 

1 o .——— ■ ' 


**+... 


. 1.2.3 . y (y + l)(y 2) ---- 

19 absolutely convergent if |»|<1 and is divergent if !*.>, . , vl .. .. 

I 2 I -1, it converges absolutely if R(y _ ^ > Q 1 1 > 1 * wblle > if 

* Cf. Bromwich, ,76. t Cf. App. V, , t C f. Bromwich, §§ 12 , 79 . 
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Example 2. If R(y — a. — ft) > 0, prove 

FK ft 7, l)= ( ^ ( ~ < l ) l y _~| ) F(o, ft y + 1, 1). 

Let T n denote the nth term of F(<x, /?, y, 1) ; then, if n = 1, 2, 3, ..., 

m _ T (, ft\ «.(«■ + !) ... (g. + n - l)/3(/3 +1) — 1) 

a„ +2 -^i 1.2...w(y + l)(y + 2)...(y + n) 

(oL + n — 1)/?(/? + !) ...(/? + «) 

1. 2 ... (n + l)y(y + 1) ... (y+ 7i) 

where T,/ and T„" are the terms of F(ol, f3, y + 1, 1) and F(«.- 1, ft, y, 1) 
respectively. Also , r)\ 

-t 2 =(i-^)t 1 '-(t 1 "+t 2 "). 

Hence, since LimT n = 0, 

yF(o.-l, /?, y, l) = (y-/3)F(c*., f3, y + 1, 1). 

Again, if n= 1, 2, 3, ..., 

(y - «.)T n+1 - (3T n + nT n+1 - (n - 1)T„ = (y - ; 

so that (y - a. — P)F(ckj f3, y, l) = (y — o.)F(a.— 1, /?, y, 1)- 

Hence F(a, ft y, ft y+1, 1). 

Example 3. Shew that, if the series 2«\» is absolutely convergent, the 

series 2 log(l +w„) is also absolutely convergent. 

1 

Choose n so lax ge that | w n | < 1 : then 

| log(1 + w n ) |^§K,|+1-' -- +... = 

But, as n-*- oo, w n ~*0 and therefore l/( 1 - | w n |) —*-1 i hence an 
integer m can be found such that, for n^m, 1/(1 - | w n |) <C, where C 
is independent of n. Thus, if n^m, | log (1 +w n ) | ^C | w n |. 

Therefore, if 2 | | < «, X | log (1 + w ») | < C« ; 

m m 

so that the series 21og(l+?c„) is absolutely convergent. 

1 

37. Convergence of a Double Series. If oq and o> 2 are com¬ 
plex quantities such that cojco 1 is not real, the double series 

2 2 (27710),+ 2nco 2 ) :{ 


771 = — CO 71 


is absolutely convergent. The accent indicates that the term 
for which ? 7 i = 7 i, = 0 is omitted. It is convenient to assume 
l(a> 2 /o)i )>0 : if this is not the case, interchange o ?1 and o> 2 . 
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Divide up the plane (Fig. 42) by parallel and equidistant lines 
into parallelograms similar and equal to parallelogram OABC, 
where A, B, and C are the points 2oq, 2o> 1 + 2a)., > and 2w 2 . Since 
I(^siA 0 !)->0, the angle AOC lies between 0 and 7r. One term of 



Fio. 42. 


the series corresponds to each angular point of the net-work, 
except the origin. 

PO C R T d ,T th ° S ® an 2 ular points which lie on the parallelogram 
■7 s ’ the “ n ' J -poiots of whose sides are ±2»a,,, ± L a) 

-• 0 f s * - **' ^tefz 

each of the s.des, and therefore, since the four vertices 

paraUelognun.^ WO therC “ * the 

AB^and BC^ ^hln f 0 ***. 0 * two Perpendiculars from O on 

en for each of the angular points on PQRS 


so that 


2 


2 nuo l -f- 2 nw 2 

1 


2ma» 1 + 2rift, 2 |3<( pc iyi > 

where the summation extends to all the points on PQRS. 


pd ’ 

Sp 
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^Novv, if the values 1, 2, 3,... , be assigned top in turn, all the 
angular points in the plane will be included. Hence 

Y' _ 1 _ (1+1 ,1 , ^ ^ L 6 

| 27na) 1 + 2'»ft) 2 | s< 'rf 3 \l 2 + 2 2 + 3 2 + " V < d 3 ’ 
and therefore the series is convergent. 

O 

co 

38. Power Series. Let Yj c n( z ~ a ) n be a power series, and 

n=0 

let the ratio | cjc n+1 1 tend to R as n tends to infinity. Then 
from the Ratio Test it follows that the series is absolutely con¬ 
vergent within and is divergent without the circle \z — a.| = R. 
This circle is called the Circle of Convergence and R the Radius 
of Convergence. 

Example. Shew that the radius of convergence of the geometric series 
1 + Z + 2 2 + Z?+ ... is unity. 

At a point on the circle of convergence the series may or may 
not be convergent. A test for absolute convergence is given in 
§ 36. The following test is sometimes useful when the series is 
not absolutely convergent. 

Abel's Test. If the coefficients c 1 , c 2 , c 3 , ..., form a decreasing 
sequence of positive numbers, c„ tending to zero as n tends to 

CO 

infinity, the sum Yj c nZ n converges at all points of the unit circle 

except possibly at z= 1 . 

For, consider the series 

qcos 0 + c 2 cos 20 + c 3 cos 30+..., 0 < 0 < 27t. 

m+7> 

Let S m< p =Y c n COS71 e > 

771+1 

and let , 9 r = cos(m+l )0 + cos(m + 2 ) 0 +...+cos(m + r) 0 , 

so that cos {on + 1 ) 0 = > 

cos {on + 2) 0 = s 2 — s x , 

Then S m>p = c m + x s x + c m+2 (s 2 — «i)+... + c m+p (s p — s p -,) 

= s, (c m+1 — c m+2 ) + s 2 {c m+2 — c tn+3 ) +.. . 

+ s p . i{c m+p -1 — c m+p ) + s p c m+p . 

s r = sin(ir 0 )cos {m 0 + ^(r+l) 0 }/sin ^ 0 ; 

— 1 /sin i0 = « r = 1/sin h6 {r— 1, 2, 3, ...). 



Now 
so that 
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Therefore, since all the quantities 

c m -M ^m+2> Cm +2 Cm+3> •••> Cm+p > 

are positive, 

Sm ~ ~ {(C m +i c m+2)+( c m+2 — c m+3)~b ■ •• ~\~ c m+p\ =~r m + X 


•m, p = 


sin 10 


sin A0’ 


and 


On + i 


q _>_^_ 

U Jfl t P = • 1 s\ “ 

sin $6 


But, by making in large enough, c /J( + 1 can be made arbitrarily 
small. Therefore, since 0 < A0 < 7r, the series is convergent. 
Similarly, since 

r 

2 sin tt0 = sin(jr0)sin {m0 + i(r +1)0}/sin 10, 

m +1 

the series £^ 3^0 + 0280120 + 0381030 +..., can be proved con¬ 
vergent if 0 < 0 < 27r. Hence the series 


co 


cc 


2 0,J 2 n = o„ cos 72 0 + 1 2 c n sin 720 

1 1 1 

converges if O<0<2 tt. 

Ihis theorem can be illustrated as follows: 

If amp 2 =^= 7 i 7 r ( 72 , integral), the terms of the series can be 


a 4 



(b)---^ 

O A, A 3 A, X 



o a7a ; a 3 > x 

Pio. 43(a)(6)(c). 


makesH^ ^ A 2 A 3> •••> ( Fl g- 43(a)}, where each line 

he same angle amp z with the preceding one. These lines 
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form a kind of spiral, and A„ tends to a point, which represents 
the sum of the series. If amp z = ± tt the lines will be alternately 
positive and negative {Fig. 43(6)} and the series will be convergent; 
but when ampz=0 {Fig. 43 (c)} the method does not apply. 

Example. Shew that z + z 2 / l 2+2?/3 +... converges for (^| = 1 except at 
z— \ ; and deduce that the series 

003 0 + ^+?^+..., 

are convergent if 0 =£ 2n7r. 

Multiplication of Power Series. If the two series 

and y]c, x 2 ? 1 
o o 

are convergent within the circle | z | = R, their product 

c o c 'o + ( c o c \ + c i c 'o) z + ( C 0 C \ + c i c 'i + c 2 c 'o) z2 + • • • 

is also convergent within that circle (cf. § 36). 

39. Taylor’s Series. Let f(z) be holomorphic in the closed * 
region bounded by a circle C of centre a and radius R, and let z 
be any point within C such that | z — a | =r < R : then 

f(9 w J_. f A£)d£ _ 1 f f({)d( 

27riJ 0 f—z 27riJ c (f—a) —(z —a) 



c„z 




+<£$’ 
(z—a) 2 


+ 


(g-ct)"* 1 


=/(«)+ ff/'M + ( -^ 2 f^/Xa) + • • • 


AQ*L 


, (z — a) n x , (z —a) n+1 f 

+ n\ * 2-tt i Jo (f-a)’ ,+1 (f- 2 )' 

Now, since |f—z|^R —r for all points £ on C, it follows 
(§ 26, Cor. 7) that 


(z~ 

2iri 


At)d£ 


a) n+1 f 

TTi Jc {Z-Cl)»+'{S-Z) 

where M is the maximum value of |/(f)l on ^ ®ut ^is q uan tify 


M /r\ n+l 
1 -r/R VR/ 


can 


w ---- - I ^ / I 

be made arbitrarily small by increasing n : hence 
/(*> =/(«) + ^/(«) + + ■ ■ • 


* Cf. p. 92. 
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for all points within C. This is Cauchy’s extension of Taylor’s 
Theorem.* 

The convergence is absolute, for (§35, Cor. 1) the modulus of 
each term is not greater than the modulus of the corresponding 
term of the absolutely convergent series 

Let Zj be the nearest singularity to a: then if z be any point 
within the circle of centre a and radius \ z 1 — a\, R can be chosen 
so that |z-a|<R<| Sl _a|. Thus the Taylor’s Series converges 
absolutely at z, and therefore its radius of convergence is | — a |: 

that is, the circle of convergence of the Taylor’s Series is the 
domain of the point a. 

Corollary 1 . If f(z) and its first n — 1 derivatives vanish 
at a, while / l '* ) (a) is not zero, a is a zero of f(z) of order n. 


For example, z — hre is a zero of sinz (§17): this zero is a simple zero 
since cosz, the derivative of sinz, is not zero at the point. 

Corollary 2. If /(a) and <p(z), and also their first n - 1 
derivatives, vanish at a, while <f> (n) (a) =/=(), 

Lim 

z->a (f>(Z ) 0 (n >(a) 


Example. Prove Lim i< _ 

*0 z l V '* 

Corollary 3 If /<">(«) = 0 (n-0. 1. 2. ...), /(*) vanishes 

identically at all points in the domain of a. 

Example 1. Shew that, for all points within the circle | z | = 1, 

1 og (1 + z )= 2 - 2 2/ 2 + 3 _ _ . 

and deduce that |log(l + z)|r£-l og (l -| 2 |). 

Example 2 . Prove £ log (sin -> ) dx = - log 2 . 

• Inte & rate log (sin 7rz) round the rectangle of sides u=0, .»=1, t/ = 0 >/- R. 

indented at 0 and 1 . ’ yJ 

The integrals round the small quadrants at 0 and 1 tend to zero ; hence 
I log (sin irx)dx 

” if' [log (sin Trip) - log (sin (s- + mi?))] dy +jf ‘log (sin (me + HR)} dx. 

* Cf. § 43, Note. 
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Now, since w = sin irz =sin ttx cosh ivy +i cos 77\rsinh7ry, 

as x increases from 0 to 1, O>0), w passes round the curve PQS (Fig. 44), 



from P(i sinh 7ry) when x=0 to Q(cosh iry) when x= 1/2, and to S ( - i sinh iry) 
when x=l : hence amp(sin7r2) decreases by 7 r, so that 

log (sin 7 riy) - log {sin (7r + 7 rig )} = 7 r*. 

Again sin(7r.r + 7ri'R) = |e TrU-,,rx (l — e 1 ™ ~ 2ffR ). 


Therefore 


log { sin (jrx + rri 11)} = ttK — log 2 — itx + i ^ + log(l — e 2nxt ~ 2 " R ). 

Hence log(sin 7rx)dx = — log2 + ^ log(l — e 2trxl ~- rrR )dx. 

But | ^ log(l — e 2irJri ~ 2nR )dx |< — log(l — e~ 2nR ), 

which tends to zero as R tends to infinity. Therefore 

J n \og(sin7rx)dx= — log 2. 

Example 3. If |2|<1, prove 

(i) tan - l z = z — z?/3 + z t >/b-... {Gregors Seines) ; 

(ii) (ton-**)»-^—(l+i)^ + (l+|+g)^-.-. 
where the principal value of tan -1 2 is taken in each case. 



40. Laurent’s Series. Let/(z) be holomorphic in the closed ring- 
space bounded by two concentric circles C x and C 2 (Fig. 45) of 
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centre a and radii R t and R,, (R,<1.\,). Then if z is any point 
within the ring-space, so that 

Ri <\z — a| = r<R 2 , 

f(z) can be expanded in a series of the form A 1) (z — a) p . 


For /(*) = JL f fipAZ_ _L f /M 

f—S 27riJ Cl f— Z 


=-L.f . J_f f({)ds 

«) —(s —«) 2 ttJ C| (c —«) —(f—a) 

= 2^nL /H { 1+ pi; -+ ( pii ) + ■ • • 


+J_f MIL+£=!'■, f£r?Y. 

27rJ Cl s — at + 3 — a + \s — a/ + 


+ 


\z — a) (z — r/)'*(s — f)J ^ 


Now let and M 2 be tlie maximum values of |/(z)| on C 
and C 2 ; then (§ 26, Cor. 7), since | z — a | = r, 


(g -«)»+ 1 f 

Jc,(7= 


/(fW 


/(?)(f-«) w+i c/e 


M. 


27 ri( 2 -a)»+J Ci " 


_ / r y >+1 
o \nj 


< 


M. /R,Y ,+1 

r/K, - 1 V r ) 


But these two quantities can each be made as small as we 
please by increasing ?? ; hence 


where 


— w 

/0) = 2 Ar(s - «)" + 2A. f (s-(,)-p, 

r=o 7 ’ 


^ 2tt ilc 2 (/-—a)^ 1 ’ A -* “ 2^{ c * 

-Note 1. Since 

I A pI = M 2 / R 2 P and | A_ y | ^ MjRjP, 

I ^ ^ 2 * ^ follows that the series is absolutely 
convergent for all points within the ring-space. 7 

* Cf. § 43, p. 95, Note. 
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Note 2. Since f{z) is holomorphic between C x and C 2 , the 
integrals round these contours can be replaced by integrals round 

any concentric circle C of radius R, such that R 1 ^R^R 2 . It 

+ '-© 

follows that /(z) = 2 A p (z — a) p , where 

- oo 

Note 3. Let <£(z ; a) and \fs(z ; a) represent the series 

00 CO 

y]A v (z — a) p and ^jA_ p (z — a)~ p respectively, 
o 1 

Then f(z) = <f>(z] a)-\-\fs(z; a), where <p(z; a) is holomorphic 
within the circle \z — a| = R 2 , and \Js(z ; a ) outside the circle 
\z — a\ = R r 

Principal Part at a Pole. If the only singularity within 
\z — ct | = Rj is at a, R x can be made arbitrarily small. Then if 

71 

y/r(z; a) = ^ A_»(z — a)~ p , where n is finite, /(z) has a pole of 

p =i 

order n at a, and yjs(z; a) is called the Principal Part at the 
pole. If \Js(z; a) is an infinite series, /(z) has an essential 
singularity (§ 22) at a. 

Example 1. If f(z) is holomorphic in the region bounded by a closed 
curve C except at the poles a x , a 2 , a ny and if G r {l/(z — a r )} is the principal 
part of f(z) at « r (r= 1, 2, , n), shew that 

no=pM(c-°r)}+±J c 

where f is any point interior to C. [Cf. Exs. IV., 9.] 

Example 2. If \z\> 1, and the principal value of tan _, 2 is taken, shew that 

* , 7T (l 1 , 1 \ 

tan 1 z = :fc — — l—^-r, + r-7 — ... If 
2 \z 3~‘ 5r* / 

according as R( 2 )< 0 . 

41. Fourier Series. A uniform function F(z) which satisfies 
the equation F(z-f-Q) = F(z) for all values of z, where Q is a 
non-zero real or complex number, is said to be a Periodic 
Function, and to have the period Q. It follows that, if rn is 
any integer, positive or negative, F(z + mQ) = F(z). If no integer 
p(p=f=± 1) can be found such that Q/p is a period of F(z), 12 is 
called a Primitive Period of the function. A function which 
has only one Primitive Period is said to be Simply-Periodic. 
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Now let the function f{z) have the period 2w, and let g = c i ’ n / UJ . 
To each value of £ corresponds an infinite number of values of 
2 , differing by multiples of 2«. Therefore to each value of f 
corresponds one and only one value of f(z), so that f(z) is a 
uniform function of £ 

Let A (Fig. 4G) be the point 2o>, and let R denote an infinite 
region of the z-plane, bounded by two lines parallel to OA, 



m which f(z) is holomorphic. Now if z is any point on a line 

through z x parallel to OA, z = z x -\-\w, where X is real, and there- 

ore £~c lir ~ x, '*c xnK } so that | £| is constant. Hence such a line is 

represented in the f-plane by a circle with the origin as centre, 

and as s increases by 2o>, f passes round the circle once in the 

positive direction. Any portion of the region R bounded by 

two straight lines perpendicular to OA, and at a distance OA 

from each other, is therefore represented on the f-plane by 

a ring-space bounded by concentric circles with the orio-in a s 
centre. 

In this ring-space f(z) is holomorphic since 

= < 7 f(=) ds_ <o df(z) 
d£ dz d£ -7ri£ dz 

Hence, by Laurent’s Theorem, 

A*) = S A ^ P = 2 K^ inz,ai 

“CO — co 

Where A " = dz, 

c being any circle in the ring-space with the origin as centre. 
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Therefore 

f( z )= A 0 + 2(Ap-f A _ p ) cos^^-f- y](A p —A_ p )isin^^ 

i w i co 

~ h a 0 + cos sin^y, 

i co i a) 

where a p = i f /(z)cos^^c?z, and b p = - P /(z)sin^^cZz. 

CO J 0 CO CO J 0 <0 

This is Fourier’s well-known expansion: it is valid for all 
points within the region R. The function /(z), it must be noted, 
is holomorphic in R. 

42. Classification of Uniform Functions. Functions which 
are holomorphic for all finite values of z are called Integral 
Functions. Such functions are developable by Taylor’s Series 
throughout the plane. From Liouville’s Theorem it follows that 
every integral function which is not a constant must have a 
singularity at infinity. 

Theorem 1. An Integral Function for which infinity is a 
pole of order n is a polynomial of degree n. 

For, if f(z) be such a function, then by Laurent’s Theorem 

/(l/o = Bj/f+ B 2 /0+... +B„/0+0(f). 

where 0(f) is holomorphic at f=0. Hence 

f(z) = B x z + B 2 z 2 -f ... + B n z n -f <f>(l/z). 

Therefore <p(l/z)=f(z)-(B 1 z-\-B 2 z 2 +...-\-B n z n ). 

Accordingly 0(1 Jz) is holomorphic for all finite values of z. 
Hence, since 0(1 /z) is holomorphic at infinity, it must, by 
Liouville’s Theorem, be a constant, B 0 say. 

Therefore f(z) = B 0 + B l z + B 2 z 2 -\- ...-f-B^. 

Polynomials are also known as Rational Integral Functions. 
An integral function which is not a polynomial is called a 
Transcendental Integral Function. The Taylor’s Series contains 
an infinite number of terms, and thus the function has an essential 
singularity at infinity. Examples of such functions are e*, cos z, 

and sin z. . 

An integral function /(z) which has no zeros in the finite part 

of the plane can be put in the form e G(z) , where G(z) is integral. 

For the function G(z) = log {/(z)} has no singularities in the 
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finite part of the plane, and is therefore an integral function: 
hence f(z) = e G(z) . For example, c z has no zeros except at infinity. 

The ratio of two polynomials is called a Rational Function. 

Theorem 2. If f(z) is meromorphic throughout the plane, 
and if infinity is either an ordinary point or a pole, f(z) is a 
Rational Function. 

Let there be m poles a lt a 2 , in the finite part of the 

plane (§ 22, Th. 2, Cor.), and let the principal part of f(z) at a r be 
0 r (z )=a \ r '/(z - «,)+A';'/( S - « r ) 2 +...+- „ r y r , 

(r= 1, 2, 

Then f{z)— V\/> r (s) is finite at all finite points of the plane. 
Accordingly, since <^(s), 0 2 (c), .... 0 w (s), are all zero at infinity, 

»l v 

must be a constant or a polynomial, say 
VK 5 ) = ^’o + +... 4- c 

Hence/(c) = which is a Rational Function. 

i 

Corollary. A meromorphic function other than a Rational 
Function must have an essential singularity at infinity. 


1. Shew that the series : 


EXAMPLES V. 


(0 1 +^j + |- ! +|^+... ; 


2 2 


(ii) 

(lii) s ~h. + ST — i 

are absolutely convergent for all values of 2 . 

2. Shew that the series ±c n z” and the series of derivatives 2*^-1 
i^e the same radius of convergence. 

[su?k s s e riji of the series I" 1 ** is zer °- 

4. Shew that the product of the series |-/» ! and |>'"/«! is £(*+*')"/«!. 

on its drcTe of ^ ^ ^ w+1 > ^ absolute1 ^ convergent at all points 

its circle of convergence. 
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6 . Shew that, for all finite values of z : 


✓ ✓ v „ z z- z* 

0) exp(x)=l+- + - + - + ... ; 


2~ 


(ii ) cosz ai+rr-s 

(iii) sin z 

(iv) cosh z = 1 +^, + ^ + .... 

7. Shew that, for all values of n t the Binomial Theorem, 

(1 +*)”= 1 +nz + n ^^l + 1_ 2 > 

holds for all points within the circle \z\ = l t that branch of (1 +z) n being 
taken which has the value unity when z = 0 . 

8 . If the function f(z ) has an essential singularity at a, shew that 1 /f(z) 
has also an essential singularity at a. 


9. Shew that the series 


1 + 


l+z 


+ 




is convergent if R( 2 )> — 1 / 2 , and find its sum. 

10. Prove that, if \z\< 1, 

1 2 / . 27r . 4 tt 

= 73V sm T +2Sln T- 


Ans. l+z. 


1 +z + 


2 2 


2 - 6-71- \ 

+ z 2 sin—+... J. 


11. Prove 

... T . 1 — cos z 1 .... T . z — sin z 1 ..... x . zcosz — sin 2 1 

(0 L.m p =- 2 -i (n)L.m—^-=g ; (■■■) Lm. -- -3 


r —*-0 


12. Prove that, if R( 2 )> — 1, 

1 1 . 1 ! 


2 ! 


(2+1)" (2+l)(2 + 2) + (2+l)(2+2)(2 + 3) + (2+l)(2 + 2)(2 + 3)(2 + 4) 

13. Prove that, if 1 2 1 < 1, 

i{log(l+^)} 2 = ^ 2 -Ml+^ + J(l+i + i>2 4 -.... 

14. Shew that the series 

2 , 2 s 2 . 4z* . 82 s . 

T 1 . 0+ , . .J ‘ i ■ Jl » ••• j 


•f* • •• • 


1+2 1 + 2 2 1 + 2 4 1 + 2 8 

converges if 12 ! < 1 , and that its sum is z/(l — 2 ). 

15. Shew that the series 

2 2 2 2 4 2 s 

1372+1374+rrii + i 3 po + —» 

is convergent if bid and also if | 2 |> 1 , and that the respective sums are 
2/(1 - 2 ) and 1/(1 -z). +jo 

16. Shew that the series 2 q nt e tnln converges for all finite values of 2 
if| ? '|<l. 


— 00 



Vj EXAMPLES V 

17. Shew that, with the nutation of 37, (lie series 

+® +*> l 

2 X' ___ 

m=-» n=-*> (2J/IOJ, -f- 2W<D 2 ) A 

is absolutely convergent if A > 2. 

18. Shew that the series 

-* 2 +...+ 
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2 . 2m + 2 0 . (nm + 2)(n?n + 3 )...(nm + n) _ 

z + ..., 


1 + n + 2 ! 


* . * Vi J * ’ ’ * > 

where m is a positive integer, is absolutely convergent if \z\< m m /(m+ l) m + 2 . 

19. Shew that the radius of convergence of the series 

is e~ x l\b\. 

20. Shew that the series 

1 - kz + 3 ) g 2 _ Hk- 4)(A--5) 

2! 3 j ^ t- ... 

is convergent if | z j < 1 / 4 . 

21. If a >0, shew that 

— ain .r , jr 

P(«*+.r*) =2^ (a /2 - a + 1 ~ e ‘“)- 

[Integrate («'■ - 1 -»+ 4 */8)/{ J »(«« + ^ } round the contour of Fig. 33.] 

22. Prove J* cos.t 2 + sin^- 1 j _ Q 

ax^^IuVof aTiffin!;: “/ C ° n " i8tinB 1,16 !> ° SitiVe ' a " d * 

23. If a and b are positive, prove 

r cos 2cuv — cos 2b.v , 

-- d. r = 7 r(b-a). 

24. Shew that, if a and in are positive, 

r sin 2 war , ^ 

Jo ^M^)^ r = 4 a^ e ~ 2m ' l - l+2nia ^ 
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CHAPTER VI. 

UNIFORMLY CONVERGENT SERIES: INFINITE 

PRODUCTS. 

43. Uniformly Convergent Series. Let S lt (z) denote the 

oo 

sum of the first n terms of the infinite series ^ w n (z), whose 

n = l 

terms are functions of z ; then if, at all points of a region A, the 
sequence S fz), S 2 (z), S 3 (z),..., converges uniformly (§23), the 
series is said to be Uniformly Convergent in A. The necessary 
and sufficient condition for this is that, corresponding to any e,* 
an m can be found such that, for all points of A, 

| w n+l (s) + w n+2 (z ) + ... + w n+p {z) | < e, 
where _p = l, 2, 3,..., and n=^m. The region A is a closed 
region; i.e., the points on the boundary are included. 

Example. If the series 2 v) n (z) converges uniformly in a region A, and if 
/(*) is finite in A, shew that the series **«(*) converges uniformly in A. 

In the following three theorems it is assumed that the series 

co 

is uniformly convergent in the region A. 

n = 1 

Theorem I. If xu^z), w. 2 (s), w 3 (z), .... are continuous in A, 

CO 

the function S(z) = ^w n (z) is also continuous in A. 

For, if 2 and z-\- Az are points of A, an vi can be found such that 

( S( 2 ) - S n (z) | < | S(z + AZ) - S U (Z + Az)|<|> 

where n ^ m. But, n being now fixed, since S n ( 2 ) is continuous, 
an rj can be found such that, for | Az |<0;> 

|S n (z + Az)-S n (z)|<|. 

♦ It should be noted that e is independent of z. 
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§43] 


Hence, if | Az | < >/, 

| S( 2 +Az) —S(z) I = |{S(s +Ac) —S„(3 + As)} — {S(;) — S„(s)) 

+ {S„( 2 +A 2 )-S„(j)}| 

SlS(* + As)-.S„(s+A*)|+|S(«)-S„(0)| 

+ |S„(j + As)-S„(2)| 

< €. 

Therefore 8 ( 0 ) is continuous in A. 

Theorem 2. The series V f w„(z)dz, where C is a path in 

the region A, is convergent and lias the sum S (z)dz. 

For, since at all points of A 

|S(s) — S >4 (s)|<e, 


|£s( 2 )rf $ -^;£ w , 1 ( 2 ) ( ^| = |£(S( 2 )_s„( 2 )} t Zj 


< el, 


where l is the length of C. 

Corollary. If the initial and final points of (J are z 0 and s, 

S(z)dz, I w x (z)dz, f w 2 {z)dz, ..., 

J: o J r o J r A 


are functions of z, and ^ f w n (z)dz converges uniformly in A, 

if a maximum value is assigned to l. Accordingly, if a uni¬ 
formly convergent series be integrated term by term, the 
resultant series is also uniformly convergent. 

y-z( z )> w $( z )> •••, are holomorphic in A, 
0 ( 0 ) is holomorphic at all interior points of A, and 

&S(±)_f, d*w n (z) ’ 

dz k d z k > 3, ...). 

Let f be any interior point of A, and let C be the boundary of 
a slIn P 1 y _co nnected portion of A of which f is an interior point. 

Then if, for all points of C, 


»*+/> 






2 ™n(s) 

n-f I 
w-fp 

’* + 1 


< 


( s - f )-*- 1 




where d is the shortest distance from £ to C, and k + 1 > 0. Thus 
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y | w n (z)(z — £)~ k ~ l dz converges to the sum I S (z)(z — £)~ k ~ 1 dz, 
l Jc Jc 


and therefore, since 


f w n (z) i _ 27 ri d k w n (g) — 

J c (*_f)*+i dz ~ k\ d£ k ’ ( " -0, ’ 

y dhy tjp=P-. f , S(g ]u+i > ( Theorem 2 >- 
ZA d £ 27TtJc(^-f) + 


In particular, if & = 0, 


q/*\_ 1 f S(z)dz 


Now, this integral is holomorphic (§35, Corollary 2) at f. 
Accordingly S(f) is holomorphic at f, and has derivatives given by 


d k S(t) Jc\ f S (z)dz ^ y d*w n ({) a , , x 

Corollary. If C (Fig. 47) is the boundary of a simply- 
connected portion of A, and if C' is the boundary of a region A 
interior to C, the series of functions of £, 


S f ^n(z)(.Z-O l - ldz > 
1 JC 


will be uniformly convergent in A', provided d > 0, where d is 
the shortest distance between C' and C. 



Fia. 47. 

Ex ample. If the terms of the series S (*) = £«»(*) are holomorphic in the 

region contained by a closed contour C, and if the series converges uniformly 
on C, prove that S(z) is holomorphic within C. 

Weierstrass’s M Test. The series ^w n (z) will be absolutely 
and uniformly convergent in the region A, provided that a con- 


§§ 43, 44] 


WEIERSTRASS’S M TEST 


95 


vergent series of positive constants M„ can be found such that, 

i 

for all points s in A, \ w n (z)\^-'M n , (n = 1, 2, 3, ...). 

For, if M n+1 + M„ +2 + ... + M ll+/) < e, 

I W n+l +W, 1+2 + ... + W n+p I ^ I Wn + \ I + I ™« + 2 I + • • • + I Wn+p | < e. 

Note. Since the moduli of the terms of the series 



employed in the proof of Laurent’s Theorem (§ 40), are less than 

CO CO 

the corresponding terms of the series X( r / R ->)'* and 2( R i/ r ) n > 

0 0 

the series integrated are uniformly convergent on the paths of 
integration. Thus the consideration of the remainder can be 
omitted from the proof, provided that the M Test has been 
previously proved. The proof of Taylor’s Theorem (§ 39) can 
then be contracted in a similar manner. 


Example 1. Shew that the circle of convergence of the aeries E*"/a 2 is a 
region of uniform convergence. 1 

Example 2. Shew that the series 21/(-2 2 - m 2 tt 2 ) represents a meromorphic 

function with poles at the points ±tt, ±2 tt, ±3tt, .... 

Let 2 be any point of the region bounded by |z| = R, where 

»itt< R < (m + 1)tt. 

Then |z±7»r|§=N7r-R, where « = m +1, m + 2, ... ; and therefore 

1 |_ 1 

i^2-2 |= ( —_r>,, (»=m +1, m + 2, ...). 

Accordingly, since the series |l/(«r-R)* is convergent, 2 l/C^-nV) 
converges uniformly at all points of the region. m+ ' 

Now the function 2 l/(2 2 -n 2 7r 2 ) is holoinorphic at all points of the region 

except the poles ±7r, ±2-, ..., ± mir. Hence the given series is holomorphic 
m the circle except at these points. But R can be chosen so large that any 

poinil^t 2^21?! 6 /. theref °‘ e the Se, ies iS h0,0m01 'P hic aI1 

44. Power Series. Let R be the radius of convergence of the 

power series ± c„( 2 -a)". Then if R l<R , the area of the circle 

\z — a I = Rj is a region of uniform convergence. 

if n°> 7 ^ OTTeS ^° ndhl S ^ &n y e > an m can be found such that 

l c n+il R i n+1 4-|c n+2 |R 1 «+2 + .. >+ |c n+p |R 1 "+r< e (^=1, 2, 3,...). 
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Therefore, if | z — a | = R lf 

I c n+1 (z- rt) n+1 + c n+2 (z - a) n+2 + . • • + c n+i > (z - a) n+p | 

= | c n+1 (z - a )'* +1 ) + | c n+2 (z - a) n+2 | +1 c n+p (z - a) n+p | 

^ I *n + i1 R 1 M+l + | c m+2 | V +2 + —+ 1 *»+„ I Ki n+P 

< e. 

Since any point £ within the circle of convergence can be 
enclosed in a region of uniform convergence bounded by 
z — a\ = R lf where | f — a|<R x <;R, it follows that the series 
gives a holomorphic function at all interior points of the circle of 
convergence. 

+ =o 

Corollary 1. If the series 2 c n (z — a) n converges for 

— CO 

R x < \z — <l \ < R 2 , it will be uniformly convergent for 

R 1 <R 1 , ^|s-a|SR, e / <»2 . 

Example. If f(z) is defined by the series f)c n (z-a) n , convergent for 

— 30 

0<|2 —a|<R, shew that the residue of f(z) at a is c_j. 

Corollary 2. If f(z) is holomorphic and has the Laurent 

QO 

Expansion ^ A p z p in the region R 1 =|z| = R 2 > and if infinity 

is the only singularity exterior to |z| = R 2 , the residue of f(z) 
at infinity is — A_j (Bee p. 58). 

Example 1. Prove that the residues of e 1 /* at the origin and at infinity are 
+1 and - I respectively. 

Example 2. If » is integral and ^ 1, prove that the residue at infinity of 
that branch of „ , which is positive when z is real and > 1 is 

(1 +2 2 )v( 2 "— 

(1.3.5... (2« — 3) 1. 3.5 ... (2?t — 5) ./pn-i). 

— \2.4.6 ... (2?f—*2) ~ 2 4.6... (2?i — 4; "*' / 

Undetermined Coefficients. Let f(z) and <*>(z) denote the series 

2 A»(*-«)», Sc„(z-a)», 

- CO ” 00 

which converge in the region R 1 <\z — a|<R 2 . and let the 
coefficients c n , (n = 0, ±1, ±2, ...) be unknown. Then it 
<p(z) = f(z) for all points of this region, 

c n = A*, (w = 0, ±1, ±2, ...). 



§§ 44 , 45 ] 
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For, if C is the circle | z — a | = It (R t < R < 11.,), 

, _ 1 f <t>(0 d £ _ Lf /(?><*£__ a 

" ~ 2iri )o(£-a) n+1 ~ 27ri J 0 < f- a )»+* “ 

In particular, if /(s) = 0 for all points in the region, 

c„ = 0 (n = 0, ±1, ±2, ...). 

Corollary. If f{z) is odd, all the coefficients of even powers 

ao 

of z in the Laurent Series f(z) = "y]c n z n are zero; while if f(z) 

- '/> 

is even, all the coefficients of odd powers of c are zero. 

For, if f(z ) is odd, 

/(s) + /X-2) = o = 2Vt- 2u 2-' 1 ; 

- 4 

while, if f(z) is even, 

/(^/(-:) = 0 = 2Vc 2n+1 ^. 


- -G 


Example. Consider the function l/(e* — 1) : it has simple poles of residue 
+1 at the points 0, ± 2 t ri, ± 4ttj', .... Hence, if 0 < 1 2 1 < 2tt, 


J3T = 7 + c o + c i z + c 2 22+ --» 


e‘-1 z 

where the coefficients c 0 , c 1 , c.,, ..., are to he determined. 
If the sign of z be changed, 

1 


d) 


— - + c u — c,2 + <y 2 — .... 


«?“* — 1 2 

Adding these two equations, we have 

— 1 = 2c 0 -f 2 cjj2 2 + 2c a z* + ... ; 

9 ° t,mt c 0 =-l/2, c. J = c 1 = c G =... =0. 

Next, multiply both sides of equation (1) by <f - 1 : then 

1 =(^-| + C,2 + C 3 2 3 + C 6 2-' i +...^( t - i - 1) 

I= G~2 + Cl2+C323 + C6r6+ — )( £ + 51 + ^i + —)‘ 

Hence, equating coefficients, we obtain the equations 

C,_ 272] + 3! ==0 ’ 

C3 + 3! _ J^rj + 57 = 0 ’ 

from which the coefficients c„ c 3 , c 6 , ..., can be found. 

dut!'hv dditi ° nal p COntOUr Inte ^ als * The calculation of resi- 
ues by means of expansions in series is found helpful in the 

evaluation of many definite integrals. 

M.F- 
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Example 1. Prove dv - ^ n-g~ ma (m + 2 /a) 

Jo x(x 2 + a 2 ) 2 2a 4 4a 3 ’ 

where m and a are real and positive. 
t e m£ * 

Integrate —, + ^ over the contour of Fig. 37 (§ 30). When R tends to 

infinity, the integral along the large semi-circle tends to zero. When r 
tends to zero, the integral along the small semi-circle tends to — iV/a 4 . 

To calculate the residue of the integrand at ia put z = ia + £: then 

g—ma+img 

*(* 2 + a 2 ) 2= {ia + 0(2 ia + OH 2 


rmx 


- 4i'a 3 £ 2 


(1 + •••)(! + +•••)(! ...) 

p— rr ^ 

= - 4ia 3 C 2 * 1 + + 2/a) + •'■ • ■'*■ 

Hence the residue at ^=0 is -e~ ma (m + 2/a)/(4a 3 ) ; 

and therefore f dx - " = - 2^ «-’“(« +8/?) 

.'o ^(o^+a 2 ) 2 a 4 4a 3 

from which the required result follows. (See also App. I., Note 3.) 

Example 2. Evaluate x< ^ x 

Jo I 


(l+.r->/l-.r 2 


, where n is a positive integer. 


Consider that branch of 


which is real and positive when z 


is real and > 1. (1 +z-)Jz i 1 

This function is uniform in the region between the great circle C (Fig. 48) 



and the closed contour y consisting of small circles about —1 and 1, and the 
real axis between these circles. There are simple poles at +i and -i. 

At 2 = i, amp(z—l) = 37r/4andamp(2+l) = 7r/4: therefore 

*J^l = */2e' n/2 =*/2i. 


§$ 45, 46J 
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Hence the residue at z — i is( — 1 )" -, /(2\/2). Similarly the residue at z= — i 
is ( — 1 )” -1 /(2 *J2). Thus 

J c (1 +s*)y/z*-l = fy( 1 + X 2 )V* 2 - 1 “ 27r/ ( “ 1 ) ' /s/ “> 

where the integrals along C and y are taken in the directions indicated by 
the arrows. 

But (§ 44, Corollary 2, Example 2) 

f *”<** f 1 .3.r>„.(2n-3) 1.3.5...(2«- :,) 

1(1+**)%/** - 1 ‘ '•2.4.6... (2n — 2) 2.4.6 ... (2n - 4) ' ' ; J* 


and 


1(1+ ; 2 ) V* 2 - T “ e«r/21, (1 + .,-2) s f 1 ~r* e - •>/-’ L , 






-' y (l+.- 2 )v/* 2 - 1 1 +.r*) 

+.r 2 ) v /fr+2“ 4, .Ui+^)^ 

Therefore 


(1 +.r a )>/l - .>-2 
n .t*"d.r 


£ 


dx 7T/ ( - 1)" 1 . 3 . r>... (2n - 3) 


r_7r r 

]~.r 2 9 \ 


Example 3. Prove J 


o0+x 2 )*/l-x 2 2i ’ 2 .4.6 ... (2>i - 2) 

1.3 . . r »... (2?i — 5) , 

2.4.6...(2? i -4) + **- + ^ _I)n }• 

d.v 2 tt 




46. Legendre Polynomials. Consider that branch of 

(l-2£*+ **)->/* 

in the domain of ^ = 0 which has the value -f 1 when 2 = 0 . Since 
the function has singularities at frfcVCf 2 - 1 ). it can (§39), for 
values of 2 suc h tha t \z\ is less than the smaller of the two 
quantities | — 1|, be expanded in a series 

P 0 (£) + *Pi<f) + * 8 P 2 (f)+..., 

in which the coefficients are polynomials in f. The coefficient 
P„(f) is called Legendre's Polynomial of degree n. 

Example. Shew that 

P o( 2 )=b Pi (*)=*, P 2 (z) = R3£ 2 -l). 

If we expand both sides of the equation 

t 1 ~ 2 (~f) 2 d- 22 }~ i = {1 — 2f(- 2 ) + ( —s)2}“i 
and equate the corresponding coefficients, we obtain 

p n( “ f) = ( - 1 )”P„(f). 
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Again, from the expansion for (1—2fz + z 2 ) - -, it follows that 

p (t)= * f_ — _ 

" ' 2iri J c z»+- V( 1-2^+z 2 )’ 
where c is a small circle about the origin. 

Now c can be replaced by the contour of Fig. 49, described in 
the direction indicated by the arrows, where A and B are the 


Fio. 49. 

points 1, C is a large circle, and y and y are small 

circles about A and B. (Assume f =f= ± 1, or A and B will coincide.) 

The only case in which this cannot be done is when AB passes 
through O. But in order that this may be so, 

must be real and negative. Therefore, since 

the two quantities fWf 2 —1 and g — must be purely 

imaginary. 

Hence, by addition, it follows that f is either zero or 
purely imaginary. We therefore exclude the case in which f 
lies on the imaginary axis. 

The integrals along the circles C, y, and y vanish in the limit, 
while the integrals along DB and BI) cancel each other ; thus 

If dz _ ^ 1 f _ dz _ 

P,(f)= ± -{J AB z »+V(l-2^+'?) ± irij ab 2’ ,+ V{( 1 - f 2 ) + ( 2 - 

— JZ 2 — 1 sin d<f> 



i r 
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where 2 = f - 1 co& 6, 


= ± 1 r 

rr] 0 (C I- 
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f- >/£ 2 - I cos <f>) n * 1 

The branch of \/f 2 -l considered does not matter, since 
cos ( 7 r - <p)= - cos 0 . The integral is continouus at f = ± 1 . 

The integrand has a singularity if - 1 is real and 

numerically less than 1. In that case f 2 /(f 2 - 1) must be real 
and less than 1 , and therefore £ 2 is negative. Hence £ is purely 
imaginary. The imaginary axis is therefore a line of singu¬ 
larities for the integral. 

^ -£ > n(£) = l> so that the + sign must be taken : if 

~ 1 ’ 1 )"» an d therefore the — sign must be taken. 

Hence, for points to the right of the imaginary axis, 

d(t> 


£ 


1 COS 0) n + 1> 

while, for points to the left of the imaginary axis, 

_ d(f> 


£ 


COS 0) n+1 

These are the two forms of Laplace's Second Integral. 
Again, in the equation 

dz 




+ 1 


put 1/2 for 2 : then 
P 


V(1 -2 £z+ z *y 




z n dz 


dz 

&+*)’ 


_ _ + J_f Z"< 

C n/ ( 1 — 2^2 -f 2 2 ) “TTl J AU >/ (I — 2 

since the integrand is holomorphic between C and the contour 
made up of y, y', and AB described twice. 


Thus 


£« 


F^Unlgrll ^ ^ + ^ ^ haVe place's 


—1 cos <p) n dg,. 

nn A f ai %- et f = COS e ' {0<e<T >- so that A and B become the 
pomts (Frg. 50 ) and Then if, in replacing the path ! 
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by the contour of Fig. 49, the arc AB of the unit circle is taken 
instead of the straight line AB, we obtain 

P„(cos 0)= --J ab 2 „ +v( 1 _ 22 COS 0 + 2 “ ) - 
Thus, if z = e i +, 

P (cos m=ir__ 

n ( ] - J _ 0 V (2 cos 0 - 2 cos 6) 


, 0 < 0 < 7T, 


2 f®_ 

•^Jo v / 


cos (w + 


(2 cos 0-2 cos Q) 


, O< 05 ^ 7 T. 



, 0 0 < 7T. 


In this equation let 0 and 0 be 
replaced by ir - 6 and 7r - 0 ; then 

P (cos — 2 f sin {,n + \)<f>d<j> 
n * cos ’ ~ 7T J e V (2 cos 0 - 2 cos 0) 

These integrals are known as the Mehler-Dirichlet Integrals. 

Example 1. Prove 

(w + l)P n+1 (£) -(2n+l)^P n (0 + «Bn-i(0=°- 

Differentiate (1 - 2 & + * 8 )- , *=2* n P»(f) with regard to * : then 

0 

Now multiply both sides by (1 — 2£z+z 2 ): then 

t^—^=p,(0+ Z (2P 2 (D-2 fP.(D) 


v /(l-2^ + 2 2 ) 


+ 2 *"{(n+l)Pn + i(0 -2nfP w (0+(» -l)P«-i(0>- 


ft=2 


But 


Hence equating coefficients, we have 

(»+l)P n+ l(f)-(2»+ 1 )fPn(0 + MP «->(f) =s °t ( W “°» 2 ’ —■ ) - 

Example 2. Prove P«(0“ F ( n+1 » “*» (Cf< § 36, Ex * 1 

i r 42 i-n- ,/e 

(i -2f*+**r ,ya =ui -*>*+2«(i -o>- 1/a =m t 1+ (i^F 2 / 

» (-1)" 1.3...(2w — 1) f 42 1-Cl n 
_ n =o 1-* 2. 4... 2n 1(1 -z? 2 / 
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Therefore, equating the coefficients of z’\ we have 

1 «(« + ]) / 1 -A , 1.3 (h — 1 >71(7? + 1 )(n + 2 ) / . I-A- 

n '' W 2 2! V ' 2 / 2.4 4! V ’ 2 / *” 

(« + l)(- w ) / l-^ . (» + 1)(n + 2 )(-w.)( —n + l)/l - A* 

1.1 \ 2 / "^ 1 . 2 . 1.2 \ 2 / 

= f(k+ 1, -n, 1, Iri). 


Example 3. From Example 2 deduce 

P.<f)=(-l) n F(*+l, l,l±-f). 

47. Expansion of cotz in a Series of Fractions. The 

function cot z/(£—z), where £=f=7n r, has simple poles at £ and 
titt, (?i = 0, ±1, ±2, ...): the residues at these points are — cot f 
and l/(£— ??7r) respectively. 

J cofc ^ 

dz taken round the rectangle 

ABCD (Fig. 51) of sides #= =fc(n+1/2 )tt, y= ±5, where ?i and 
b are chosen so that f lies within the rectangle. 



To each point 2 on AB or BC there corresponds a point - 2 on 
or JDA : therefore 


where 


ii- 


Jab 


I 


cot zdz _ 

- > „ =Ii + I 2> 

ABCDA 1 


cotz P~s^, h_ 


-f 


2f 


C °t 2 f.* 

BC 


dz. 
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On AB, z = x+ib\ therefore 


f cot s | = i 


>ix—b i „-uc+b 


. e' x ~° + e 


c° + e~° 1+r. 


-•lb 


e b —e~ b 1-e- 20 


Hence 11 


•i=r 


e ^-b__ e -ix+b 

(„+i/2)^ i+ e -2 b 2rdx 

ws^ + y_ ri ' where ’-=m- 


(n H/2)ir 

To avoid discontinuous values of the integrand, we choose 
b > r ; then 

1 + e - 2 b r+«> 2 r dx 1 + e" 26 2 r 

1 l = l_ e -26j a ,2 +6 2_ r2 -i- c -2 i 


v/6- - r 1 


r 7T. 


Therefore 


Lim Ij = 0. 

b - > CO 


Again, on BC, z = — (n + 1/2) ir + iy t so tliat 

1 a-y — t y 


cot z | = | — tan iy | = 


Hence 


.,*r 


i e~ y +e y 


^ 1. 


2 r dy 

*2/*+(n+l/2)V-rS* 
where n is chosen so great that (?i + i)7r > r. Thus 




2 rdy 


2/• 


Therefore 


y*+(n+l/2JV*-r* VUn-f l/2)V-r*} 
Lim I„ = 0. 


7T. 


n—>■ co 


But 


i 


ABCDA 


cotzdz _ ./ P 1 \ 

-= 27Tt( — Cotf+2^>-) 

— 0 \ 5 


f 


-8W(—cotf+^+j: _ 2 ^ - , ); 


« 1 

and X--S 7 -., tends to a definite value as tends to infinity 

i s — 71 7T “ 

(§ 43, Example 2). Accordingly, when and 6 tend to infinity, 
we have / „ 1 ^ 2t \ 

0 = 2 ttz (-cotf+j + S^2_ n 2 7r 2)’ 

1 00 2f 

and therefore cot t= + X/ ~E7, 2 —v 

f 1 r - 71 tt 2 

+® 1 

Example 1. Shew that cosec 2 (= X 
Example 2. Integrate * 


round the contour <»f Fig. 51, and prove 


(£ — 2 ) sin z 

1 - (-lT2f 


cosec 


§§ 47, 48] 


MITTAC.-LEFFLER’S THEOREM 
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48. Mittag’-Leffler’s Theorem. It is possible to construct a 
function which shall be holomorphic except at isolated simple 
poles a ly a 2 , a 3> ... , these poles being arranged in order of ascend- 

v> 

ing moduli, provided that, for some integer v, the series V]l/V/ r n 
is absolutely convergent. 

Consider the series 2 -U'r(z), where 


r= 1 


) = 1 


/ N 1 1 C 

w r {z)=- --H-h — + 


- n — - 


n - 1 


- H - 1 


1 


z — a r ’ ( t r ■ ■ ■ a y "~ l ,i r »- 1 z — u r 

Let C be the circle |Cj = R, where R<«a |<+I |; then, for all 
points 2 in the region bounded by C, 

R . R 


z 


rr 

— 1 

> ] _ 

** 

a r 


«r 




a 


^ yu, where yu = 1 — 


a nd —y> -f-1, y>+ 2, .... Therefore 




p f i 


R” “ 1 1 

W,(2)!=- 1 


('•=/> + I. 7> + 2, ...). 


/z 1^"' 

Hence, by \\ eierstrass s M Test, the series ^yuv(c) converges 
absolutely and uniformly in the region bounded by C. 

Accordingly, the series represents a function of the 

required type in this region. But R can always be chosen so 
large that any assigned point lies in the region : hence the series 
represents a function of the required type. 

Corollary 1. If /(c) and 0(c) are two functions with simple 
poies of residue unity at « 3> ... , /(c)-0(c) is holomorphic 

at all finite points, and is therefore an integral function (cf. 8 42). 
Hence any function of this type can be put in the form 

V'/ 1 ,1c c”- 2 \ 

h + 7 + 7 ? + • • • + )+ ( °( 2 >. 

where G(c) is an integral function. 

Corollary 2. If the function 


Sf ( ^ 1 c z n * 2 

i + a r + „ r - + ■ ■ ■ + ,;T.—, 


is differentiated p -1 times, a function is obtained with poles of 
order p at the points «„ a., „ 3 , ... 1 °* 
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Note. These functions have all essential singularities at in- 
finity, since there is an infinite number of poles exterior to 
every circle | z | = R, (§ 22, Theorem 1, Cor. 2). 


Example 1. Since the series 2 l/ 7 * 2 * s convergent, the function 

r=l 



is holomorphic at all points except 1, 2, 3, , where it has simple poles. 


Example 2. Shew that 

cotz = l+ rf—+ —Y [Use §47.] 
z \z — mr mr/ L o J 


4 - o° 

Weierstrass’s Zeta Function. If is the absolutely 

- 00 

convergent series of §37, where fi = 2ma) 1 + 2?iw 2 , then, by 
Mittag-Leffler’s Theorem, 




+ I+JL 


) 


is a meromorphic function with simple poles at the angular 
points of the network of Fig. 42. This function is Weierstrass’s 
Zeta Function, and is denoted by £(z), (cf. § 75). 

The function is odd. For, if the order of summation is 
reversed; i.e. if m and n are replaced by — m and —n; then 


Hence -fi+f S'GVJ+£)}" 

Weierstrass’s Elliptic Function. Differentiating the Zeta Function, 
we have 1 +» r i t •» 

This is EUiptic Function p(z), (cf. §72), so that 

p(z)= — £'(z). 

It is holomorphic except for poles of the second order at the 
points 2mco l + 2na> 2 , where m and n take all integral values. 
Since #>( — z) = p(z), p(z) is an even function. 


§§48,49] WEIERSTRASS’S ELLIPTIC FUNCTION 
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49. Infinite Products. Let P B denote tlie product II vo r , where 

r = 1 

the w s are complex quantities no one of which is zero. Then if 
the sequence Pj, P.,, P 3 , ... tends to the non-zero limit P as n 
tends to infinity, the infinite product IIu> r is said to converge to 
the limit P. If P is zero, the product is defined to be divergent. 
(See App. I., Note 4.) 

co 

If II w r is convergent, Limw„ = l ; for w n = P n /P„_,, and P n 

r = 1 ?i—>-oo 

and P n _, both tend to the limit P. 

co 

Theorem I. If the series S = is convergent, the pro- 

co 1 

duct Tie”" will be convergent and will have the value e s . 


For, since the exponential function is continuous, an >/ can be 
found such that, if 


^2 U 'r — S 


r= 1 


<C n> 


11 

n e"r — = 

n 

2 >r o 

e 1 — 

r=l 



< e- 


Hence 


co 


Tie”" converges to e s . 


Unconditional Convergence. If the series is absolutely 

convergent its value is independent of the order of summation 

of the terms, and therefore the value of the infinite product 

ne^" is independent of the order of the factors. When this is 

the case the infinite product is said to be Unconditionally 
Convergent. 


Example. Shew that, if the series is absolutely convergent, the 

product 11(1+ w„) is unconditionally convergent. 

[Use Example 3, § 36.] 


Theorem II. If the terms of the series S(s) = ^w n (s) are 

holomorphic in a given region, and if the series* converges 

uniformly in that region, the infinite product P(s) = n<**«<*> will 
be holomorphic at all interior points of the region. 1 

For S(z) is holomorphic at all such points; hence P(s) = e s <*> is 
also holomorphic (§15, p. 30), and its logarithmic derivative is 
given by F\z) = dS(z)_ - 

P (z) dz ( z )‘ 
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50. Weierstrass’s Theorem. It is possible to construct an 
integral function with zeros of the first order at the isolated 
points a,, a 2 , a 3 , . ., these points being arranged in order of 
ascending moduli, provided that, for some integer -n, the series 

CO 

El la r w is absolutely convergent. 


r= 1 


T . / \ 1.1 Z Z n ~ 2 

Let w r (z) = --1-- 4 - j_ (r ,— l o q \ 

v ' z-a r a r a? ^a r n - l> K —* 


CO 


Then the series ^w r (z) converges (§48) absolutely and uni- 

2>+l 

formly in the region bounded by the circle \z\ = R, where 
R < I««+. I- Now let 


w r(2 ) = J; w,(z)dz = {log (l - 0 + £ +1 * + ... + -L. gE j , 

(r =p-\- l,p + 2,...), where the path of integration lies in the circle. 


co 


Then the function ^ W r (z) is holomorphic in that region, and 

p+l 00 

therefore (§ 49, Theorem II) so is the infinite product II e^ r ^. 

Hence the function P+1 


fl {(l 5?+-+sri sprij 


is holomorphic in the circle, and has simple zeros at the points 

> ^2 > • • • > dp • 

Now R can be chosen so large that the circle includes 
any assigned point; hence the theorem holds for all finite 
points. 

Again, let f(z) be any function of the required type. Then 
if <p(z) denotes the infinite product above, f(z)/<p(z) will be an 
integral function without zeros, and will therefore (§42) be 
expressible in the form e G <*\ where G (z) is integral. 

Accordingly, the most general function of the required type is 


G Wn j(l _ g « r + 2 « r a + - + n-l« r n-l| . 


2 I Z J 


1 I""* 


or 


■°<*> 2 n |(l -£) e “' +2 «.’ + " + n- 1 « r —|, 


if there is a zero at the origin. 


§50j 


THE GAMMA FUNCTION 


10‘j 


Example. From Example 2 , §48, we have 

c„t2-i=r(— 1 +-L). 

^ —» \Z — >t HIT/ 


Hence 


or 


Therefore 


f(cOt,-i)*-Sr(_!_ + ' U; 

-'o \ 2/ -lo Jo \z — wr mr J 

, sin 2 + » f, / 2 \ 2 I 

log_ = 1 -j log ( 1-J 4 - . 

* — ac V. \ HT 7 J U 7 T J 

sinw ?I'{( 1 -^)^}=£*)• 


‘ Vo/e - We cannot put sin ■£ = 2 IT' (1 -z/nir): for, since the series 2 {l/( 2 -«*-)} 
. > ^ 

is not convergent, the infinite product is not convergent. 

The Gamma Function. We define the Gamma Function \\z) 
by means of the equation 




where y is Eulers Constant. The expression on the right-hand 
side of the equation is integral, and has simple zeros at the 
points 0, — 1, — 2, — 3, ...: thus T(s) is holomorphic except at 
the isolated simple poles 0, -1, -2, -3, ... , and has no zeros in 
the finite part of the plane, (cf. § 61). 

The Sigma Function. The method employed in the proof of 
U eierstrass’s Theorem, when applied to Wei erst rass’s Zeta 
Function (§43), leads to the integral function 

with simple zeros at the points 2wio» 1 + 2??^, where m and ?? 
take all integral values. This is Weierstrass’s Sigma Function, 
denoted by o-(s). By logarithmic differentiation, it follows that 
o( z )lcr{z) — £(z). As in the case of the zeta function, it can 
e shewn that o-( — c)= — <r{z), so that a(z) is odd, (cf §76). 


EXAMPLES VI. 

1. Shew that the series 

1 1 1 


+1 


1 


1 1 
O I . . r> “i* • • • 


2 1 : 2! 2 + 2 3! 2 + 3 

represents a meromorphic function with poles at the points 

0 , - 1 , - 2 , ... 
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2. Shew that the series X^"/n! represents a holomorphic function at all 

0 

finite points of the plane, and deduce that 

ex p (z)=ex p (z). 

3. If |*|<1, prove .... 

Jo 1+2- 3 5 

oo 

4. If z x lies within the circle of convergence of the series ^c n (z — a) n t 

co 0 

shew that the Taylor’s Series for the function at z x is 2 c„'( 2 ~ 2 ,) n , where 

c '_ y c (w+r )! . _\r 

c n—2,C n+r n \ r \ V 6 1 a ) ■ 


r=0 


5. Prove that the residues of e* at the origin and at infinity are Both zero. 

6 . Shew that, if A and Bare the residues of e l/t z”l( 1 +z) at z = 0 and z= cc : 

(i) A + B + ( —l)"e->=0; 

(ii) A=(-.)"*> e -< + l_^J^ + ...+(-l)“- 2 1 r 

7. Shew that the residue of e*log (^ z ~ at infinity is (e a - e&). 

8 . Shew that 


v? 

2 


« 2cos(j): 


...v r“ar(.r 2 +l)sin x 

{ll) Jo (x*+x*+fy 


1+J k) e 2sin (*)- 

v 


(x*+x 2 +i) 

nx, 7 T /_ 2 \ 

f ) 2 dx ~Q V 1 + x /3/ 

[Integrate e u /(z 2 +z+ 1 ) 2 round the contour of Fig. 33.] 

9. If a >0, prove f ( -p^=£,- 

, A T f r cf# 27ra 

10. If a >1, prove / -—-- nvz = T-^/ 2 ' 

Jo (a + coaOy (a 2 — l ) 3 ' 2 

11 . I f a > b > 0 , shew that 

F' sin 2 0 rf 0 27t /-^— 

/ —tt- 7>=-r*(a-\'a 2 -b 2 ). 

./o a + o cos 0 6 - v 


in xt r d' v 37T 

12 - Prove JL HrFT?“Te- 


13. Trove 


fc 


.r^ctr 7r 


(**+l) 

14. If a and h are positive, shew that 

f *-® dx _ 7r(2a + 6) 

J-oo (.r 2 + 6 2 )(.r 2 + a 2 ) 3 “2a 3 6(a + bf 

15. Shew that, if m — 0, 

r c ° a mx dv —~ ( 1 +»»)«-". 

Jo o+**>* 

16. Shew that + 


(.ra+l) 3 16 


Vlj 
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17. Shew that, if a and m ate positive, 

r s\i\-mxdx 77 , 

( “ + 0 + ■ 4 '"" - 3 >■ 

18. If — 2; t <c< 2tt, prove 


/ x cosh ex . c 

——( fjv — —- 

Jo cosh^TTjr ‘ 2;rsin (c/2) 


19. Integrate round the contour of Fig. 33, and shew that 

f^xtan-'xdx f'xam-'xtfr - 

Jo (i + '2x-y- (i + ~ h (s/ “ — 1 )• 

20. Integrate ^ ~ , where 0 < amp r < 2 tt, round the contour 


Fig. 38, and shew that 


r^r_\o gx r *Jsdr t: 

Jo {l+*Y ' Jo (1 + .r)- — 2 


77 


21. Prove I' ***. =) Va 3(J ‘ 

Jo£'{x(l-x-)\ 1 jr ifjl = 0 

l v'3 


- 1.4.7 ... (3m — 2) , 

-j- -----, if n dl. 1 ; 

V3 3.6.9 ... 3/t “ 


22. Prove 


23. Prove 


and deduce 


_ <* __sinli 2 a 

n --®(* + « 7 r ) 2 + a- cosh^2a — cos 2z‘ 

1 * O- 

coth; = - + Y-__ : 

: + nW ’ 

2 1 2 z t 2 : 2 : 

* ~ e ~‘ z 2 *' + 77 ~ + - - + 4 ~ + 9 tt 2 + ’ 


24. If n is a positive even integer, prove, by integrating *—2 1.L I O und 


a suitable contour, that 


25. Prove 


r sin jix (Lv e" — 1 

sin x .r- -+- 1 — ^{e'i - 1 ) e "-' ’ 

cosec z=- + X*'( - l V ( _ J- h _L V 

z _oo ' \z~ HT 7 U77 J 


{z- FI) sin z 




Obstruct a function /(,) winch is holomorphic except at the poles 

these pofnt;. ’ -* a “ d ‘ S S “ cU tends to zero at each of 

A713. 2 + 1 V* /_!L + 1 + Z \ 

7T + 7r“ + 

27. Prove fne c TT f i 4z 2 I 


tan 2 = 


cos 2 =n|i_\ 

i l ( 2 n-l)V 2 r 


28. Shew that 
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29. Prove that, if \z\ < 1, 

1 + z)( 1 + 2 2 )(1 +r»)(l + Z*)...= 1/(1 -z). 

30. Verify that: 


(i) cos| cos-cos- 3 ...= 


sin z 


(ii) gtan| + i ton^+itan£ + ...=l-cot«. 


31. Prove that, if ic n = 


(n+a l )(n + a.,)...(n + Gk) 


VA, A vuc*v. 11 — / L \ / , 1 \ / , 1 \ 

^ (7i + 6,)(7i + 6 2 )...(h + &j) 

the product II w\, is convergent provided l—l and '^a = ~b. 
32. If \z \ < 7r, shew that 

Iog (sib)= H 4 + ‘ H 4 + » H 4 + - 


where 


H -1+I+I+ 

n !« — j-Jn ' £' 3-'" T "" 


Deduce that, if 0 < 1 2 1 < ?r, 


c °t2 = ^ — 2H 2 ^2“ 2 H 4 — 4 — 2H 6 ^r8 •••• 


33. Show that, if £ = z + V(z a - 1) and | h | is small, 


(1 -hQ-l(l-hU)-l= X * n P n ( 2 )> 

n=0 


and deduce that 


p »<*>= 1 2 3 4 5 «.. ( T^ r c " F(i ' ~ ; ~ : c " ,) ’ 

1 = 1 2 3 .; 5 6".. 2 r2 

If £ = exp w, deduce that, when R(u>)^0, 


| P n (z) | ^ | z+^/(z 2 - 1) I". 

Show also that, to each value of 2 , real or complex, there corresponds at 
least one value of w such that R(u>) ^ 0. 
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CHAPTER VII. 


VARIOUS SUMMATIONS AND EXPANSIONS. 

51. Expansions in Series by means of Residues. The theory 
of residues has been applied in § 47 to the expansion of various 
functions in series of fractions. The following theorems enable 
us to shorten this process considerably. 

Theorem 1 . Let z = ~Re ie lie on that arc of the circle | z\ =R 
for which e^e^e 2 , and let zf(z), as R tends to infinity, tend 
uniformly to the limit K, a constant, at all points of the arc, with 
the possible exception of the points for which OL-e^O^c t + e 

(e arbitrarily small). Also let | zf{z) |^ M, where M is finite, at 
all points of the arc. Then 


Lim f “/(*) dz = i(0 2 - 0 ) K. 


R — > GO J $1 


For (Theorem I. § 30), 


dz +J /(*) dz ] = i(0 2 -<5,)K-2ieK; 


and 


ID- 


dz 


~ 2eM. 


Hence 


Therefore 


f(z)dz=i(e 2 -e l ) k. 


= 2e(| K |+ M). 


The theorem also holds if there is a finite number of excep- 
lonal vnlnoQ a 


as ol 


tional values of 6 such 

Example Integrate f(z)=e*/e round the contour of Fig 62 consisting 

H 
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uniformly to the limit zero as R tends to infinity, 
the quadrant , , _ „ _ 

*/( 2 )l = c =L 


Therefore 

Hence 



Also, for all points on 


so that, if the real and imaginary parts are equated, 



cos.r — e~ z 
x 


dx= 0, 




Lemma. The function cot 7 rz has simple poles at the points 
0, ± 1 ± 2, .... Let these poles be surrounded by circles of 

radius r, where r<l/2; then a positive quantity M can be 
found such that | cot ttz | = M for all points exterior to these circles. 

For (Examples III., 11), | cot ttz | = | coth ?ry \: hence, if 

y = a, (a >- 0), or = — a, | cot ttz | = coth 7ra. 

Now consider the region (Fig. 53) between the rectangle of 
sides x = ±1/2, y= ±a, (a>r), and the circle \z\ = r. In this 
region, since | cot 7 rz ■ ^ cosh -rry / v /(sin"7ra; + sinh 2 7ry) 

| cot 7 rz | = cosh 7ra/sin(7rr/ > /2) if x = r/J 2 or = — rjJ2, 

and Icot 7T2;| = cosh7ra/sinh(7rr/ v /2) if y = r/j2 or = —r/J2. 

Accordingly, since unity is a period of cot ttz, | cot ttz | = M, 
where M is the greatest of the three quantities 

coth 7rtt, cosh 7ra/sin(7T7 , / v /2), cosh 7ra/sinh (7rr/^2), 
for all points of the z-plane exterior to the given circles. 
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1 15 


We leave the reader to prove that analogous properties * hold 
for the functions : sec 7 -z, cosec 7 rz, tan 7 rz ; 

e rz e rz 

—r , —— ? , where 0 ^ r <, rr ; 

e ~ - 1 e n - + 1 ~ — 

cos rz sin rz cos rz sin rz e rz + e~ rz c rz — c~ rz 

cos 7 rz' sin 77 - 0 ’ sin 77 - 2 ’ cos ttz’ e nz — e~ nz ’ e nz — e~ nz ’ 
where — tt — r — tt. 



Theorem 2. Let f{z) be a meromorphic function, and let 
Rj, R 2> R s , , be the radii of a series of circles with the origin 
as centre, no one of which passes through a pole of f(z), and 
such that LimR n =oo. Then if, as n tends to infinity, 'zf(z) 

tends uniformfy to the limit K for all points s = R„e» such that 

dl = d ~ °V Wlth the Possible exception of a finite number of 

sets of points cc.-e ^ 6 ^ oc + e, and if \zf(z)\^U for all points 
on tne arc, re t 1 

The proof of this theorem is identical with that of Theorem 1 
except that Lim is replaced by Lim. ’ 

Example l. Let/(,)=cot ^/( f - 2 ) and R„ =n+1/2 . Then> sinoe 

Um cot 7rz=-i, Lim cot ttz = », 

it follows that Lim zf(z) = iif ft C *^7" ,, r • * 

and Lim 2 /( 2 ) = _ {, if 

*Cf. Misc. Kxs. III., 31, 32. 
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Also, by the Lemma above, [ 2 /( 2 ) | ^ M at all points of 1 2 1 = B*. Hence 

T • /" 2lr COt 7T2 . . 

Lim / —t — dz =0 ; 


and therefore, as in § 47, 


.cot ^+i iprs r 


1C 


Example 2. If 0 < r < 1, prove 


r = - + X 

^ — 1 x 1 


1 , ® 2x cos 2mrr - Amr s\n 2mrr 


a? + 4n 2 7r 2 


62. Summation of Series by means of Residues. Since the 
residue of 7 r cot ttz at each of its poles is unity, 

2 /( r ) = J c ^ cot i' 7rz )f(. z ) - 2 , 

where C is a contour enclosing the poles m, m + 1, n, of 

cot 7rz, and no others, f(z) is meromorphic, and X denotes the sum 
of the residues of 7 r cot (ttz)/{z) at the poles of f(z) within C. 
Similarly 

where X' and X" are the residues of 

2 - 7 ri f(z)/(e 2nis —l) and 2 f(z)/( l—e~ 2niz ) 

respectively at the poles of f(z) within C. 




Example 1. Prove 2 


7T' 


-® (•? + «) 2 s m 2 wvp* 

[Integrate 7rcot 772 . (.r+ 2) -2 round the circle [ 2 I =R„ = ti+ 1/2, and make n 
tend to infinity.] 

Example 2. If a is positive, prove 

-f CO 1 +» 

2 <?-”-« n3 = X e _ Tr7lJ/a - 

— CO V — =0 

Integrate e - ”-a 2 */( e 2 mr _ j) r0 und the rectangle of sides #= ±(m + l/2), 
y= ± 1. Then, when wi tends to infinity, 

% j e~ nan = ~J e 2*ax+i)-i + J_ 


e 2ni(x+i) _ 1 ' J e 2ni(x -0-1 

g-*-a(x+i)2{l + £2iri(x+t)-f-e4wi(*+0+ •..}<&£ 


- f 

4 . c - > ra(x-i)*^ e - 2 ir»(x -0 + C- 4 ’ r *( x “*>+.. }c^r 

= 2 r A/« C*" e -”*(*+*~ ni /*y , dx+%e / e~™(*-*+»*/*?dx 

0 1 


=- 4 - 2 « - »m 2 / a . (Examples IV., 21 .) 

V# —00 


§§ fll. 52] 
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Example 3. Gauss’s Sum. Let S n = 2 T r , where T r =&"**!*. Then 
T^r=T r ; so that S„=22„, where stands for §T 0 -f-T, +... +T„_, or 

^T 0 + Tj + ... + T n _ 2 4-.}T n according as n is odd or even. a 

* 2 

Now, — £T 0 or — £T 0 — oT„/ 2 , as tlie case may be, is equal to the 
integral of - 1) taken round the rectangle ABCD (Fig. 54) of 

aides x=0, x=n/2, y= ± R, indented at O and »/2. 



But 


i 


l */ n az 


cd e 2 ™ - 1 


and 


<1 r^ai*<sai- 


« 


4ttR * 


f «2iri«2/n 1 /“"/2 giirRx/n 

- AB « 2,r *'* - 1 2 | < i 0 - 1 ^ 

so that both of these integrals vanish when R tends to infinity 
S traifht n pa« 3 e of DA tendsto ^ SU "' ° ? 1,10 *. 

n e -2nijfl/n e -2rriv 2 /n) r® 

r%:i + ^“ 1 /^ = V 0 e-2 wisfiiHdj, 

= 1 ‘ { jf cos ~ sin 

= (1 +z)Vn/4. (§ 30, Example 5.) 

Similarly, the integrals along the straight parts of BC give 

i r e2lri<7>/2+, ' y)2/w , . . r g2wi(n/2 - iy)S/„ « 

Jo ( - 1 ) n g~ 2 wy _ l a 'J + l J o (_iy te 2 ny_l d i/ = * 3 "+ 1 J q «“2«**/»<*> 

= i' 3n (l +t)>/n/4. 

®" =_ 2 _ ( 1 +*)(! + i Sn ). 
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Another Summation Formula is 

“ 1 YA r ) = g ~l J c 17 cosec (Trz)f(z)dz - 2, 

where C is a contour enclosing the poles m, m+1, of 

cosec 7tz, and no others, and 2 denotes the sum of the residues 
of 7r cosec (7rz)f(z) at the poles of f(z) within C. 

Example. Shew that, if a is any non-zero real quantity, 

n 1 1 . _ n 


x 

V 




gJTan g —nan 


1 1 * 


, e - c — lira a' z \ 7 e irnla -e~ irnln 

Note. If a is small, the second series converges rapidly, while the first 
converges slowly. 


53. Roots of Equations. The following three theorems lead 
up to the proof of Lagrange’s Expansion. 

Theorem I. If <f>(z) is meromorphic in a simply-connected 
region of boundary C, then, with the notation of § 31, 

2r —2s = A^>/2 tt, 

where denotes the total increment of amp {$(%)} when z 
describes C positively. 

For - 2*= ^J c A Log ${*), 

where A Log <p(z) is the increment of Log <f>(z) when z passes 
round C. Hence, if <f>(z) = Re**, 

2r — 2s = ^ A log R -f ^ A#. 

But AlogR = 0, since logR is uniform on C; therefore 

2r — 2vS = A#/2?r. 

Theorem II. Let f(z) and <f>{z) be holomorphic in a simply- 
connected region of boundary C, and let f{z ) be non-zero on C. 
Then, if | 0(z)-h/O) |< 1 for all points on C, f(z) and f(z) + <f>(z) 
will have the same number of zeros within C. 

For, let w= \+<t>(z)lf(z)\ then, as z describes C, w describes a 
closed contour in the w-plane about w = 1, not enclosing the 
origin, and amp w returns to its original value. 

Hence the increment of amp \f(z) + </>(z)} is equal to the 
increment of amp ( f(z )}; and therefore, by Theorem I., these 
two functions have the same number of zeros within C. 
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Theorem III. If f(z) is holomorphic for \z\<r y and is not 
zero at the origin, a finite quantity p can be found such that, 
if \u>\ =p, the function \Js(z, w) = z — wf(z), regarded as a func¬ 
tion of z, has one and only one zero in the circle 0 =r'<>: and 
this zero is itself a holomorphic function of w for \w\ tip. 

For, let p be chosen so that, if [ z J =r', 

\\]s(z, w) \Js(z, 0) | = | wf(z) | < r', 


provided | ^ f = p. Then 


\js(z, w)-\/,(z, 0) j . 

0) 1^ ’ 

so that, by Theorem II., if | w\ ^ p, \}s(z, tv) has one and only one 
zero, f say, within | z ] = r. 

Now, the integral 


ai'H 2 - *>) 
27 ri J ~ \ff(z, w) 


Lf 

7 n J 




taken round \ z\ = r, is a holomorphic function of w (§34). But 
if \w \ ^p, this integral has the value f (§ 31, Corollary 2). 
Hence f is a holomorphic function of w for | w | ^ p. 


Corollary. If F(z) is holomorphic for |z|<r, F(f) is 
holomorphic function of w for | w | ^ p, and 

where the integral is taken round \ z\ — r\ (§31). 


a 


64. Lagrange’s Expansion. The results obtained in Theorem 
III. of the previous section can be stated thus: let f(z) and F(z) 
be holomorphic for \z\<r, and let f(z) be non-zero for z = 0- 
then, if z denotes that branch of the function of w given 
by z = vjf(z), which vanishes when w> = 0, a finite region \w\^ p 
of the ic-plane can be found in which F(z) is holomorphic. file 

Taylors Series for F(z) in this region can be found as follows 
Let C denote the circle I z\ = r; then 


F(2) =o^, f r(^~ wf Mdz 

-TTUo z—wf(z) 

={ 1 --/X-)} g+ 


+ 
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since jwf(z)/z\< 1, 


+ 




- r<o>+J 5 [eS(*"<«> (/(■»■)],.,. (s »). 

since all the integrals in the first series have the value zero, 
(§ 26, Cor. 8). 

In particular, if F (z) = z. 

These are the well-known expansions of Lagrange. 

If the origin be changed to the point -f, and <f>(z) be written 
ior f(z — f), these expansions become 

F(z) = F({) + ±^ [FXf ){*(£)>»] 

« 71 in fin -1 

where z is that root of z = £+w</>(z) which has the value f 
when w = 0. 

Example. Shew that the root of z(\+z) m = Wi which is zero when w= 0, 
is given by 

2m „ , 3»i(3m + l) - 4m(4m +l)(4?n + 2) . 

= W- — V?-\ --- vfi ---7-p- UT+.... 


and 


2 ! 


4! 


Rodrigues Formula for P n (f). If z is that root of 

z = £+w(z 2 — l)/2, 

which has the value (£=/=zfcl) when w — 0, 

- d*- 1 /f 2 -l\ n 

7l \d£"- l \ 2 )' 

Before differentiating this series with regard to £, we must 
shew that a region can be found in the f-plane in which the 
series is uniformly convergent. 


(i) 


§54| 


RODRIGUES’ FORMULA 


121 


Let f be replaced in the expansion by \ = ik, where k 
is real and positive; then it follows from the theory of 
Lagrange’s expansion that a value of p, say p = p, , can be 
found such that the series 



w n d u ~ l /\ 2 — ly 

?77 d\ n ~ l \ 2 ) 


is absolutely convergent if \w\ = p x . Accordingly, by Weier- 
strass’s M Test, since 


d n -7f 2 -l\"| 

< 


2 / 1 


dX’^A 2 ) 1 


provided | = the series of equation (i) is absolutely and uni¬ 

formly convergent in w and f for \w\^p x and for ^k and 
k can always be chosen so that | f \<k. Hence (§43, Th. 3) 

^z . ^ w 11 d n f£ 2 ~ ly* 

A~2~) * 


ir 1+ ? 


7t! d£ 


Now 


„ _ i — y/( 1 —2 £w + w 2 ) 

z • ' , 

w 


where that branch of 7(1 - 2 £w+w 2 ) is taken which has the value 
1 when w = 0 ; therefore 


Sz 1 * 

3f == s /(l-2fw + w 2 ) = 1 + 2 ^” p n(f)- 


(§46) 


Hence, equating the coefficients of w n in the two expansions 
- dz 

tor we have Rodrigues' Formula , 

By differentiating the product (f 2 - l) n = (f- l)”(f 4- 1)" n times 

it can be shewn that the formula is also true in the exceptional 
cases f=±l. 

Corollary. 


P»(f) = - (2?l)! [ t n - *S n ~ 1 > 

S 2”(7i!) 2 i> 2(2n— 1)* 


-2 


71.(77 -l)(n-2)(n- 3) , 1 

2.4.(2?7— l)(2n — 3) » " J* 
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Example 1. If m*n, j' F m (x)P n (x)dx=0. 

For let m>n : then, by repeated partial integrations, 


— 1 ) n dx 


(~i) n 

2 m+n rn 
= 0 . 


) n n d m ~ n d* n 

ui Ljef* (x2 - ^ as* <*• - 1)n<£r 


Example 2. Shew that J' P n 2 (x)dx=2/(2n +1). 

As in Example 1 we have 

L F ’‘( x)dx= sH^L (x2 - 1 >" 

= 2f_S l - J V‘ dx 

-£)"<*£ Wher ® V=2 £“ 

=W b ("+'-"+ 1 >=2^t- 

Example 3. Shew that 

^ n== *A. M P n (^) + A r *_ 2 P n _a(2) +A n _4P n _4 (2)+..., 
where 4 n = 2 n (w \y*/(2n )!. 


Example 4. 


Shew that: 

«) £*"•?„(*)<& 

(ii) £ s-P„(i)<b 


= 0, where ?n < ?i; 


>n + l 


(»!)* 


(2w+l)!‘ 


55. Analytical Continuation. If /(z) is holomorphic in a 

region S, if <p(z) is holomorphic in a region S', which includes S, 

and if <j>(z)=f(z) for all points of S, <f>(z) is said to give the 

Analytical Continuation of /(z) in the region S'. 

00 

For example, the function f(z) = ^^z n is holomorphic at all 

points within the circle |z| = l, the function <f>(z) = 1/(1 —z) is 
holomorphic except at z = l, and <p(z)=f(z) within | z =1. Thus 
(f)(z) gives the continuation of f(z) over the rest of the plane. 

Example. If f(z) = 2l/z n , over what region is f(z) holomorphic, and what 
function gives its analytical continuation ? Ans. Outside \z\ = l ; l/(z-l). 
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The following theorems are useful in determining the ana¬ 
lytical continuations of functions. 

Theorem I. If a holomorphic function/(z) and all its deriva¬ 
tives vanish at a point a,f(z ) and all its derivatives will vanish 
at all points in the domain of a. 

For f(z)='£c n (z-a) n , where c n =f’"(a)/n\, (ti = 0, 1, 2,...); 

0 

thus c 0 =Cj = c 2 =*...= 0, and therefore f(z), f (z), f ( 0 ),..., all 
vanish at all points of the domain. 

Corollary. If two functions and all their derivatives are 
equal at a point cl , and if they are both holomorphic in a circle 
of centre a, they are equal at all points of the circle. 

For the differences of the two functions and of all their deriva¬ 
tives vanish at a. 

Theorem II. If f{z) and all its derivatives vanish at a point 
of a connected region E in which f(z) is holomorphic, f(z) will 
vanish at all points of E. 

Let A (Fig. 55) be the given point, and P any other point of 
E. Let a path AP in E join A and P, and let d be the shortest 



distance from any point on AP to the nearest singularity of 
f{z)\ so that the domain of any point on AP must be at least 
of radius d. On AP take successive points A, P x , P 2 , P 3 ,..., 
such that each lies within the domain of the preceding point. 
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They can be selected so that, after a finite number of steps, a 
domain is reached which contains P ( e.g ., take \d as distance 
between consecutive points). Then (Theorem I.)/(z) and all its 
derivatives vanish at P 1} P 2 , P 3 , , and therefore at P. 

Corollary. If two functions and all their derivatives are 
equal at a point of a connected region in which they are holo- 
morphic, they are equal at all points of the region. 

Theorem III. If two functions f(z) and <$>(z) are equal at all 
points of a line L in a region E in which they are both holo- 
morphic, the functions are equal at all points of E. 

For, if the points z x and z 2 lie on L, 

Lim i) = Lim 

Z 2 —> z \ Z 2 Z \ * 2 — Z 2 Z \ 

Thus the first derivatives of f(z) and <f>(z) are equal at all 
points of L. Similarly all the other derivatives of/( 0 ) and <f>(z) 
can be shewn to be equal at all points of L; and therefore the 
functions are equal at all points of E. 

This theorem is particularly important, as it enables us to 
extend theorems which have been proved for the real variable 
to complex values of the variable. For example, let 

f(z) = sin 2 z + cos 2 z and <f>(z)= 1; 

then, if we assume that the equation 

sin' 2 »-f cos 2 £C= 1 , or f(x) = <p(x), 

has been established for x real, it follows, since f(z) and <j>(z) are 
holomorphic for all finite values of z, that f(z) = <p(z) for all 
finite values of z\ i.e. that sin 2 zcos 2 z = 1. 


Example 1. Prove nP n (z) = z — ( f ) . 

Since the zeros of 1 —2e’£+£ 2 are i(l ±\/2), the expansion 


V(1 

<30 

is valid if |£|<s/2 — 1. Hence the series of positive terms 2| Pn(0 |R''» 
where R = 0'4 <n/ 2 —1, is convergent. 0 

But, if M^l, |Pn(2>| = |P«(01, (§ 54, Corollary). 


Thus the series 
is uniformly convergent 


v/(l-2 z£+C*) | Pn(2) ^ 

with regard to both z and £ provided | z | = 1, (= R 
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Now differentiate with regard to z and £ in turn ; then 


( l _ 2 4 + 0 3/ “' ( l - 2 *£+ t -) 3/2 f nP "( 2 )£"~ 11 


so that 


oo 


(*— osp ,/(or= (^nv ti {z)i n -\ 


Accordingly, if the coefficients of £ n are equated, 

KP n (z) = ;^ ?; ( ^ - r/P, 7 l(z) , where | 

dz dz 


z I < 1 . 


But the functions on both sides of this equation are holomorphic for all 
values of the variable ; therefore, for all values of z , 

_dP„(z) dP„_,(z) 


nP„(z) z ^ ^ . 

Example 2. If ze bz =u\ shew that 

a (a — 2 b) a(a — 3 b) 2 


3! 


10 *+..., 


c“=l+ aw + - '" , - ’■ w- + 

provided | w\ <e -I /| b |. 

[Apply Lagrange’s expansion for F (z) = e at . Since the series is convergent 
for it'| <e~ x /\ b |, it follows, by the principle of analytical continuation, that 
the equation holds for that i*egion.] 

66. Abel’s Theorem. A power series represents a continuous 
function at all points within its circle of convergence. If the 
series also converges at points on the circle of convergence, the 
following theorem shews that the region of continuity includes 
these points. 

co 

Theorem. If the power series y~)c n 3 n = <J>(z) be convergent at 

0 

a point z 0 on its circle of convergence, and if 2 be a point within 
the circle, ^ 

c n z" = Lim 0(z), 



where z tends to z 0 along a radius. 
Let 2 = p(cos #-f- i sin 6) : then 


*0 


03 


00 



c nZ u = ^c n p n (cos n6 + i sin nO) 

0 o 


00 


CO 


= 2 Cn Po n x n cos V 0 + i 2 c n p 0 ” re" sin nO, 
where x = p / Po . ° 

Hence it is only necessary to prove that if the series j£ a », 
where a n = c n p Q n cos n6 or c n p 0 n sin nO, 


0 


is convergent, the function ^a n x n will be continuous for 0 ^ 1. 


• Cf. Bromwich, Infinite Series, § 83. 
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NOW let r n,p = a n+l + a n +2 + •••4" «„+,,• 

Then for any particular value of n finite quantities H and h 
can be found such that where p is any positive 

integer. Hence 

a»+i* n+1 4- a n+2 z n+2 +... + a n+p # n+p 

= r n x x n+l + (r n 2-r n ' l )x n+ 2 +...+(r n|P -‘r ntP _ l )x n+ ’ , 

= Tn, i ( X n+1 - X n+2 ) + r„ t 2 (X n+2 - tt n+3 ) + ... 

4- p _i (x n+p - 1 - 

^ H (# n+1 - a;™- 2 4- a n+2 - x n+i 4-... 4- x n+p ~ l - x n+p 4- 
if 1, 

= Hx n + 1 . 

Similarly, an+i a;n+1 4-a„ + 2^ n+2 4-... 4-a n + J > a:n+p ^fa: n+1 . 

But an m can always be found such that | H | < e and | h | < e for 
so that \a n + 1 x n+1 + a n+2 x n + 2 +...+a n+v x n + v \< ex n+1 ^e. 

Hence the series converges uniformly for 0 ^ x ^ 1 Conse¬ 
quently the theorem is proved. 

Corollary. If the series converges at all points of an arc 
of the circle of convergence, <f>(z) will be continuous on that arc. 


Example 1. Consider the function ^ ^ 

log( 1+2 )“/„TTi’ 

rendered uniform by a crosscut along the negative real axis from -1 to - oo 



Fio. 56. 

Let A and P be the points - 1 and « respectively, and let the circle of 
centre A and radius AP cut OX in R (Fig. 56). Let the integral be taken 

along the path ORP: then ^ Jp 

,„g 0+ ,)=j iT -^=i o g==+i o g= 

= lo£r AR+t<i> 


where <f> denotes ^.OAP. 
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Now, if \z\< 1, log(l + z) = z- z-/2 + ^/3 - ... 

and this series converges at all points of the circle | 2 | = 1 except A, (Abel’s 
Test, §38). Thus it represents the continuous function log(l + z) in the 
region of Fig. 56, bounded by the circle U| = l indented at A. Accord¬ 
ingly, if P is the point z = e* 6 , where - ir < 6 < 7r, 

log(l+ 2 ) = log ( 2 cosf)+ *'!=«?'*+ ; 


so that, if real and imaginary parts be equated, 

cos 2d cos 3 6 


COS 0-^ + 3 

a sin 2 0 sin 3# 
sin a ---h 


— ... = log (2 cos^l 


e 

2 


- 7 T < 6 


7 r. 


2 3 

Note. 6 = 0 in the first equation gives log 2= 1 - 1/2+1/3 


• • • • 


The two series 

Cj cos 0-f-c 2 cos 20-f- ..., and c t sin 0 + c 2 sin 20+ ... 

of §38 are uniformly convergent in the interval e^.6^.2 tt — € 
since * 

>S | -er c ”»+l r »i+i 

1 Tn,p '~| sin A0 |~sin 

They can therefore be integrated term by term. 


Example 2. If — 7r~0^ir y prove 

cos6- c -^™+ c -^™- 

2* + 3* -12 T 

Example 3. If A, B, P (Fig. 57) are the points i\ — i, and z respectively, 

shew that for all points of the region bounded by the circle j*|= 1 indented 
&t a and Jd. 



[‘ dz _ z 5 z 6 

Jo 1 + 2 2 2 3 + 5 


’ ] 

gi-ioggp+UTr-z.APB), if — |<amp2<-; 

1 i AP „ 2 

U ^BP-K’t-^-BPA), if |<amp2<^. 
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Deduce 

(i) cos 0 


cos 36 cos 5 0 


.... . n sin 30 . sin 5 0 

(«) sm e — 3 + — jr— 


7r/4, if cos 0 is positive ; 

0, if cos 0=0 ; 

— 7r/4, if cos 0 is negative : 

ilogcot(j-f), if 

liogcot(f-f), if l<e<~ 


EXAMPLES VII. 

1. Integrate - -«“*) round the contour of Fig. 52, and shew that: 

<•> f (rb- ™)f - '■ <“> f • 


2. Prove 


3. Prove 


4. Prove 


tan z — 2 ^ . . ic \\2 o •>' 

j ( n — l^Yir^-z- 


sec z 


— V (_ l)n + l _(^_-- 


. 1 = .l + l + y 2 * _ 

c 1 -! 2 : Y^ + 4nV 


^ 7r, shew that: 



7T e~ + e~" 

1 1 

cos r cos 2r 

cos 3r 

2^ e 71 ** — e -772 

~2 2 2 

2 2 +l 1 2 2 + 4 

2 2 +9 

7r cos rs 

1 1 

cost* , cos2r 

cos 3r 

2z sin 7rz 

2 2 2 

2 2_ 1 + 2 2_4 

Z 2 -9 


+ ... ; 


+ • •• • 


6. If — 7r < r < 7r, shew that: 


17 c” —e - ” sinr 2 si n 2r 3sin3r 
2 e 7 ” - e~™~ +z 2 + 1 2 2 + 4 2 2 + 9 


( ii) 5^ 

2 Sin 7T 2 


sin r 2 sin 2r 3 sin 3r ( 
2 T3T + 1CT' * 2 -9 + - 


7. Shew that tan • r — 

8. If — 6 < a < 6, shew that 

✓;\ t> r sin ax dx t r sinh a . 

W Jo sin bx 1 +X 2 2 sinh b ’ 

.... p cos ax xdx TT cosh a . 

' U ' Jo sin bx 1 +X 2 2 sinh b 

/:::\ r° sin ax dx it sinh a . 
* 111 ' Jo cos bx x(l +X 2 ) 2 cosh b ’ 

X> r COS aX dx _ 7 T cosh a . 
(IV) cos bx x +x 2 - 2 cosh b ’ 

. . p r° sin ax xdx _7T sinh <? 

' ' L nr\Q At' 1 a- -r 2 2 cosh 6* 
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9. I f m > 0, prove 




(lx 


cos 4 mx tanli x — = log(coth mir ). 


10. If a and b are real, and —ir<b<ir t prove 


r 


cosh hr . cosh(///2)cos(6/2) 

coH«.r^r= v ' / 


0 cosh 77.V 


cosh a + cos b 


11. Prove X 


1 i—= - ~r=- cotli (“V^)* 


n =o a + bn 2 2a 2s/ab 

12. Shew that, if m is a positive integer, the root of 2 = (+wz m + l which has 
the value £ when w= 0 is given by 

* = f + * 1 + —w* £ 2 "* ♦» + ... + (^ + 2 )(»w + 3)...(/.« + «) + , + ^ 


17 


provided | w \ < m m (m + 1 )-”»-> \£\~ m . 

13. Prove that the coefficient of z n ~ x in the expansion of {*/(*»_ i)}» j 8 
(- l)” -1 . [Use Lagrange’s Expansion for w>=e*— 1 .] 

14. Prove that the coefficient of 2 ”- 1 in the expansion of (1 +s) s "-'(2+*)-" 
is 1/2. [Use Lagrange’s Expansion for w=z(2 + z)'(\ + 2)2 F(c)=log(l + 2 ).] 

15. If m and n are distinct positive integers, shew that 

f (l-^)■%<•-> !%<£), u = o. 

J-i ax ax 

16. Prove f‘ 

J-i l dx J 2/1 + 1 

. Prove f a.- 2 P n+ ,(.r)P„_,(x)f/.r=---- 2 ” (n+1 > _. 

J ~ l (2/t- l)(2n + l)(2/i + 3) 

18. Prove f 1 .t*P n 2(x)dr = —-l -+_ 3 ■ 1 

*'-> 8(2//- 1) 4(2/t+l) + 8(2re + 3)‘ 

19. Shew that SgS!-%W =(2 „_ I)P „_, W . 

20. If 1 10 1 < 1/4, shew that 

(i-2P = i-;-,r4.^ 7 zj)^_ ^-- 4 K^-5) , 

2 ! 3 j • •«. } 

where w=z{\ — z). 

21. If | w | < e~ l y shew that 

r=l +w+3 £ + 4*£ + 53£ + ..., 

W On e px S ° f lo 8 2 = !w 'vhicli lias the value +1 when w=0. 

Lin bx. 2, §55, put a= 1, 6= - 1, 2 =log£] 

22. If n is a positive integer, shew that 

L Ex. 2, §55, multiply by e*', and equate the coefficients of 2 ".] 

M . r , J 
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too. 


23. If 0 is real and | 0| < e~ x , shew that: 

(i) cos 0=1 - 0 sin 0 + ^-, 0 2 cos 20 + ^y 0 s sin 30 — ^ 0 * 00840 -.. 


(ii) sin 0=6 cos 6 + ^1 ^ s ‘ n 20 — ^ 0 3 cos 30 — 0* sin 40 + .... 


3 3 


2!.. 3!- 4! 


[In Ex. 2, §55, put a = 6 =i.] 

24. Prove that, for all points within and on the circle \z\ = l. 


z 3 


(l+ 2 )log(l+z)-Z= r -|-g -3 + g-^ 


• • • 


and deduce that 


/;x cos 20 cos 30 , cos 40 
O' i. 2 2.3 + 3.4 ’** 

f 0\ 0 

= (1 + cos 0) log ( 2 COS - j - cos 0 - ^ sin 0 ; 

sin 20 sin 30 sin 40 
(it) —^- 


1.2 


2.3 


3.4 


25. Prove 


= sin 0 log ^2 cos — sin 0 + ^(1 +cos 0 ). . 

_ dx _j Q(r g 

(1 4 -^) cosh \irx ° 


t —TV 


<0 — ir. 


(1 +x 2 )cosh ^ 7 rx 

Unteerate___round the contour of Fig. 33, and use Ex. 1, 

■on (l+2 2 )COsh^7T2 


§56.] 

26. If — 1/2 < m < 1 /2, shew that 

sinli 2 m.r 


r 


o .rsinha: 


cLr = h log sec tmt. 


Z“ z 3 


27. Shew that, if 0 < amp z < 2tt, 

log( 1 - 2 )= log (1 +e~ i ' T z)= - 2 -Y __ 3 • 

Deduce : 


(i) c „ sf , + 5^ + ^ + ...= -lo g ( 2 S in|); 


,..v . ,, . sin 20 . sin 30 , _ 
(n) sin 0 + —- 1 ^ r... — 


7T 


0 


0 < 0 < 27T. 


2 ' 3 2 

Graph the functions represented by these two series for all values of 0. 

28. shew that f jr/ 4 , if sin 0~>0. 

= \ 0 , if sin 6=0. 


3 


5 


29. Shew that 


. sin 30 . sin 50 
sin 0 -o*— 58 ” 


— 7 r/ 4 , if sin 0 < 0. 

' 7T n -r TT*£ a < 7 T 

-0, if - 2=^ = 2' 


3 2 
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30. Shew that, if — — 3 < tf < 777 3 , 


f. cos :if) cos 7 6 cos 11 6 

cos 0 --1-=- 

f) 1 


1 1 


+ ... = ZJ*. 


31. Shew that the locus represented by 

£ (-l)"- 1 • • A 

>, --- sin //.rsin 71//= 0 

••s) n m 

consists of two orthogonal systems of straight lines dividing the (./•, //) plane 
into squares of area 7r 2 . 

32. Shew that the equation 

°° ( — 1 Y l—1 

2 -- 4 -sin 11 //cos /t.r — 0 

n=l n 3 

represents the lines// = mjr, (7n=0, ±1, ±2, together with a series <»f 
arcs of ellipses wliose axes are of lengths tt and ;r/V3, placed in squares of 
area 7r 2 . Draw a diagram of the locus. 


33. If 


cc / _ | \n — 1 

/(• r > y. 2 )= 2 -j— sin no*sin ny sin nz, 

* 1=1 71 


shew that, within the octahedron bounded by the planes ±x±y ± z = 

A x > ?/, z)=xyz/2. 


34. If 




shew that, for O<0<7 t/ 6, r = 2a cos(0 + 7t/3). 

Giaph the curve for values of $ between 0 and 2 tt. 

35. If w = z( 1 + z 2 ), and the principal value of tan"L is taken, prove that 

tan-L = „—± ^ + 

1 ! 3 ^ 2 ! 5 3 ! 7 




provided | «> | < 2 V 3 . 

36. Shew that the two functions 4z±ta.nz each possess only one zero 
within the unit circle. 
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CHAPTER VIII. 


GAMMA FUNCTIONS. 

57. The Bernoulli Numbers. The Bernoulli Numbers B lt 
B 2 , B 3 , , are defined by the expansion 


00 


± T = i -i+s(- i ) M_i 


B n 


r2n 


ez_l " 2 * ( 2 ™) ! 

considered in § 44. Their numerical values can be found by the 
method established there ; thus 

Bj= B 2 = ~3d, B 3 ~^2t B 4 =^o, B 6 =^q, ... . 

From the expansion it follows that ( —l) n-1 B n /(27i)! is the 
residue of l/{s 2n (e*—1)} at z = 0. But (Theorem II, §51) 

L = °’ 

where c v denotes the circle | 0 | = (2i/+1)tt. Therefore 

^ _1 ' )n (2n7l = r S' (2ririf n = ^“ 1 ^ S(2r^’ 


so that 


_ (2»)l 

^n— ^ /o_x2n Z~d rr2n 

r= 1 ' 


(2tt) ; 


Example. Shew that y2 22 32 ~*~ * * ’ ~ "g"’ 

The Bernoulli Numbers as Definite Integrals. If a. is positive, 

S n = e _a +e _2a +... +6 _na = j* ** cot (ttz). «-“*<&, (§ o2) 

where C denotes the rectangle ABCD (Fig. 58) of sides x = 0, 

r = b = n + l/2, y= ±R, indented at O. 

The integral of (l/2i) cot (ttz) . along the small semi-circle 

tends to (§30, Th. 2). On the contours ECDF and GABh, 

replace (l/2i)cot (ttz) by ^ 

and 



§ 571 


THE BERNOULLI NUMBERS 


133 


respectively. The integrals arising from the terms — k and 
tend to 


— h e~ az dz and il 
“Jkcdo “J 


- az 


dz 


OABE 


respectively. But, since e ** is holoinorphic in the rectangle, 
each of these integrals is equal to 


ifV 

Jo 


dx. 


E_^ 

n +y*x 


Fio. 68 . 


Thus we find 


S n =\ b e-«*dx-h+[ R (-^ ay — T i t 

Jo “ ~J 0 \e~ n '' — 1 e^ — 1/ X “i' A i + ^ 2 * 


where 


and 


Now 


so that 


j f R J e -a(fr+»y) e -a(b-i V ) 'i 

1 Jo -*>"<*+•»__ i ~ giwi (6-,y)__ 1 | i dy, 

j _ f 6 f e-«(*+»R) g-a(x-.R) 'j 

2 Jo — 1 gin i (x - ill) | J 

I, = -2e-«<«+W f“ ? in °-V dv . 

1 Jo e 2 *»+l a y ’ 


I ^il<2e' a <»+>/2)J^ «- 2 ”ycii/ = ie-«("+i/2 (j _ e -fcrR) 


<l e -a(n+l/ 2 ) ( 


Hence 


Lim Ij = 0. 


T 1 —>*CO 
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2 C b 

Again, \l 2 \<- ^ n _ l \e-^dx = 


2 


o cL(e 2nR — l)^ 1 e "° 6) 


< 


Hence 


UL(e^ H -iy 

Lim I 0 = 0. 


* * ' 

. „ 1 1 f 30 2 sin olv 7 

Accordingly = fx ~2 + J 0 ^ 


1 

ao 1 1 1 00 R 

S e - >ia = _1 _ £ + V( — 1 V 4 ” 1 -- 0C 2n “ 

e° — 1 cc 2 + (2n)! 


But 


(271) 


Hence, expanding since?/ in powers of cc (cf. Bromwich, Inf. 
Ser., § 176, b), and equating coefficients, we have 

b. - - r S3 - J>- k. % 


Example. Prove that 


Ca 

Jo SI 


x?dx 7r 2 


sinh 2 # 6 


58. The Asymptotic Expansion of Euler’s Constant. Let 


S« = 1 4- s + • • • + 


i = x—. f TTCOtTTZ — , (§52) 

71 27TtJc 2 


where C is the rectangle ABCD (Fig. 59) of sides x— 1,x — n, 
y= dz R, with small semi-circles at 1 and n. 
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The integrals of (l/2i) cot (vrz). z- 1 along the small semi-circles 
at z = 1 and z = n tend to i and l/(2n) respectively (§30, Ih. 2). 
On the remaining portions of C replace (l/2i)cot(irz) by 

-i-^srri or 
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according as z lies above or below the cc-axis. The integrals 
arising from the terms — £ and + \ each tend to 


Thus we find 


. f n (lx 


o _1 J_,i H dxC R 2// dy f u 2. 

‘ 2 H "2» + J 1 x + )o\+y*c i ' r ''-\ J„ ?» 2 -j 


dy ,+r, 


7/ 2 C 2 "? — 1 


wiu*i(‘ i.r_ i _£?? i f" i 

J ie -‘2«(x+,u)_i * + J, c 2 «*(—‘H)-! 


Now, 

so that 
Hence 


H< 


2 r ^ 2 («-i) 

■ 2,rR ~ I J i v/(.r 2 +R-')^ R(c*»R -1 / 


Li m 1 = 0. 

R—>oo 


s„«iog«+5+i+r-?y___ f 80 2.y dy 

* 2 271 J 0 1 -f ?/ 2 <‘- n " — 1 J 0 »-’+,/ 2 e^'-l 


But 


r ^.v ^ 1 r 2 y<*y • 

Jo w* + y 2 « 2 ^- 1 ^ n 2 Jo c 2 "*- 1 ’ 


therefore, as n tends to infinity, S„-log n tends to the limit 

1 , r 2 v dy 

2 Jo 1 + y 2 e 2wy — i 

This limit is Euler's Constant , and is denoted by y. Thus 

y = S„-]ogn- 1 + [%** *S 

2n Jo ?i 


4- y- __ ! 


=s„-]o g , l --I + r/J-_yLy , _ 

27i Jo 171 2 ?i 4 n 6 ~^HT 


= S n — loor 71---h— 9 — —+ i — 

2 7i 271 2 4-n* ^ G7i° "• 


+<-i>* _J£_\ 2yrfy 

7? “*(7l 2 + //-)/g 2 "?' I 


where 




2 Jen™ 


ii 


(26+2 )»»+** 
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00 


Now, 


B, +1 (2^+l)(2^ + 2) r ? 1 1/r2i+2 . 


B, 


47r 2 


co 



1/r 2 * 


r= 1 


oo 


CO 


CO 


but 1 / r 2 ==7r 2 /Q an( j I/t 2 ** 2 >1, so that 


r = 1 


r=l 


r=l 


B, 


+i 


B 


3 


2tt 4 


(2k+l)(2k+2). 


Thus the infinite series ^ ( — l/' -1 

x = i 


b l . 

2kn 2k 


is divergent. 


Nevertheless, if sufficiently large values of n are taken, the 
sum of a few (say k) terms will give the value of y to any 
approximation required. For H* can be made arbitrarily small 
by increasing n. An expansion such as this, consisting of 
a finite number of terms and a remainder which can be made 
arbitrarily small by sufficiently increasing the variable, is called 
an Asymptotic Expansion. 


Example. If 72 = 10 and k= 2, shew that *000000004. 

59. Convergent Integrals. In our definition of an integral 
we assumed that the path of integration did not pass through 
a singularity of the integrand f(z). It is sometimes possible, 
however, to extend the definition to include cases in which 
an extremity z x of the path is a singularity of f(z). 

Let 2 ? be a point on the path of integration; then, if the 

integral ^ f(z)dz tends to a definite value as z tends to z x> this 

limit is taken as the value of f(z)dz, and the integral is said 

JZ o 

to be convergent. The necessary and sufficient condition for 

this is that J* f{z)dz should tend to zero as zf and z" tend to z v 

The following two rules are useful for determining the con- 
vergency of integrals. 

Rui.e I. Let 2 , be a finite point; then if a number n < 1 can 
be found such that (2-2,)"/(*) tends to a definite limit L as 2 

tends to 2 ,, the integral f{z)dz wfil be convergent. 
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For if z' be chosen so that | (z —z,) n /(z) 
z — z x | ^ k, where k = Jz~z l ), 


L | < e, provided 


I f fi z )dz\ < f 6 dp, where p = 

* Jz* Jo P 


< 


0 p 

1—71 


= l 3 - 3 ll 


k 1 ~ n ; 


and this quantity can be made arbitrarily small by decreasing k. 

dz 


is convergent. 


Example. Shew that the integral f 2 _ 

-*i n/ 1 G ~ *i )(* ~ **)} 

Rule II. Let the point z x be at infinity; then if a number 
71 > 1 can be found such that z n /(z) tends to a definite limit L 
as z tends to infinity along the path of integration, the integral 
will be convergent. 

For if z be chosen so that, for points z on the path of integra¬ 
tion between z' and infinity, | z n f(z)—L | < e , 

|j*^/(z)cfz|<where p=\z\, K=\zT\ 

L|+e 


(n — l)K n " l * 

and this quantity can be made arbitrarily small by increasing K. 

Example. Shew that the integral jf e~'z'dz, taken along a straight line 
making an angle 0 with the .r-axis, converges if - tt/2 < <f> < tt/ 2, and n > - 1. 

60. Uniformly Convergent Integrals. Consider the integral 

J o /(0 ’ where A z > D is holomorphic with regard to both z 

and f at all points of a region A in the z-plane which contains 
t le curve C and at all points of a region A' in the f-plane 
except for a singularity at the (upper) extremity z. of C* 
Let z' be a point on C, and let C x be that part of C which 
has z / as its (upper) extremity. Then if, for all points f of A', 

J</(*' & dz tends uniformly to the limit 0 (f) as z tends to z lf 
the integral is said to be uniformly convergent in A'. 

* It is assumed that the path C is independent of 
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Theorem. If J f(z, £)dz is uniformly convergent in A', it is a 
holomorphic function of f at all interior points of A', and 

^^ /Z ~\ c : d£nf( Zi 0 dz > (^=1, 2, 3, ...). 

Let zf be chosen so that, for all points f in A', | > 7 1 <"e, where 

<P(0 = 'I'(0 + ’ 7 and \Kf)=f A z > 0 dz - 

JCj 

Then 0 (f) is continuous in A', since 0 *(f) is continuous (§34) 
and 117 X e. 

Again, let f' be any interior point of A', and let K be the 
boundary of a simply-connected portion of A' of which f' is an 
interior point. Then 


f f JM , f id£ 

J K (f- D n+1 _ j K (?- D n+1+ J K<t- D" +1 


so that 


I j* <P(£) d € _ _ 2tti (m) ^ jh_ 

|J K (f_f')n+l nl Y ^>-d n + 1' 


(n = 0, 1, 2, ...), 


where c£ is the shortest distance from f' to K, and L is the length 

of K. 


Hence 


fc ^~nA Z > O dz or V^ n) (D 


, ,, n\ f 0(f)df 

converges to the limit 2 ^ 1 ) K 

therefore 

Jc 3 f ( f }d 27 riJK(f- n n+1 ‘ 

In particular, if n = 0, f')rfs converges to the limit 

J_i so that 0 (f') = Now this integral 

27 tJk f-f 2 ttzJk f-f 

is holomorphic (§33, Corollary 2) at f'. Hence 0 (f) is holo¬ 
morphic at f', and has the derivatives 

Lf <t>(O d £ f f( Zt £')dz. 

+ ( ^ ) “27riJ K (f-fT +1 Jc3f / “ /l 


as 2 ' tends to z x \ and 


Example 1. Integration under the Integral Sign. 

If Of is any path in A', ^ 0(f)^f =J^ ^/(*» f)df<&- 
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f WCW+f v<*( 

Jc Jcr Jif 

= f I f( z * I y<f(> (§34, example). 

Jc x 

L ^^l <eL * w l ,ere L the length of ( v . Hence / / f(z, ()d(d. 
tends to the limit / </>(£),// : so that 

Jc 

(. *(i>rf{- ( /_/<*, odtJz. 


Now 


Tlie following two rules, the proofs of which are similar to 

those of §59, are useful for determining the uniform convergency 
of integrals. 

Rule I. Let the extremity z x be a finite point; then if, for 
all values of f in A 7 , a number n < 1 can be found such that 
( z ~z l ) n f(z, f) tends uniformly to the limit L(f) as z tends to z lt 

the integral £/(*, £)dz will be uniformly convergent. 

Rule II. Let the extremity considered be at infinity ; then 
l for all values of f in A', a number n > 1 can be found such 
that z n f(z, f) tends uniformly to the limit L(f) as 2 tends to 

infinity along (\ the integral f f( Z> £)dz will be uniformly 
convergent. Jc 


Example 2. Consider the integral <*>(*)= £e-P~'dt f where K(z)>Q. 

Let «^x=R( 2 )^6, where «>o ; then, if e> 1, 

hi™* 1 =0; 1,ence tl,e integral converges unifornily at its 

upper limit. 

Again, if t < 1, | | < e -* r+ »-i 

Now choose « and «. so that a < 1 and (1 -a) < „ < 1 . Then 

Lim e~ , t a+n ~ l = 0 ; 

hence the integral converges uniformly at its lower limit. 

ow, if R( 2 )>0, « and b can be chosen so that . hence <b(z) 

.a holomorphie for R(«)>0 and has the derivative £e-'f-Hogtdt. 

hy ? artial inte g ra tion, that: (i) <f>(z+l)=z<h(z)- 
1 ' , (ill) if m is a positive integer, + = 
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Example 3. Consider the integral 

*«>-f f 


£ 2 +* 


logzdz, 


taken along a straight line which makes an angle yjs with the :r-axis. If £ 
satisfies the inequalities 

V'-7r/2 + c = amp£^ii/r + 7r/2-€, r^|^|^R, 

where r is positive, all the values of £ are excluded which make £ 2 +z i = 0. 
Now, if |z|=p>R, 

y -w.i *p n (\iogp\+\+\) . 

?+? 10SZ \ < p 2 — R 2 

which tends to zero as p tends to infinity if l<w<2 ; hence the integral 
converges uniformly at its upper limit. 

Again, if |*|=p<r, 


£* + * 


log 2 


Rp n (|logp| + |^t) . 

r 2 — p 2 


which tends to zero as p tends to zero if l>n>0; hence the integral 
converges uniformly at its lower limit. 

Accordingly, </>(£) is holomorphic, provided yf/ — 7r/2 < amp £<''/'■ +tt/ 2 i 

lfl>0. 

Example 4. Consider the integral 

* ®=f Iog (r^ 35 ) 

taken along the path of Example 3, where — 7 t/2 <.yfr <. jr/2. 

Let £ be confined to the region defined by 

^r-7r/2 + €^amp£^V r + 7r / 2 “ c > r = I £1 = 

Then, if | 2 |=p>R, 

fa log (tzJ*) | < log (r=F=> (§ 39 ’ JE ~* b u 

where (=^ 009 ^) tends to infinity with />. 

Now Lim l°g (y-^) = 0 J 

hence the integral converges uniformly at its upper limit. 

Again, log (yrpss) = - Io S 2 + lo S/«> 

where f(z) is holomorphic at *=0. Therefore, by Example 3, the integral 

converges uniformly at its lower limit. 

Accordingly, </>(£) is holomorphic, provided 

T/r-7r/2<amp£<V<- + ?r/ 2 » 
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61. The Gamma Function. Gauss’s Definition. Let F(z) 
denote the function 

_ n i n z _ 

»« ->=o z(z + 1) ... (z + n)' 

Then 

r i y = Lim{ s (l + ;V..f, + £) e -. | . s „} 

so that this definition is equivalent to that of §50. 

The following properties can easily be deduced from the 
latter definition : 

(i) T{z+\) = zY(z)- 

(ii) r(w + l) = ?n.!, where on is a positive integer; 

(iii) r( 2 )r(I- 2 ) = - r -^; 

sin 7 tz 

(iv) the residue at z=—m , where on is zero or a positive 
integer, is ( — l) m /rw!. 


The Function \js (z ). Similarly, if ^(c) log I> + 1), we have; 

(ii) ^(0 )=-y; 


(i) + 

r=\ 4, ' T 

(iii) V'(™)=l + 5 + ...+i-y; 

(* v ) 'J' (~ z ~ 1) = 'Js (z) + 7r cot irZ. 

W •H.I-M-ji;)-,. 


Gauss’s Function II (z). The notation II (z) is sometimes used 
instead ofr(z-fl): thus 

II(z) = zn(z-l), n(m) = m!, and II(z- l)n( -z) = 7 r/sin ttz. 
Euler’s Definition. The Gamma Function may also be defined 

as the integral provided R(z) > 0 . We shall now 

prove that the two definitions agree for values of z which satisfy 
this condition. J 
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If 11 ( 2 ) >0, and n is a positive integer, then, by partial 
integration, 


f 2 / z " 1 (l- 2 /) u ^y =7 f y z O--y) n ~ l dy 
JO Z Jo 


- 1 ^ 1 - f 'yZ+n-ldy 

1 )...(* + w -l)J 0 y V 


n (n — 1 
z(z-\- 

ni 


z(z+l) ... (z + n)' 
Thus, writing y = u/n, we have 

i .i 7 ! 1 ™*/ i v = f ( 1 - -) ldu ; 

2(2+1) ... (2 + 7t) J 0 \ /// 

so that r(2) = Limj ^1 — u z ~ l du. 

Now let f( u )= I — « f '(l — ~) » 

where 0 ^ u ^ ?i; then 

» - i 




“ao. 

/ 71 


Thus /(tt) is an increasing function; so that 

lS*"(l+)”sO, or 

Again, 

f a , f“ / 7 e“ f“ 7 

/(u) = J/(-0c/ U = j o e'(l--) -dvm-) o vdv=e^ 

Accordingly, if 71 , 




U\" _ U“ 

2n 


Now we can write 


| M |e" u —(l—j u z ~ 1 du 

Let a be chosen so Urge that, for all values of n greater than a, 


~ 1 dn < c> 


and therefore 


1 )>-■“- 


<e; 
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then 


ij:{—('-= n—- k- 


< 


I u z+2 


Hence, if R(z) > 0, 


I 2n(z + 2) + 2e - 


F(2>= Lim i (\--X lL t-idu= f e~ u uS~ x dn. 

« —>■ a>J0 ^ J Q 

'Ihe^ Gamma Function expressed as a Contour Integral. 
Euler’s expression for T(s) can be replaced by the following, 
which holds for all values of z. 

Consider the integral f where C is the contour of 

• . Jc 

Fig. 60, with its initial and final points at infinity on the posi- 


© 



Fio. 60. 


Fio. 61 


tive f-axis. The initial and final values of amp f are taken to 
be 0 and 2ir respectively. 

Now replace C by the contour of Fig. 61, consisting of the 
f-axis from -foe to e, the circle |f| = e, and the £-axis from e 

Then, if R(^)>0, we have, when e tends to zero, 




e-tp-'dg 

= («*"<-l)r(z). 

Now the functions on both sides of this equation are holo- 

raorphic for all values of *. Hence the equation holds for 
all values of 2, and 




Example 1. Prove that —I . I 1 

2ttJc c 

Iwigin‘Tthe^v " h r h 8ta,tS *'T ~ on the £ axis -!»»»» round 
initial Ld fin l , P '’ e d| rection» and ends at - oc on the fain. The 
>n.t.al and final values of amp fare taken to be -a- and a- respectively 
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Example 2. Gauss’s Theorem. If R (y) > 0, R(y-a.-/3)>0 

F ( R n F (y) F (y — ~ 

F(a. a y> ^-r^.^rcy-jy)' 

For (§ 36, Example 2) 

FK A 7, 1) , n x 

(y-a.)(y-«.+ l)...(Y-«.4-n)(Y-/3)(y-/3-f 1 )...(y-^ + n ) 

y (y +1) ... (y + n)(y - a. - ^)(y - a. - /? +1) ... (y - a. - f3+n) 

x F(cl, A y + » + l, 1> 

But r(y)r(y-«.-ffl 
r<y-«.)r<y-/*) 

T . rv-^Vv-oL+U...(Y-oL+n)(Y -/?)(y-/3 + l)...(y-^+7Q . 
y(y + l)...(y + »)(y-a-—^)(y-«■-/? +l)...(y-«-~^+ n ) 

and Lim F(cc, y3, y+ n + l, 1) = 1. 


Hence 


F(«^ A y, 1 >=r(y^i.)P(y -f)' ^ P * 276 » Ex ' 


Example 3. If R(y) >0, R(y - «.- (3) > 0, shew that 

F( — <jl, - A y-oL-A l)=F(o,Ay,l). 

62. The Beta Function. Consider the integral of 

taken round a closed contour which starts from a point A 
(Fig. 62) on the #-axis between 0 and 1, and is composed of: 
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(i) a circuit APA round 2 = 1 in the positive direction ; 

(ii) a circuit AQA round z = 0 in the positive direction; 

(iii) a circuit ARA round 2 = 1 in the negative direction; 

(iv) a circuit ASA round 2 = 0 in the negative direction. 

After describing this contour /(z) returns to A with its ini i 

amplitude, which we assume to be zero. The the 

multiform function; but since, at every poin j P ti n ition of 
branch integrated is uniform and continuous, the definition 

§26 holds for the integral. The notation 

r l+.O+.l-.O-) 
f(z) dz 

is used to denote this integral. 
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The path APA can be deformed into the contour consisting 
of : the #-axis from A to 1 — e, the small circle | z — I | = e described 
positively, and the sc-axis from 1—e to A. Such a contour is 
called a (positive) Loop. If it had been described in the opposite 
direction, the loop would have been negative. Similarly the 
circuit AQA can be replaced by a positive loop about the origin, 
and the circuits ARA and ASA by negative loops about z = 1 and 
2 = 0 respectively. As z describes the circular part of the first 
loop, the value of /( z) changes from f(x) to f{x)e 2/lni \ similarly, 
the descriptions of the circular parts of the other three loops 
give/(z) the values f(x)e^+^ i ,f(x)e 2 P ni , and f(x ) respectively. 

We now make the radii of the circular parts of the loops tend 
to zero; then, if p and q are real and positive, 


f 


1+, 0+, 1-,U-) 

zP-l(l- z )g-ldz 


= {1 -e 2 9’ ri + c 2 o , +9>’ r£ — xP~ x { \ —x)i~ l dx 

= (1 - e***) (1 -e 2 ^ 1 ) 

Now the functions on both sides of this equation are holo- 
morphic in p and q ; hence the relation holds for all values of p 
and q. Accordingly, if we define B(p , q) by the equation 

B <* x-Tgrtf 

we have, for all values of p and q, 

ii+, o+. 1 —, 0 — ) 

:l ( 1 - z)* ~ l dz = (1 - 1 - B (p, q). 


r 


Example 1 . With the same initial conditions, shew that 

/ ( 1 +. 0 -, 1 -. 0 +) 

2P_1 0 -z'P~ 1 dz=(l -e-2^)(l -e ^) Bq y 
R^O, 2 ' ^ meaDS ° f the transformation *=<2£-l)*, shew that, 

Deduce that, for all values of p y 

« Bfe i)=2^B(^, p)l (B) r ( 2 P )=r(p) r< P +j). 

Function*"** eqUati ° n th ° W"*™ Formula for the Gamma 

M.P. 
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63. The Asymptotic Expansion of the Gamma Function. 

From the expression 

we derive the equation 

d z 00 1 

3? lo g r ( 0 ) = S (z+nf 

Now let C be a closed contour (Fig. 63) consisting of a semi- 
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circle of radius p + 1/2, where p is an integer, part of the y-axis, 
and a small semi-circle at O; then, if R(2)>0, 

p 1 1 f ttCoW£,c 

z+n ) 2 27ri Jc + ?) 2 

The integral of (1/23) cot(irf). (z+f)‘ 2 round the small semi¬ 
circle tends to l/(2z 2 ), (§30, Th. 2). On the remaining part ot O 

replace (l/2r)cot(irf ) by 

or i + 

according as 1(f) S 0. The integrals arising from the terms - 4 
and + J each tend to ^ 

*]„ (z+W 
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Thus we find 

± _J__ = JL+P 

^(z+nY Jo 


P+l/2 




U4-£) 2 

fP + >/2| x 

0 


i i \ drj - 

+ Jo 1(2 + i.,r ~(z- 


where Lim 1 = 0. Thus 

r->*= 

A 2 

dz 


i .i.r 42 »> d >i 

5 log r(2) 2 z 2 + z + io (z* + *7 2 ) 2 - 1 


Hence jz logr(2) = K + ] °g z -^r z - 2 \ 


-r> 


chi 


0 z 2 + n ~ e- 1 ^ — 1 

(§60, Ex. 1), 

where the constant K must be real, since all the other terms are 
real when z is real. Therefore 

log r(z) = K' + Kz 4- (z — l ) log z — z J(z), 
where K' is a real constant, and 

i i*-o 

z 


j ( *) = _ i riog(?±i’)^=if% 

Jo B \Z - ItjJ - 1 7T Jo 2“ 


+ n 


5 lo g(rr^K 

(§60, Ex. 4). 

Now, since I\x4-1) = . / cr(x), 

l°g T(x 4-1) = K' 4- K (a; 4-1) 4- (® 4- log (x 4-1) —(«4- 1 ) 4 -J(a; 4 - 1 ) 

= K'4- Kx4-(^4-i)l°g* /c — *4- J(a;); 

so that K=-(x+i)log(l + i) + l+J(x-)-J(a:-i-l). 

But, i£ a; > 0 , J(«) < JL J”log ;* 

hence Lim J(x) = 0, and therefore K = 0 . 

X —>-ao 

Again, since r(z)r(l -z) = 7 r/sin tj-z, 


ra4-m>ra-m>=j 


lire 


- mi 


+ e 


- 2 rru 


Therefore 

R]ogr(i + iu) = logs/2^-^+>-log( 1 - 

t " to \l4 -e~ 2nu J 
= K '-u tan - '(2u) - £ + RJ(i + ; M ), 

where tan-‘( 2 u) denotes the acute angle whose tangent is 2 n. 

' -J. ><-gU-«-= ! "»^=-±| o , log(l-a:)^, where 
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Now, if x and y are positive, 


RJ(*+ty) £ ( X l +y * + ^ + tyr,^+(y- n Y} log (l -«-«*») dt ' 


< 


r log (id=si)^ +log (L■* 

-Jo log (i=r=0 d ”+ lo s (r=7^) 1_ . 


x d\ 


7 r(x 2 + y 2 /4>) 
4<v 


+(y-vf 


Try*Jo w M —e~^y '■ " \i—e- 7 ^/J^co x* + tf 

s Lim RJ(4+m) = 0; so that (§40, Ex. 2), K' = log\/27r, 


U —>co 


Therefore log T ( z ) = log s/2 tt- + (z — £) log z — z + J(z). 

Again, let J^(z) denote the integral (§60, Example 4), 

it i 4 r log ^ 

taken along a straight line making an angle \fs with the £-axis, 
where — tt/2 <-^ < tt/ 2 and z=f=0. Then, since, for values of 
amp f between 0 and \fs, 

log G^S=5 =j) 

tends uniformly to zero as £ tends to infinity, J+(x)=J(x) t 
(§30, Th. 1). 

Now J+(z) is holomorpliic for the region R* defined by 

\f/ — 7r/2 < amp2 < •»//■+7 t/ 2, z=/= 0. 

Also, corresponding to any point z for which —7r < amp z < 7r 



and 2^0, a value ci ^ can be found (Fig. 64) such that the 
positive £c-axis and the point z both lie in R*. Accordingly, by 
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the principle of analytical continuation, since F(«) and log z 
are holomorpliic provided — 7r < amp 2 < 7r and 0, 

logr(s) = log>/27r + (2 — y) log z-z-\-J^(z) 

= log J2ir + (z — \) log z—z 

+ J»(s), 


where 


log (App. I- 5.) 


But. (§30, Th. 1), 


- y.> - lo " 


Hence log T (z) = log J2nr + (z — 4) log 2 — 2 

4- 1 — j. -1-p 4 _(_l)n-l_2ii_L. 

1.2 3 } (2n — l)2n z 2n ~ l 

+ Jn( 2 )* 

Also the least value of \z±i£\ is the perpendicular distance 
of 2 from the line uOu' (Fig. 64). Thus, | s±if| = A \z |, where 
X = cos (<f> — \J/), (amp z — <pi)\ so that 0 < X = 1; hence 


Therefore 


z * + f 2 1 X 2 12 | 2 


J " (2) l <xsJTpFi “Jo I f|8nlog1 '■ (§ 39 - Ex - 1) 


X 2 I Z | 2n+1 (cOS \Js) 2 


2n+l 




X 2 1 z | 2n+1 (cos \fs)* n + l (2?i-t-1 )(2// 4-2)’ = ^•••)• 

The infinite series 


iLiLAl 

1.2 z 3.4 s s ’*’5.6 2 5 **• 

is divergent (cf. §58); but J„(-) can be made arbitrarily small 
by increasing z, so that, for sufficiently large values of \z |, 
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a finite number of terms gives the value of the function to 
any approximation required, provided — tt < amp z < tt. The 
series is therefore asymptotic. 

Corollary 1 . For all values of ampz such that 

— 7r + S = amp z "S. 7r — 8, 

I»/(V2 7 rz z ~ ll 2 e~ z ) tends uniformly to the limit unity as z tends 
to infinity. 

Corollary 2 . If z is real and positive, we can take >/r = 0 . 
Then X = 1 , and g 1 

* Jn ^ I < (2nH-l)(2n + 2) z ’ 

so that the remainder after any term in the series for logr(z) 
is numerically less than the succeeding term. 

Corollary 3 . m! = v/ 27 rm( — ) e vlm , where 0 < 0 < 1 : this is 
known as Stirling’s Formula. The expression v 27 t 7 ri y~) 13 
usually spoken of as the approximation to ml when m is large. 

Example 1. Prove tan -1 1 e .^_ j = $(1 — log r), 

where the principal value of tan -I £ is taken. 

Let C denote the rectangle of Fig. 59 ; then 

log(l . 2.3... n ) = ^J c TT COt 7TZ log 2 dz. 

Hence, by the process employed in § 58, we obtain 

log (1.2.3... n)~ log 71 *f" \o%xdx— 2^* 


tan ~ l (y/n)dy 

e 'iny _ i 


Q 


Again, log(l . 2.3 ... ?i)=log V27r+(n +1) log n - « + O<0<1. 

But 

so that Lim £ dj, =0. 

Hence, if n tends to infinity, we have 

Example 2. Shew that, if -7r<ampz<7r, 

... T . r(2+ 0 L)_ 1 T .-_ r(o.+z)r(^+2) y _ a _ fl+v4 .i = lj 

(1) h (,l) i^r(y+z)r(i+*) 


THE HYPERGEOMETRIC FUNCTION 
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Example 3. Shew that, if - ir/2 < amp f < tt/ 2 and £ =/= 0, 

2 ViLa-.i r{ - z) ^ d2= ~2 Vi) Y(^T)^Vz= e ~ ' 

where a > 0 and the path of integration is a straight line. 

If z = Re^, where - n < 6 < tt, by Corollary 1, 

_ ^ oRcosfld—log R) + R mn 0.0, 

“ V2^R*/* 

the notation f(z) —c^> (z) indicating that /(z)/e/> (z) -*■ 1 when | z | -*-ao . 

Hence if £ =pe i * and 9 + 0, 


1 


i 


^ e*—* log i 

r<* + u 


zP(z) | 


j2ic*P 


Lim 




r(z + 1) sin rrz 


= Lim cos0(1+logp-log R)+R«in ir)^ 

R --^ CD R '* 


according as sin 0 is positive or negative. 

Accordingly, if tt/2^ 0 = *, or if — 7r/2— e, or if -a^Rcos (9 — 0. 

2 n _ t'r 

r(z+l)sin 7TZ 

tends uniformly to zero as z tends to infinity. Thus (§60, Rule II.) the 
given integral is uniformly convergent. 

Next, if — « = 0 = €, let z=R m e , ' fl , where R m =m+ 1/2 and m is an integer ; 
then 

Lim 


£v 


t v , .v ■ -| — n/2tM Lim -cost(logRm- 1 -logp)+siu«| 6- + \ 1 

r(z+l)sin TTZ I - y, Rn,>f- ’ 

where 2M^| cosec 7rz| (§ 51, Lemma). Hence 

2 tV 

r(z+ l)sin 7tz 

tends uniformly to zero as m tends to infinity. 

It follows (§ 30, Th. I.) that the given contour can be replaced by a closed 
contour consisting of the line x= — a and that part of the circle |z| = m + l/2, 
where m may be increased indefinitely, which lies to the right of this line. 
Now the only poles within this contour are those of l/sin7rz ; hence 

1 [—+** (' irdz £ 

27riJ—PUTT) sin TTZ -1 l! + o! - 

Example 4* Shew that the integral 

_L / T(ex + z)r(fl + z) _ _ 

27 rij P(y + z) ™ di ' 

where - 7r< amp( - £) < 7r, and the integral is taken upwards along a 
straight line (Fig. 65) parallel to the y-axis, with loops, if necessary, to 
ensure that the poles 0, 1, 2, 3, ..., are to the right of the contour, while the 
poles -ex, -ex-1, -ex-2, ..., -0, -0-1, -0-2, ..., are to the left of 
the contour, is uniformly convergent. Negative integral and zero values 

*Cf. E. W. Barnes, Proc. Lond. Math. Soc., Ser. 2, Vol. 6, Parts 2 and 3 
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of a. and /3 are excluded, since the curve could not, under such conditions, be 
drawn. Also shew that, if ) £| < 1, the integral has the value 


r(r) 


F («-i p» v, 0 ; 


while, if | £| > 1, it is equal to 


(-^ F (°- i-y+«. i-/?+<*, j) 

+(-0- | ' r< r(~y l-r+ft 



Fin. 65. 


Firstly, let —£=pe i 4> y where p< 1 ; also, let z = Re" 5 . Then, if « = $ = W 2 * 
or if — 7 t/ 2 = # = — e, where tan €<^ log (1/p), 

Lim I ( ~^U Lira 2 e - Rc °■ ill ‘ , *< 1 *■>- Rs,n9W± ’ r, . 


z—Vco 


Sin 7T2 | B— 


according as sin 6 is positive or negative. Accordingly, since 7r< </><«■, 

„r(a.+*)r(/?+2) w x/ _ . w r(cL+g>r(^+z) (_^)v 

2 - T(y + z) r ( _2 K"0 OI r(y+ 2 )r(l+ 2 ) sin 7rz 

tends uniformly to zero as z tends to infinity. Thus the given integral is 
uniformly convergent. 

Again, if 

Lira | ( - f)■ | < Lira ^ - R ' c “ • {; lo » <1/ ' ) - *“'}! 


* —►«> 


R—v co 


so that, if R = m+l/2, where m is integral, 


r( ° L T V ) ^ ( f + - r( " 2)< “ & 

r(y + 2) 
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tends uniformly to zero as m tends to infinity. Hence it follows, as in 
Example 3, that the integral has the value 

ft y, 0 

Secondly, let p > 1. Then, since 

r(cL + e)TU3 + z) r r*(l - y — ^)T( - z) 7rsin ?r(y+ ;) 

r(y + ») r(l — a- — 2 )T (1 —/i — z) sin ir («. + 2 )sin 

it can be shewn as before that the integral is uniformly convergent, and that 
the path can be replaced by a closed contour consisting of the given line and 
an infinite semi-circle to the left of the ?/-axis. The required expression for the 
integral is then obtained by taking the sum of the residues within this contour. 

An exceptional case occurs when a. and ft are equal or differ by a 
positive integer. Let a. = /3 4- m, where m is zero or a positive integer ; then 
the integrand has poles of the second order at the points -cc, —1, 
-a.-2, — Now the integrand can be written 

n-z)(-cy 

{sin 7 t(cl + z)} 2 r(l-«.-x)T(l -f3-z)V(y + z)* 
so that the residue at the point — — n is 

(_ i)- T— _ r (- s )(-CY _1 

\-dz T(1 -a.- 2 >r(l —a. + »n-z)r(y + 2 )J 2= _ a _ n ’ 

Hence the integral is equal to 

„ P(/3+l) ...(f3+n — l) 

vV.,). x(ff-y+i)(g-y-t -2)...(g-y+,o i 

r(y-fi) n =0 n\(m - n)(m - ti + l)...(m—1) 

+(- 0 y «-(«-+l)...(q. + ?t-l)(q.-y+!)(«.-y+ 2 )..._ y + n \ 

1 (y a.) n=0 n! (m + n)! 

x {iog(-0“\K«- + n-l)+^(n)+Vr(m + n)-V'(y-a.-n-l)}-L 

Let^amp (=\ ; then, since - v < amp (- £) < tt, it follows that-f it 

Accordingly, the anal/tica’l ’co^ttal^tionon > + \ Is 

e±a ’" f ' a f^-r(yI^ F ( IX ’ 1 1 j) 

+e± ^ r ,rMT(^|) F ( A , _ y+A , _ +/3> n 


an 


13 


If a cross-cut is taken along the real avis frnm 1 _i * 

then uniform in the whole ^pfane 1 to -f «>, the function i 

Example 5. Prove 

‘*+1 _ 

log { r (*)}dz = log + z log * _ 

If x is real and positive, 

log T<*) = log v^r + (.r-U log a- - A + JL, 
where 0 < $ < l. 12* 


i: 
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Hence ^ log{ r(x)}o?vr 

= log sfer + x log log (l +1) -| a; - ^ + ^ log (l +^), 

where 0 < & < 1, 

= log \/2 tt + x log x — x + «(.r), 
where e(x) tends to zero as x tends to infinity. 

Again, + log {T (x) }dx= log x ; 

fx+1 

so that / log{rq)}c£r=K+g*log.r-;r, 

where E is a constant. 

Thus K must be log -J^rr, and therefore 

l^ X+1 log {T(x)}dx = log->/27r + x log x-x. 

Now the functions on both sides of this equation are holomorphic for all 
values of the variable, provided that a cross-cut is taken along the negative 
real axis from 0 to — co. Hence (§ 55) 

J‘ +1 log{T(z)}dz~= log J2ir + z log z-z. 


1. Shew that 
Lim 


EXAMPLES VIII. 


z(z+l)...(z + 2n — 1) 


1.3.5...(2n-l)2z(2z + 2)...(2z-f2n-2) 

2. If 2g=26 (Examples VI. 31), shew that 


= 2 - 1 . 


rq + fe,)r(i + 6 g )...r(i + b k ) _- 
rq+o,)r(i +a 2 )...rq +«*) 1 n> 


where 


w„ — 


_ (7t-4-g,)(tt 4-a^)...(M-f a k ) 


3. Prove that 

4. Prove that 


(n-f- 6j)(«+ ^ 2 ) — ( 7i ^*) 

“ / n (n + a + b) \ _ T(l +a)r(l -f 6) 

1 \(n + a)(7i + 6)J T(l+a + 6) 

T(i) 


(1 -z)( 1 + £*)( 1 - HO+ k z )-•• = p(i + \z )rq - ?*)' 

5. If in is a positive integer, shew that 

»-rwr(.+i)...r(.+==i) 


»n—1 



= (2tt) 


6 . If a and b are real and > 0, and R(n)>0, shew that 

(i) b£. e “ t+X “ <f> + xi)"* l= r(n + ij • 


<“> 


a(b+x1) 


dx 


(b + xi) 


n-t-i 


= 0 . 
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& 

/ 


[In (i) integrate ef“z~ n ~ x along x =b y and shew that this patli can lie 
deformed into that of Example 1, § 61 ; in (ii) integrate e~ a, z~ n ~ x round 
the contour consisting of x=b and an infinite semi-circle.] 

7. If p is a positive integer and R(/i);> — 1, shew that 

-(-i+. +i-) ,-i 

’(r 2 — \ ) n dz= 2i sin(wTr )J z*(l - z‘) n dz , 

where 0 is the initial point, and the initial value of amp(z--l) is - ir. 
Deduce that, for all values of m, the integral vanishes when p is odd, and 
that its value when p is even is 

2»'sin (n7r)B^?i + 1, * y 

8 . Shew that, for all values of z, 

B( 2 , ~’)B (z+ 1/2, z+\/2)=Tr2'-*lz. 

Q Pmvfl r(l/2+z) p. w 2 _{r(l + 2z)\* / 7T \ 2 COS TTZ 

10. If n is a positive integer, shew that 

B (np, vq)= ji-"4 g( y, y)BQp + 1/n, y)..,B|p + (» - l)/» , q } 

11. If R(s)>0 and amp z=yf/, shew that 

r e ~ u dt 1 2! 4! . , (2n — 2)! 

Jo \+t*~Z Z 3 + Z & ••'+(- l )"~ ^-1-K-l) n Rn, 

where i n i ^ (^ n )' 1 

IJXnl< iJJsrn cos^x/r' 


where 


Bnl< 


Deduce that the expansion is asymptotic if - 77-/2 < \f/ < 77 -/ 2 . 

[Replace the path of integration by a straight line from O to infinity 
which makes an angle -yfr with the positive real axis, and shew that, for 
points on this line, |< 2 +11 ^cos 2 ^.] 

12. If - tt/2 < amp z=yjs< tt/ 2, prove the asymptotic expansion 

1 = —ll-- 4 .il? _ ./ 7 \n j 1.3.5...(2n-3)l 

Jo l+t* 2z + (2z) n - •••+(-0 -- ; }+(-l)"R n , 

1.3.5...(27t— 1 ) 

2\^z (2 zY 

13. If *< \ and -7r/2<amp.- = ^<7r/2, prove the asymptotic expansion 

where | R„ |< |. 

14. If R(y — a.-/?)> 0 , prove 

sin7TO. °->F(cx, 1 -y-f a., 1 -0 + <x, 1) 

+sin^IWfcl« F08 , , _ y + p> , _ a+/3i 1)= . a 
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15. If R(y — a. — /?) >0, prove 

- ( y ^ A y- 1 ) =cos - F <-> 1-y + oL, l-/3 + ct,l) 

+ cos tt/3 r( A ( F( ^ /j} m F(a 1 ~y + /S, 1 -C + /8,1). 

16. If R(^)> 1, prove 

B (P» ?)+B(p + l, ?) + B(^ + 2, ?) + ... = B(p, ?-l). 

17. If R(^ — a) > 0, prove 

B (p-a,q) aq a(a + l)g(q +1) 

B (p,q) P + ? I .2(p + q)(p + q + l) 

18. If R(j9 + s)>0, prove 

„ | -a MP,P) f, . *0-1) . g(<-l)(*-2)(*-3) 1 

B(/?, p + s) 2 . \ 1+ 2(2^+l) + 2.4.(2p + l)(2jD + 3) + ”‘r 

19. If 2 = a + zy, where a is a positive constant, shew that the limiting 
value of | T(1 +z)l when y tends to +oo is 

*j2^\z\ a +V 2 e-"»v. 

20. Shew that the analytical continuation of F(ol, /?, y, 1/z) for | ^J < 1 is 

^.^ r%rg=g r (-'' -r +<*> i -£+<*.*) 

according as 0 <amp z — tt or — it — amp: <0. 

21. Shew that [BARNES’ LEMMA] 

'{?(*.+i)T(li+z)T(y-z)T(S-i)dz 

r( u . + y)T(a. + &)T(S + y)r(0 + S) 

F (a. + f3 + y + 8) 

where the integral is taken along a contour similar to that of Example 4, 
§ 63. Values of ol, f3, y, 8, which would make it impossible to draw the 

contour, are excluded. 

22. If R(p)>0, shew that 

"V r < r ~P )_ _ F(n-p) 

r =o F^+T) p I» ' 

23. Prove r(*) = Lim n‘B(z, n). 

n —►« 

24. If R(z)>0, shew that 

(i) r(*)=jT (logi)*” 1 ^; (ii) r(z)=£j-'*‘d*- 

25. Shew that, if R(2)>-1, 


7=r log/—i-rW. 

\ 10 4 / 


and deduce that 



vni] 


EXAMPLES VIII 


157 


26. Shew that, if R(2)>0, R(£)>0, 

r(z)=f re-'Sr-'dt. 

Jo 

Deduce £e-'U'- 1 log tdt = ^^{\fr(z - 1) - log £}. 

27. Shew that 


« r w= a /{b( 2 , ; 

(») r W="~r^n %/f b(2- 2 , 4»; 


(iii) rH^vn'JiBp- 1 ;,i)}. 

r= J 

28. Shew that 

r<f- y ) : “ jj 0 {(' 1 + z^Tn) ( 1 - jitt) } ■ 

29. If R(y — a. — (3) > 0, prove 

F(a-, /8, 1)= fl {(l - -5-)(l+-2^—)}. 

«=o t\ y + n/\ y — <x — [3 + n/j 

30. If a. and are real, shew that 

/ r («o y u j. , ffl \ 

31. Shew that, if z± -1, -2, -3, ..., 

\js(z) + y = v (-J_ \ _\ . 

7 i 0 l«+l 2 + n + l/’ 

deduce that ^(^) + y = 2-2 log 2. 

32. If 0 < R(r) < 1, shew that e~ u t t ~ l dt is holomorpbic in 2 , and that 

r(2) = e?* [" 

Jo 

[Integrate round the contour of Fig. 52, §51, and apply the 

inequality S:- to the circular part of the contour.] 

33. If 0< R( 2 )< l, shew that 

F(2) = <f = * f* D e ,, t*~ 1 dt. 

34. If 0< R(z)< 1 , shew that 

cos t . <*-» dt = l\z) cos (jj?)- 
If ~1 < R(*)< 1, shew that 

jTsinf.t— 

36. If 0< R($)< i > shew that 

r cost j f _ - 

J ° “ '-rw-.®- 
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37. If 0 < R( 2 ) < 2, shew that 

f sin t _7 r 

J ° ‘‘ 2r«rin(”) - 

38. If R(s) >0, shew that 

(i) 1=J^ f-'dt=re-“dt; 

00 iog2= r 1 ^r rf< =r e —^r- dt 

(»*) ^i=(- 1 ) n ^ 1 f- 1 Qoge) n dt=£e-«rdt. 

39. If r > 0, — 7r/2 < 6 < ir/2, shew that 

(i) log cos(tr.in9) rft . 

(ii) 0 = f e-r°sin«8ing) rft 

JO / 

40. If — 7 r < 0 <7r y shew that 

(i) log ^2cos = ^£—{1 — e- tcN, ®cos(^sin 0)}<ft ; 

(ii) f*—« -,co * 9 sin (< sin^)o?/. 

2 Jo £ 

[Put 2 = 1 +e <0 in Example 38, (ii).] 

41. Prove \ log 2 = P 1 ~ c # oa . 

Jo ter 

42. If R(^) > — 1, shew that 

+v+y=f 0 T^7*=r 8 ‘r-VT- *- 

LC o-o(i+*+‘ > +-+‘*+{^)* 

=i(sTT-^) + r- 


0 

1 -i 
M 


for 0^f=l, 


7t + l 


Also, if M is the maximum value of 

I £'-&* 

Now make n tend to infinity, and use Example 31.] 

43. If 25 ^ 0 , -1, -2, ..., prove 

i°gz +r = i 0 {^ri - log (i + ih) J ; 

deduce that ^{z) - log 2 = jSjlog (1 + ) ” g + n + 1 } 

44. If Rte) > -1, shew that 

*«=jo {t-1— }*■ 


z£lr* 

1 -t 
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Lf { T - f=T^} dt 


-r 


v—r-)n—7—)+•••+( 


(i+n) _ £-<(*+n+l)\ ^-Mx+n + lj 


r+n+m 

* 


— £-/<« + !) _ e -i(t+ 2 ) __ ___ e W(ifn + l) _ 


£-f(t+n+2) 


Now make n tend to infinity, and use Example 43.] 

45. Prove y = r*V— 

Jo \e* — 1 te* / 

46. If 0< R(z)< 1, prove 

r\ t t-\ _ * —s 

(i) 7r cot tt;= j —--— dt \ 

<*> 

47. If R(«) > — 1, prove 

*W-f {.-(1+0-—}4 r s 

deduce ^r(nr<-‘")7' 

+ r{rb^-,-oW)} rf '- 

Apply the transformation 1+* = <?* to the third of these internals and 
use Ex. 44.] ’ 

48. If R(z) >0, shew that 

(0 .o g r w =f{( 2 -i )e -. + £^f; < }^ ; 

(ii) 

(iii) fcwrw-jf {«-<«-D+— *)-' } f • 

49. If B( Zl » -1, R(j 2 )> - 1, R( 2l + 22)> _ !_ shew that 

log - r^,+ ";+!)_r(l-<•')(!-(*•) <* 

1 C«i + l)r(*j + l) Jo 1 -c logr* 

eh“'t”av R(Zl)>_1 ’ R( ' 1+2!)> “ 1 ’ R(2i+2 >)>- 1 ' »(*. + *» + *,)>-!, 
lrw, I\*i+*» + «* + l)r(2, + 1} 


|dt 


dt. 


deduce 


locr 


+ 1 


P t*'(l - t*\(l -dt 


CHAPTER IX. 


INTEGRALS OF MEROMORPHIC AND MULTIFORM 
FUNCTIONS: ELLIPTIC INTEGRALS. 


64. Integrals of Meromorphic 

morphic in a simply-connected 


Functions. If f(z) is holo- 
region C, F(z) = i f{z)da is 

J *o 


holomorphic in that region, provided that the path of integration 
lies entirely within C. If, however, the region C contains one or 
more poles of /(z), the value of F(z) will not necessarily be 
independent of the path of integration, and F(z) may be a multi¬ 
form function. Each branch of F(z) will be holomorphic in a 
simply-connected region containing no singularity of /(z). The 
path of integration, of course, must not pass through a singularity 

of f(z) ' f= , 

For example, consider the integral J taken along the 


path C of Fig. 66 
positive loop from 






Hi 





Fio. 66. 


from 1 to z. This path can be replaced by a 
L round O and the straight line L from ° 
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The integrals along the straight parts of the loop cancel, while 
the circular part gives the value ‘2'iri ; hence 



dz , 0 . 

-h 27 Tl. 

z 


Now any path from 1 to z can be replaced by a number of 
positive or negative loops from 1 about O and the line L. Hence 


the most general value of Log 2 = j* 


- i 


dz 


is 


( — -f- 2?? 7 ri = log z + 2mri, 
L z 


where n is an integer. This agrees with the results of § 18. 

Similarly, if a uniform function f(z) has poles a lt « 2 , of 
residues R 1} R 2 , , in C, the path from c 0 to z can be replaced 

by a series of loops from z 0 about a lt a 2 , ..., and a straight line L 
from z 0 to z. The most general value of the integral will then be 

I /(z)c?s + 27 ri(m 1 R 1 +m 2 R 2 -f...), 

J L 

where on lt m 2 , , are integers. If, however, the residue at the 

pole is zero, the integral round the corresponding loop is zero, so 
that the integral is uniform in the domain of the pole. Thus 

j* z~ 2 dz = z~ 1 is a meromorphic function throughout the plane. 


Example. Verify, by integrating round suitable loops, that 

tan "' 2= i rT? = 2V og T^i +m,r ' 

where m is an integer. 


65. Integrals of Multiform Functions. If the path of inte¬ 
gration of a multiform function f(z) does not pass through anv 
singularity of f(z), f( z ) will vary continuously along the path 
and the definition of § 26 still holds for the integral. As in the 

previous section, the values of F(z) = J* f{z)dz may differ with 

the path ; and the path can be replaced by a series of loops about 
the singular points, followed by a straight line from z 0 to z. 

Example 1. Let F(z)=J^ z-^dz, where the initial value of er 1/2 is unity; 
the integrand has branch-points at the origin and infinity. 

U< Ft 
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The loop about z = oo consists of the line AB (Fig. 67), where A and B are 
the points z = 1 and z = R (R large) respectively, the circle BCD or | z | = R 



described negatively, and the line BA. But this path can be deformed into 
a negative loop from A round O. Hence we r»eed only consider the effect of 

the loops about O. 

Let L denote the positive loop from 1 about O ; then, since Lim z x z 1/8 =0, 

the integral round the circular part of L tends to zero with the radius (§ 30, 
Th. II.). Also, as z describes the circle, amp z increases by 2ir ; so that 
amp z~ xli decreases by tt. Thus z~ llZ changes from l/Vx to -1/vz; hence 

f dz = fo dx^ + n dx _ _ 4 

JlVz Ji Vx Jo ~ *Jx 

A description of L-\ by which we denote the loop L described negatively, 

gives the same result. - T 

Since z- 1 ' 3 returns to A with the value -1, a second description of L or 

L- 1 will give the value 4, and bring z" 1/3 back to A with the value +1. 

Thus an even number of loops gives the value 0, and brings z ac 

to A with the value +1 ; while an odd number of loops gives the value -4, 

and brings z~ 112 back to A with the value -1. Hence the genera va 

of F(z) is 2{-l+(-l) m } + (“I ) m w* 

where w denotes the integral jV 1 '** along a straight line from A to r, with 
+ 1 as the initial value of z" 1 ' 3 . 


Example 2. LetF(z)= fcf(z)dz, where/(z) = l/Vd - **) and/(z) = l initiaUy. 

Also let A and B denote positive loops round the branch points +1 and -1 
respectively. 


Since 




=°* 


the value of the integral round A or A- 1 is C, where 

dx 


= 2 /o‘ 


va-* 8 )’ 
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and/(z) returns to O with the value — 1. Two successive integrals round 
A or A -1 give the value zero, and bring f(z) back to O with the value +1. 
Similarly B or B -1 gives the integral - C, and two successive descriptions 
give the integral zero. Successive descriptions of A and B or of B and A 
give 2C or — 2C, while f(z) regains its initial value + 1 at 0. 

Accordingly, if to denotes f(z)dz taken along a straight line from O to z, 

with initial value +1, the general value of F(z) is mC+( — 1 ) m io t where m is 
an integer. 

To evaluate C we proceed as follows : make /(z) uniform by a cross-cut 
from - 1 to +1, and choose the branch of /(z) which has the value + 1 at the 
origin on the lower side of the cross-cut. Then, at a point on the x-axis to 
the right of z = l, amp^l — z 2 ) = 7r/2 ; so that 

f ( v 1 1 

* r W VC* 2 - 1) e'" 2 I VC* 2 - 1) ’ 

where VC* 2 - 0 18 positive. Hence 


Lim 


1 . 


VO -*■)“**’ 

so that J f(z)dz, taken positively round an infinite circle, lias the value 2?r. 

But the great circle can be deformed into the loops A and B taken suc¬ 
cessively, and the value of the integral is then 2C ; hence C = tt\ 

Thus the general value of sin -, z is given by 


sin " 2 =/„ 

It follows that the inverse function z = sin to has the property 

sin {M7r + (— 1)”*M7} = sin w. 

Again, since | f(z)dz = - w, it follows that -z = si n (-u;). But z = ainw ; 

thus sini ( - ic)= - sin t*, so that sin w is an odd function. Many of the other 
properties of the sine function could also be deduced from those of the integral 

f - * 

Jo V(l -**)’ 

6 6* Legendre’s First Normal Elliptic Integral. Let 

Jo 

where /(*)={( I-W-IV)}'*. and k is a positive proper 
fraction. The initial value of /(,) at 2 = 0 is token to be +1 
lhe integrand has four branch-points, -f-1 —1 4 -i/Z- i 

The loop A from 0 about 1 gives the intojal Sphere 
_j dx 

Jo s/Ul-x^Xl-^x 2 )}’ and f {z) returns to O with the value 
-1. Two successive integrations round A give the value 0, and 



164 


FUNCTIONS OF A COMPLEX VARIABLE [ch.dc 


bring f(z) back to O with the value 1. Similarly the loop B 
about — 1 gives the integral — 2K, and two successive integrations 
round B give the value 0. Successive integrations round A and 
B or round B and A give the values 4K and — 4K respectively, 
and /(z) regains the value +1 at O. 

Since a straight line cannot be drawn from O to l/k without 
passing through the singularity +1, the loop L 1 about \/k is 
formed by means of a curved line (Fig. 68) above the a?-axis and 



a small circle about l/k. This loop can be deformed into the 
contour (Fig. 69) consisting of : 

(i) the avaxis from O to 1 —e; 

(ii) a small semi-circle c of centre 1 and radius e above the 

rc-axis, described negatively; 

(iii) the cc-axis from 1 + e to 1/k — e ; 

(iv) a small circle C of centre l/k and radius e, deseribed 

positively; 

(v) the a-axis from 1/k — e to 1+e; 

(vi) the semi-circle c described positively; 

(vii) the #-axis from 1-etoO. 



Since Lim(z-l)/(z)=0 and Ihm (z-l/fc)/(z)-°> the integrals 

alomr (ii) (iv), and (vi) tend to zero with e. 

The integral along (i) gives K. As a passes round e, amp ( ) 
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decreases by 7 r, and ( 1 —#) changes to {x—\)e~‘ n \ lienee the 
integral along (iii) is 

1 r j/ * <ix 

e-'^V L 


where 


K 


-r 


dx 


• T r / 
= , 


l)(l—k z x-)}' 

Again, as 2 passes round C, amp (2— 1/Ic) increases by 2 tt , and 
(1 — fee) becomes (1 — Jcx)e 2l7r ; lienee (v) gives the integi*al 

dx 


-f 

iW * J i/i- 


= iK'. 


c ,7r/ - J „* v' { (x* - 1)(1 - k?x *)} 

Finally, as 2 passes round c, amp (2 — 1) increases by 71- , and 
(a: —1) becomes (1 — x)e llT ; so that (vii) gives the integral 

. dx 

/ I > / < - 

e r 


if 0 

e ,TT Ji 


= K. 


^ {(l-**)( l-****>} 

Thus the value of the integral round the loop is 2K + 2iK' 
and f(z) returns to O with the value — 1. 

It can be proved in a similar manner that the integral round 
the loop L 2 (Fig. 70) is 2K —2iK'. This follows more simply, 



however, from the fact that L. 2 can be replaced by A L A -1 
taken in succession : the value oi the integral along this contour’ 

is then 2K-(2K + 2tK')+2K = 2K-2£Iv'. 

Similarly the contour C, (Fig. 70) can be replaced by A and L 

( 2Kl U oTf n ; , S ° tha Vl! e inte ® lal r ° Und C i has value 
... (2 K+ 2 «K )=-2rK , and/(c)returns to O with the value +1 

Finally, the integrals round the loop L 3 and the curve G, have 

the values - ( 2K + 2iK') and 2iK' respectively. 

Hence, if w denotes the integral £ f(z)dz taken along a 

straight line from O to *, with the initial value +1 at O, the 




166 


FUNCTIONS OF A COMPLEX VARIABLE [ch. n: 


general value of F(z) is 2raK +2mK' + ( — l) m w, where m and n 
are integers. 

The value of the integral when z is infinite can be found 
as follows. Let the integral be taken round the contour (Fig. 71) 



consisting of: (i) the straight line from O toz; (ii) a semi-circle 
of centre O from z to — z; (iii) the line from — z to O. Since 
this contour is equivalent to the contour C 2 (Fig. 70), the integral 
has the value 2iK\ But the integral along (ii) tends to zero 

when z tends to infinity (§30, Th. L), and J* f(z)dz = j°f(z)dz, 

since the final value of /(z) is equal to its initial value. Therefore, 

when z tends to infinity, j * f(z)dz tends to the value zK'; so that 


j" f(z)dz = iK' + 2mK ■+• 271/iK 7 . 


If in the integral 


( i It 


dx 




we put y=V(l -kV)/k', where = we obtain 

H dy 

K/ = J 0 V {( 1 - 2/*)( 1 - fc ' V )} 

It follows that K' is the same function of k‘ that K is of k. 

Inversion of the Elliptic Integral. In Example 2 of the 
previous section we deduced from the properties of the integral 

..._ f dz _various properties of the inverse function z = sin w. 

■Wl 1 -* 2 ) 


§§ 66, 67] INVERSION OF THE ELLIPTIC INTEGRAL 


167 


Similarly, if w = £ g 2 can be regarded as a 

function of w, and from the properties of the integral those 
of the function can be deduced. We shall here make two 
assumptions : (i) that the function exists for all real or complex 
values of w, and (ii) that the function is single-valued. These 
assumptions will be justified in Chapter XI. The function is 
denoted by 2 = snui: from the general value of the integral it 
follows that 

sn 11 ? = sn {2?/iK-f 2niK' + ( — l) m w}. 

Accordingly, sn w has two periods, 4K and 2iK', the one purely 
real and the other purely imaginary, and sn(2K — it;) = sn w. 

Again, since £ f(z)dz = - j f(z)dz= — w, it follows that 

z = sn( — w)= —sn w\ so that snio is odd. The properties of 
the integral also give : 

sn 0 = 0, sn K= 1, sn (K + iK') = sn (K — iK') = 1/k, sniK' = oo. 

Instead of sn it? the notation sn (w, k) is frequently employed, 

k is called the Modulus and k' the Complementary Modulus 
of sn ( w , k). 

Example. Shew that K' = log (4/*)+</>(*), where <f>(k) tends to zero with k. 
We have 

K' - log ( 1 +T\ = r __ p '» dr 


dz 


s that 


— m-f 


where y = kx. 

-r. 

Hence 



> rt 1 

/ Jo V(l-y*) 


“[-logU+VO-jf*)}]] 

= log2 ; 

from which the required theorem follows. 

67. The Weierstrassian Elliptic Integral. Let 

w - w o = \ f( z )dz, 

where/(z) = {4( s -.e 1 )(0-e 2 )(2-e 3 )}-i ; here w = w 0 corresponds 

°’ and ° ne of the two values of f(z Q ) is selected as initial 
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value. There are four branch-points of f(z) (Fig. 72), e,, e 2 , e 3 , 
and co. The loop L about oo, however, consisting of the line from 



z 0 to £ and a large circle described negatively, can be replaced by 
the loops L, L 2 , L 3 , about e 1> e 2 , e 3> described negatively in suc¬ 
cession ; so that it is only necessary to consider the effects of these 

three loops. Let A,= [ f(z)dz t A 2 = f f{z)dz , A 3 = f f(z)dz\ 

Jz 0 Jz 0 Jz o 

then integrals round the loops L,, L 2> L 3 , or Lf 1 , L.JLg 1 , give 
the values 2 A, 2A 2 , 2A 3 , respectively. Two successive integra¬ 
tions round a loop give the value zero. Successive integrations 
round loops 'L r and L tf give the value 2A T — < 2.A.„. Again, the 
description of an even number of loops brings f(z) back to z 0 
with its initial value f(z 0 ), while an odd number brings it back 
with the value —f(z 0 ). 

Hence, if I denotes the integral j* f(z)dz taken along a straight 
line from z 0 to z, the general value of the integral is given by 

w-w 0 = 2*1, A, + 2t* 2 A 2 + 2 ?i jjA 3 + ( -1 )»«+"»+-I, 

where 71 ,, ti 2 , T 2 s are integers such that 71,+7i 2 + 72 3 has the value 
0 or 1 according as the number of loops described is even or 

odd. 

Now let = -m 2 , n 3 = -m„ so that either ti 2 = ™i + ™2 or 
n 2 = 72 i, + m 2 +1 ; then either 

w - Wq = - 2t?i 2 (A, - A 2 )- 2m,(A 3 -A,)+I 
or w-w 0 = - 2tti 2 ( A, - A 2 ) - 2771, (A 3 — A 2 )+2A 2 —I. 
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Again, if <^=1 f(z)dz and w 2 = [ f(z)dz, 

Jr i 


A 2 — A 3 = o), and A 2 — A t = 


w 


2 » 


hence either w = w 0 + 2m 1 a) 1 -\-2m 2 w 2 -\-I 


or vj = w q + 2m x o>, + 2m 2 w 2 + 2 A 2 — I. 

Thus the inverse function z = (f>(w) is doubly-periodic, with 
periods and 2<*> 2 

Next, let the integral be taken along the contour consisting of 
the loops L, L 3 , L. 2 , L x , taken in succession. This curve encloses 
no singular point, so that the value of the integral is zero. But 
the integral round the large circle tends to zero as the radius 
tends to infinity ; hence 

° = 2 f /(2)^2 —2A 3 4-2A. 2 —2Aj; 

oo ^ ^ 

so that f /(z)c2z = A 3 —A 2 -f-A r 

Now take w 0 = J 7(z)d 2 = - A 3 + A., - A,; then w = J ' f(z)dz. 
Hence, if z — e x , 


w = 2m l ay l + 2m 2 o, 2 - A 3 +A 2 - A, + A t = 2m l w 1 + 2m 2 «, 2 4- a* 
or w= 2 m x w x + 2m 2 a> 2 - A 3 + A 2 - A, + 2A*- A t 

= 2?7i 1 o) 1 + 2?n 2 ci) 2 -|- 2a> 2 -f-a> 1 . 

Therefore Similarly e 2 = <f> (w 1 + u> 2 ) and 6 3 = 0 (o> 2 ). 

Again, if W = w 0 + I, w = 2wi 1 o > 1 + 2 m 2 oi 2 + W 


or w = 2m l u> 1 2m 2 u> 2 + 2A 2 + 2w 0 - W 

= 2 ™i®i + 2m 2 a) 2 + 4A 2 - 2A 3 - 2A X - W 

= 2(771!+ lK+2(m 2 +l)a. 2 -W. 

Thus ct>(w) is an even function of w. It will be shewn in 
Chapter X that <f>(w) is Weierstrass’s Elliptic Function p(w) 
It should be noticed that the signs of the two periods 2<a and 
Z( °2 depend on the initial value selected for f(z 0 ). 


68 . Elliptic Integrals in General. Any integral of the type 

jR(z, M)dz, where R(x, y) is a rational function of x and y and 

Z is a polynomial of the third or fourth degree in , with real 
coefficients and no repeated factors, is called an Elliptic Integral 
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When Z is a cubic the integral can be transformed into an 
integral in which Z is a quartic as follows. 

Let Z = (z —f3)(az 2 + bz + c), where /3, a, b, c, are real; then, 
if z-/3 = f 2 , 

which is an integral of the required form. 

Again, let R(x, y) = P(x, y)/Q(x t y)> where P (x,y) and Q(x,y ) 
are polynomials in x and y ; then, since (v/Z) 2 *, where p is a 
positive integer, is a polynomial in z, we can write 

P(z, JZ) = K(z)+L(z)JZ, Q(z, v/Z)=M(z) + N(z)s/Z, 

where K (z) t L( 2 ), M(z), N(z), are polynomials in z. 

Now multiply numerator and denominator by M(z)—N(z)JZ; 
then R(z, JZ) = U( 2 ) + V(z)>/Z, 

where U( 2 ) and V(z) are rational in 2 . 

But U( 2 ) can be integrated by elementary methods. Hence 
we need only consider integrals of the type 


jV(z)v/Z<i 


fS(*) . 

2 or J Jz dz ‘ 


where S ( 2 ) is rational in 2 . 

Again, by the method of partial fractions, S( 2 ) can be put 
in the form ^ 

A„+ A,z+A z z 2 +... + A n z" + + • • • + 

Hence the integral J{S(2)/v/Z}c/z can be expressed linearly 

in terms of integrals of the types 

z? x 


f 3 ?' 

J JZ 


dz and 


f dz 
){z-CL)"JZ 


Now 


a _ c^ + c^+... + c t ^. 

dz v VZ 


so that can ex P ressec * terms of the four integrals 

dz ’ \5z dz ‘ 172 *' 


d ITT 4f/2 3 -j-3&2 2 + 2cz+d 

= 271 ’ 


But 
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- -j =- can be expressed 

in terms ot tne tnree integrals 

j 'z 2 dz tzdz friz 

J' 7 %' JTz’ J 7 z 

Similarly, since 

(l J7i _d 0 {z — <x.y-]-d l (z — (x.) z -\-d 2 {z — (x) 2 + d i {z — (x) + d A 

dz (Z - (X) m ~ ( Z -fX.yn + 'JZ 

-—— 7 = can be expressed in terms of 

(z-o t) n JZ * 

z — (x)dz f (z — Oi) 2 dz 


i 


f dz f dz f(z — i 

i(z-fx)JZ' JJ2* J J 


■ j 


v/Z 


(z —rx)v/Z > Jv/Z’ J jz 

Thus every Elliptic Integral can be expressed in terms of 
integrals of the types 

[dz fzdz Cz 2 dz f dz 

Vz’ JTz’ JTz - ’ J(z-cx)v/z' 

Again, since imaginary factors of Z always occur in conjugate 
pairs, Z can always be written a (z 2 +pz + q) ( z 2 +rz + s) f where 
P> q> r, s, are real. Now in the transformation z = (f + g£)/( 1 + f), 
let / and g be chosen so that the coefficient of f in each quad¬ 
ratic is zero ; then Z will take the form 

a (l+mf 2 )(l +n{») 

(i + D 4 

It is always possible to find real values for m and ??. For 

f+g~ 2 ^, fy-SLzar-, 

r—p r—p 

so that /and g are the two roots of the quadratic equation 

( r _ p )f* + 2 {s-q)f+ (ps - qr ) = 0 . 

Accordingly, if the roots are real, we must have 

0 ~ qf- {r ~p)(ps - qr) > 0 . (a) 

Now let the two equations 

x 2 +px + q = 0, .T 2 -fnc + 8 = 0, ( B ) 

have roots aq, rc 2 , and a: 3 , respectively ; so that 

•^ 1 +^ 2 = —/>, x x x 2 = q, x s + x i = — r, x s x A = 8. 

Then inequality (a) can be written 

(*i ~ *s) (0*2 ~ *s)(- r 2 ~ * 4 ) > 0. 


172 


FUNCTIONS OF A COMPLEX VARIABLE 


[CH. 


This inequality holds if one at least of equations (b) has 
imaginary roots; for then the four factors consist of two pairs 
of conjugate complex quantities. Also, if both equations have 
real roots, the factors of Z can always be chosen so that 


x 


x. 


X. 


X 


1 ‘^3 ^ •*'4* 

Thus the inequality holds in this case also. It follows that 
real values of f and g, and therefore of m and n, can always be 
found. 

Accordingly, every Elliptic Integral can be expressed in 
terms of integrals of the types 

K ffdf f dg f d£ 

i-Jn’ )jn' ijn’ kc-P)Ja’ 

where Q = (l-fmf 2 )(l +n£ 2 ). 

But m= i r__ 

Jvo 2 L{(l+m£*)(l+*£*)}’ 

and this integral can be evaluated by elementary methods. 

f f (S+P)d{ 

JU-/3)JQ~)U 2 - 


Also 


d£ _ 

and the last integral can be evaluated by elementary methods. 
Hence we need only consider the integrals 




fd{ f 

JJn' Jn/q’ J^ 2 - 


d{ 


v/n’ w J(f 2 -^ 2 )v/T2' 

There are four cases to be considered (we assume <z 2 >6 2 ): 

(i) fi = (l-a 2 f 2 )(l-6 2 f 2 ); («) fi = (l-a 2 f 2 )(l + W; 
(iii) fi = (l+a 2 f 2 )(l-^ 2 f 2 ); ( iv > 0 = (l+a 2 f 2 )( 1 +^f 2 )- 

In case (i) put £=x/a, Jc = b/a ; then the integrals are trans¬ 
formed into integrals of the forms 

f x 2 dx I* (lx _ 

}j{(l-x 2 )(l-/c 2 x 2 )}’ ]j{{L-x 2 ){l-k*x 2 )}’ 


i 


dx 


(x 2 - v 2 )J{{ 1 - x 2 )( 1 - k 2 x 2 )} ’ 

In cases (ii), (iii), and (iv), make the substitutions 

l_tt 2 f 2 = a 2 , l-b 2 £ 2 = x 2 , and 1+fc 2 f 2 = 1/a: 2 , 

respectively; then all these cases reduce to case (i). 
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Now 


i 


x-dx 


-M 


dx 


1 -rc 2 )(l -k 2 x 2 )} -x 2 )(l-k 2 x 2 )} 

Hence all Elliptic Integrals can be expressed in terms of Elliptic 
Integrals of the three types, 

dx 


i 


J{{1 -x 2 )(l -k*x 2 )} 


f c lx 

J (- v*) J {( 1 - x 2 )( L -JcW 


)} 


The three definite integrals, 


dx (*•«■ jf 1 - k 2 x 

1 — x 2 )(\ — tfx 2 )}' JoVv l-x 2 

f' dx 

JoU 2 - v 2 )J{( l-x 2 )(l — k 2 x-) 1 ’ 


v 2 )J{(i-x 2 )(l-tfx 2 )} 

are called Legendre’s Normal Integrals of the First, Second, and 
Third Kinds. (See also App. I., Note 6.) 


Example. Prove 


J 


1 3.H -f 2x- 

> d(x* + .^+l) 


dx 


n 


*2 


dx 


0 V{(1-^)(1 -$x*)\’ 


Since ^ + ^ + j } = 3^ + 2 .^ +1 


But 

£ 


di-c' + .rX+l)' 

[' 3^ + 2a- n 

Jo dW+xs+o^^-.L 


■r*+iy 


dx 


=/: 


d. 


V 


v/(.r*-Kr 2 +1) Jo v /((x 2 + o-+ l)(.j>a-.v+l)} 


=2 r_£ 

Ji + ' 




9 f'XS "- 


3 In 


^(■V+l)(3+y)C "We 


dz •> 

» " here y i + 3 = 


3-° s/{(l-z 2 )(l-§^)} 

Hence the required equation follows. 

69. Complete Elliptic Integrals. If in the First and Second 
they 6 become S Fmal ^ Substitution *—i“ <t> * made. 

F(k ' ,fl> = \ E < i - ^> = JV(1 -*=W0)<fy, 
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respectively. In particular, if x=l, then <f> = t/2, and these 
integrals become 

K = F(k, tt/2 ) = f” /2 _ d ± _ 

' ’ Jo V(l-* 2 sinV)' 

E = E(&, 7t/ 2) = £ A s /(1 -/c”-sin 2 0 )d 0 , 

which are known as Legendre’s Complete Elliptic Integrals of 
the First and Second kinds. Similarly we write 

K' = F (k\ tt/2), E' = E (lc\ tt/2). 

These functions can be expressed as hypergeometric series in 
k and k': for, since k < 1 , 

K = J o (l + |& 2 sin 2 0 + ^A; 4 sin 4 0 + ...^d 0 

= 2 j 1 "^( 2 ) ^ + ^ 4 +--*} = 2 F ^’ £’ ^ 2 )* 

Similarly K' = |F(i, *, 1 , k' 2 ), E = JF(-^, 1 , k 2 ). 


and E' = |F(-J, 

The numerical values of K, E, K', and E' can be easily evaluated 
by means of these series, except when the value of lc or k\ as the 
case may be, is nearly unity, in which case the convergence is 
slow. 

Landens Transformation. If in the integral F (k, <f>) we 
make the substitution 


tan( 0 x — (f>) = k' tan <p or tan <p l = sin 2<f>/(k 1 +cos 2<p), 

1 _ Jc 

where k x = j-qjp = ^ f 7 yk < k, we obtain 

*» «**».■> - 

, //! 7 o . O , X 1+^ COS 20 . 

and JO--K sin 0 i)“^(i + 2 ^cos 20 +k 2 ) i 


so that 


F(k, 0) = i±^F(/c 1 ,^ 1 ). 


Thus the integral is expressed in terms of an integral of 
smaller modulus. In particular, if 0 = 7 r/2, then 0 1 = 7r > so that 

F (*. 
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Accordingly, if the modulus k is nearly unity, the value of 
F(k, tt/2) can be deduced from that of F(£ a> tt/ 2) by means of 
this transformation. 


Example. Prove - d<j> __? / * ' 

Jo y/(] -gain*^) 4 Jo 


_ . 
V(1 - 1 *in*0)’ 


and deduce from the example of § G8 that 

f‘( 3x* + 2x *)dx 1/1 7r \ 

A V(^ + ^4-'l) _N/ 3 "2 b V 2 ’ 2 /- 

70. Leg'endre s Relation. A relation can be established 
between the four quantities K, K', E, E', as follows. 

We have 

dK = [" P k sin 2 <ft d<f> _ 1 (”/- d 0 k 

Jo (1 — £ 2 sin 2 0) 3 '*“fcj o (1— A:* sir 


dk 


sin 2 <£) 8/2 k * 


But 


A : 2 


tA 


sin <f> cos cf> —k' 2 


Therefore 


d</> J( 1 - !S‘ sinV)~(1 -* 2 sinV) 3 '* + ^ 1 ~ k2 sinL » 

0 = — A-' 2 f" / _<4_ . E 

Jo (1 —A^sin 2 #) 3 ^"^ 


Hence 


cZK_ E K 
dk kk ' 2 A; ’ 
Accordingly, since A* + A:' 2 =l, 

E A-'K 
k 2 k' + l?' 

Therefore, interchanging k and A:', we have 


dK' E' K' 


cAK' 


dk' k 2 k'~"W and ~dk 


E' A:K' 


I. l./O “f* 


Again, . **'* *'*' 

dJF__ f^ 2 — A;sin 2 <ft d<f> 
dk J 0 J(l — k 2 sin 2 (/>) 

= x rV( 1 -^sin 2 A)dA-\ f_ d <t> E- K 

* Jo r *Jo s/(l-i- 2 sin 2 <4l = T 


Thus 


so that 


o v/(l — A: 2 sin 2 0 ) 
dE_ -^'(E-K). 
dk' k 2 


— > 


dE x A*(E' — K') 
cAA; A :' 2 


Accordingly, if W = KE'-+•K'E — KK' f 

constant. ’ dk ~ 0 ' ther efore W is 
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Now consider the value of (E —K)K' when k tends to zero. 

SinC6 (-?+-) -d K = |(l + J + .A 


E-K=-^+.... 


Also 


f«/* 

K '= 

Jo . 


dd> 


< 


o v /(l-/c / 2 sin 2 0 )^J o J(l-k' 2 ) 


f^ 2 d<f> 7 r 

Jo J(l-k' 2 )~2k' 


Hence |(E-K)K'|< ('*+ ...)gj-£*+...; 


so that 


Lim {(E-K)K'} = 0. 


But, when k = 0, K — 7 r/ 2 , and E' = 1 ; therefore 


W = KE'+K'E-KK' = | 

Corollary. K and K' satisfy the equation 

+( ~ ix -^mc + ^ = 0 - 

where x = k 2 . This equation is known as the differential equation 
of the Quarter Periods of the Jacobian Elliptic Functions. 

EXAMPLES IX. 

r dz 

x - ^ w= i. i+?- and !f w 0 is any value of w corresponding to z=Zq, 

shew that the general value of w for z=z 0 is w 0 + m*/2Tr/4 + n i J2Tri/4, where 
m and n are integers, such that m + n is even. 

2. If w= f | + Z z dz y shew that, with the notation of the previous example, 

Jo 1 +zr 

the general value of w is w 0 + rmri/3 + mr \/3/3, where m + n is even. 

3. Find the most general value of [ ■ ^ for any path of integration, 

J 0v/(2 Z +l) 

where the initial value of the integrand is unity. 

Ans. niri+(- l)"log(l +^/2), (n= 0, ±1, ±2, ...)• 

4 Zwhrfakx rl)- [Putl "" 3=y] 

5. Prove that, for the ellipse x 2 /a 2 +y 2 /b 2 = 1, the length of an arc 
measured from the point (0, b) in the clockwise direction is aE(e, <f>), where 
e is the eccentricity and </> = £7 t — 0, 0 being the eccentric angle. 

6. Prove that Vcosxc£r= 2</>)> 

where cos x = cos 2 <f>. 
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7. If a 3 >■ &' J :> c 3 , shew that 

d\ 


r.TK. 


2 


'a V{(a 2 + A)(6- + A)(c- + A)} s /(cz2-c^) 

wh e,ei-= A /(^) and sin + = 

<lx 


-*?<** <£)» 


8. Shew that I'" --= A __L pf- 

ii V3 1+I* M 


v/C-^-D 

where X- = sin 15°. 

[Shew that the integral is equal to 

2 


2V7- tt\ 
+ *’ 2 / 


2 p_cfy_ 

V3( 1 + X-)Jo S /U1+ Ay 3 )(A +y 3 )} 
where A = (l — X*)/( 1 +*)•] 


9. Shew that [‘ _ dv = A _L_ F ( 

J—^l-x 3 ) ^3 1+Z.- \1+X-* 2/ 

where X*=cos 15°. 

10. Prove 

fvcfe) = 4 F ( sin 15 °- s> L F (“ s »*■ s> 

11. By means of the substitution .r=(4 — y 3 )/^ 2 , shew that 

./_» N /(vcy 3 -!)’ 

deduce that K' = v/3K, where X =sin 15°. 


12. If 
and 


w ' 4 3 tan 3 0 + 8 tan 2 0 — 2 tan 0 + 4 


B 


-r 

J-wtVi 

=/’ - 
^-2+v3 V 


N /(l+2sin20) 

dx 


tan Odd 


prove that 


/C* 4 + 4X 3 + 2x 2 + 4.r + 1)’ 

~ B=i io N /(l -itin 2 ^>) = ^ K ^^ 

13. Prove that the length of the lemniscatc r = av/cos20 is 2 v^2aF^—, ZT 

14. If 3 denotes the length of an arc of the hyperbola j?ja? - y*/b*= 1 
measured from the point where it crosses the x-axis, shew that 

where £= &/>/(& 2 +y 2 ), *=a/c, and c = n/^T^. 

15. Shew that, if k = Xt 2 and k' = X*' 2 , 

<fK E - k'K dE E-K 
rfK ~ 


2kk' * die 2k 
Prove that (E-k'K) satisfies the differential equation 


H. F. 


M 
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16. Shew that, if n > 1, 

(i) njH P*K'rf*=(n- l)£ P*-*E ’dk\ 

(ii) (» + 2)£ k n E'dk = (n + l)£ JPK'd*. 

17. If P is any point on that branch of the hyperbola aP/a?-y 2 l&=\ 
which crosses the ar-axis at A, shew that the difference between the arc AP 
and the portion of the asymptote cut off by a perpendicular on it from 
P tends to the limit 




as P tends to infinity. [Cf. Example 14.] 

18. Shew that 

f l _ dx _/>_ dp _ 

J x V{(i-^)(P 2 +^)} Jo V«i-y 2 )0-*V)}’ 

where y = ^/(l—x 2 ). 

19. Shew that 

Je 


dx 


=r 


dy 


vui-^ i-w 


where ky=*>/\ — x*. 

20. Prove 

21. Shew that 

22. Shew that 


r »/8 

Jo : 


d<t> 


i 


Jo s/(l — 4sin 2 <£) 
dx 

VKl+^)(3 + 2*a)}- v '3~ Vs/3 

1 dir 

s/{;c(l-:r)(3+*)} 

15.Z 2 — 2x . 16„ /I 7 r\ 

ir= T F U’2;- 


- p (yf> 


o V{^(1 — x)(5x+4)} 


23. Prove 
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CHAPTER X. 


WEIERST R ASS I AN ELLIPTIC FUNCTIONS. 

71. Doubly-Periodic Functions. A uniform function F(z) 
which lias two primitive periods ft and ft' is said to be Doubly- 
Periodic. For all values of z, 

F(z + ft) = F(z), F (z + ft') = F(z), 
so that F (z -f- mfi + m'ft') = F(z), 

where m and m' can have any integral values. 

Theorem. The two primitive periods ft and ft' cannot have 
the same amplitude. 

For, if they have the same amplitude, let Q = pe <6 , Q,' = p'e i0 , 
and assume p> p \ Then, if ft" = ft- n' = (p-p)e<*, ft" is a 
period of modulus less than p. Let this process be repeated 
with the two periods O' and ft"; and so on. After a sufficient 
number of steps a period is obtained either of modulus zero 
or of modulus less than any assigned quantity. 

The first case cannot occur, however; for if o> denote the 
value of the two equal periods subtracted in the last step of 
the process, o> = ft/p = fty g , where p and q are integers [In the 
last step a) must have been subtracted from 2o>; in the preced- 

mg step or 2o> from 3o> ; and so on.] ; but this is impossible, 
since ft and ft are primitive periods. 

8 uT d CaSC ' !£ “ deU ° te the P oriod - function 
).~i • , aS Z6rOS at 2 » and 2 » + <*>• Accordingly, F(s) has 

Slrvs” W ^ r” P ° intS ° f th ° Plan ° « 22 theorem I. 

CWo ; P U 1 " '° nS are excludcd ^om consideration. 
m - ZvTavl ' t , P ° intS 2 + ™ n +™'t2’. where m and 

the poTnt T any I gral ValUeS ’ ar ° Said to be '°“gruent to 

a A ParalIel °^ am of vert >ces a, a + O, 

a+f2,a+n + n,is called a penod-parallelogram. It is sufficient 
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to study the behaviour of the function in one period-parallelo¬ 
gram in order to know its properties for the entire z-plane. If 
the whole plane be divided up by two sets of equi-distant 
parallel lines into a net-work of period-parallelograms, corre¬ 
sponding points of the parallelograms form a set of congruent 
points. An example of such a net-work was given in § 37. 


72. Elliptic Functions. A doubly-periodic function with no 
singularities in the period-parallelogram except isolated poles is 
called an Elliptic Function. It is convenient to choose the 
periods 2w 1 and 2w 2 so that, as in § 37, I(oj 2 /o) 1 ) is positive. 

Weierstrass’s Elliptic Function. If we differentiate the series 


(§ 48 > 


we obtain 


S 3 '(z) = 


+ CO 



-2 


— CO 


(z-iif 


From this series the equations 

p'(z + 2^) = p'(z), p'(z -f 2ft> 2 ) = p'(z ), 

follow immediately; so that p'(z) is an Elliptic Function. 

Again, integrating, we have 

p(z+2<v 1 ) = p(z) + C. 

Now let z= — ft)!; then 

^(wi) = - wi)C = Kfth) + C, 

sothatC = 0. Thus p (z + 2^) = p (z). 

Similarly p (z + 2co 2 ) = p (z). 

Accordingly, p(z ) is an Elliptic Function. 

Corollary. If n is any integer, {p(z)} n is an elliptic function. 
Note. The notation p(z; a> lf <v 2 ) is sometimes used instead of 

pO)- 

Theorem I. The derivatives of an elliptic function are 
elliptic functions. 

For, if f(z + 2«!) =/(*), f(z + 2ft) 2 ) =/(z), 


it follows that 

f(z + 2ft,!) =f\z\ f\z + 2ft, 2 ) =f\z). 

Theorem II. An elliptic function must have at least one 
pole in a period-parallelogram. 
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For if not, the function would be Unite at every point of the 
plane, and would therefore, by Liouville’s Theorem, be a constant. 

Thus the function p(z) has poles of the second order at the origin 
and congruent points; while at all other points it is holomorphie. 
The principal part at the origin is l/z 2 . Similarly #>'(z) has a 
pole of the third order at the origin, with principal part —2_/z 3 . 

Corollary. If two elliptic functions have the same periods 
and the same poles, and if their principal parts at the poles are 
equal, they can only differ by a constant. 

Note. An elliptic function has an essential singularity at 
infinity : for it has an infinite number of poles in any neighbour¬ 
hood of infinity (cf. §48, Note). This holds true for all periodic 
functions; e.g. cot z. 

Theorem III. An elliptic function can have only a finite 
number of poles in a period-parallelogram (§ 22, Theorem 2). 

Theorem IV. The sum of the residues of an elliptic function 
f(z) at points in a period-parallelogram is zero. 

Let y denote the parallelogram ABCD (Fig. 73) of vertices 



a, a -f- 2w 1 , a + 2a> L + 2a> 2 , a-f2a> 2 , drawn so that none of its sides 
passes through a singularity of f(z). Then the sum of the 
residues of f(z) in y is given by 

If 1 fa+2w, 

2B J/ (2)rf2 = 2 ^J„ 1/(2) -/(2 + 2a,,)} dz 

1 f«+ 

+ 27 riJ a {/(z + 2a> 1 )— f(z))dz 

= 0 . 

For example, the residues of p(z) and p'(z) at z = 0 are zero. 

Corollary. An elliptic function cannot have a single simple 
pole in a period-parallelogram. 

Order of an EUiptic Function. The number of poles of an 
elliptic function m a period-parallelogram, a pole of order s 



182 


FUNCTIONS OF A COMPLEX VARIABLE 


[CH. X 


being counted as s poles, is called the Order of the function. 
It follows from Theorem IV. Corollary, that the order of an 
elliptic function must be not less than 2. 

The two simplest types of elliptic functions are: 

(i) functions with a single pole of order 2, at which the 
principal part is of the form A/(z —oc) 2 , in each period-parallelo¬ 
gram ; p(z) is a function of this type: 

(ii) functions with two simple poles of principal parts 
A/(z oc) and — A/(z — fi) in each period-parallelogram; it will be 
shewn in Chapter XI. that the Jacobian functions sn-M., cn u } 
dn u, are of this type. 


Theorem V. The number of zeros of an elliptic function f(z ) 
in a period-parallelogram, where a zero of order r is counted 
as r zeros, is equal to the order N of f(z). 

For (§31, Corollary 1) 


Lf £&dz = Xr-Xs, 


2-7T i)yf(z) 

where y denotes a period-parallelogram. But, since f'(z)/f(z) is 
an elliptic function, this integral is zero (Theorem IV.). Hence 


2r=2s = N. 


Thus, since p'(z) has one pole of order 3 in the period- 
parallelogram, it must have three and only three zeros in 
the parallelogram. Now, substituting z= — u) x in the equation 
p'(z -f- 2 <Dj) = fp'(z), we obtain |3 / ( ft, i) = $>'( — <o x ). But from the series 
for %>'(z) it follows that p'(z) is odd: hence p'( w i) = 0. Similarly 
p , (co 2 ) = 0, p'(««>i + = 0- Thus the only non-congruent zeros of 
p'(z) are o> 1 , o) 2 , and to x 4- o> 2 . 

Corollary. Since the elliptic function {f(z) — C} has the same 
poles as f(z), the number of its zeros in a period-parallelogram 
will be N. Hence the number of points in a period-parallelogram 
at which f(z) = C is N. 

Theorem VI. If the elliptic function f(z) has p zeros a v 
a 2 , ..., a p> of orders r lt r 2 , ..., r p , and q poles b x , b 2 , ...» b q , of 
orders s x , s 2 , ..., s q , in a period-parallelogram, 

^r m a m -^s n b n = 2\a> x 4 - 2 ^ 2 , 

m = l 7i = l 

where X and fx are integers. 
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For, if y denote a period-parallelogram (§31, Corollary 2), 


= 


d-f 


■>«$£;!)- 




= — 2«)., Log 1 -f- 2co 1 Log 1 

= 2o). 2 .2/x 7ri + 2o> 1 .2X7 t?‘. 


Hence 


V 

/ j T'm&m = 2\o> 1 + 

m = 1 


> 

n" 1 


Example. Prove that «= —v—w is a simple zero of 

PXwMtfKO - p( ■+£>»{*>( «>) - p(w)}+p'( J 0{p(w) - p(v)}. 

This is an elliptic function in u of order 3, its only pole being at u=0. 
Two zeros are u = v and u = w, so that the third must be congruent to -v-w 
(Theorem VI.). Also (Theorem V.) each zero must be of the first order. 


73. Relation between ?{z) and <p\z). We shall now prove 
that p(z) satisfies the differential equation 

P' 2 (*)=4p3(2)-ll*P(2)-|/,, 

where g 2 and g z are constants. 

Near z = 0 we have 


_l_2z 3z 2 4z 3 

(z-O) 2 0- fi‘ + S2* + Q 5 + "'- 


Accordingly 


***>“? + 


+ " d-+—+ 4z V 

1 i /^i T7\c T 



— go 


U2 3 1 Q 4 r Q* 


• • • l* 


But if n is odd, 


+ » l 


rv 



— ao 


n 


- = 0; therefore 


P(*)=4+lr> zS +§§2 4 +av>+.... 


where 


2 - 20 
+ 




+ =o 

>/ 1 
ft 4 ’ 



— oc 


+ *> 


1 
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F rom this equation we derive the following equations: 

*>'00=-J+fjf+^+6Aa*+...; 

« p/2(2)= ?-S|-T‘ 3+B22+ - ; 

jo 3 (z) = —+ ^^ + -^ + Cz 2 + ... . 

Hence, if <f>(z) denotes the function 

p' 2 (z)-4p 3 (z)+g 2 p(z)+g 3> 

near 2 = 0, <f>(z) = Dz 2 -f Ez 4 -f_ 

Thus the elliptic function <p(z) has no pole at the origin. But 
the origin is its only possible pole. It is therefore a constant 
(Theorem II. § 72); and since 0) = 0, the constant is zero. Thus 

p' z (z) = *p 3 (z)-g 2 p(z)-g 3 . (a) 

The quantities g 2 and g 3 are called the invariants of %>(z). It 
is sometimes found useful to use the notation <p(z ; g 2 ,g 3 ) for 1?( z )> 

Corollary. By differentiating equation (a) we obtain: 

p\z) = 6p*(z)-hg 2 ; 

P" / (z) = 12p(z)p'(z); 

V lv (z) = l2p(z)p"(z) + 12p ,2 (z) 

= 72$f*(z)—6g 2 p(z)+l2p' 2 (z ); 

Thus every derivative of f?(z) can be expressed as a polynomial 
in p(z ) and <p'{z). 

Example. Prove that the function {p(«)PX*) + P®(*0“ 1 1 ha8 five zeros ’ 
«i, u 2y ^ 3 , u t , u s , in a period-parallelogram, such that J)w r = 2Aco 1 + 2/iw 2 , 

-where A and p are integers. Verify that, if *=*>(«), these values of w give 

the five roots of the equation 

4 2 s - 2 4 - gj? + (2 - g 3 )z 2 - 1 = 0. 

If p'(z) = 0, equation (a) becomes 

4p 3 (z)-g 2 p(z)-g 3 = 0. 

Now we know (Theorem V. §72) that p'(»i), p'(<? 2 >> P'(«i+ < ^ 
are all zero. Hence the three roots of this cubic in p(z) are e lt 

e 2 , e 3 , where e 1 = p(<o l ), e 2 = ^{w x + (a 2 ), e 3 = p(<*) 2 ). 



§§ 73, 74] 


THE ADDITION THEOREM 


186 


It follows that equation (a) can be written 

p' 2 (z) = 4,{p(z)-e 1 }{p(z)-e 2 }{p(z) — e 3 }. (b) 

If the coefficients in equations (a) and (b) are equated, the 
following important relations are obtained: 

+ e 2 + £ 3 = 0, 

C 2^3 “b C 3 e i = e \ e 2 e z = \9z‘ 

The Weierstrassian Elliptic Integral. Let z = p{w ): then, since 

p'*(w) = 4p3(w) —g 2 p(w)-g zt 

^ = 7(4 ^-g 2 z-g 3 ). 


Now when zv = 0, z = 00 ; therefore 



dz 

y J(4 ;Z * - g 2 z - gj 


The two branches of the integrand give equal and opposite 
values of w, which correspond to the same value of z, since 
is even. 


74. The Addition Theorem. Consider the elliptic function 
/(«) = p (tt+„)+p( u)+p ( r) -1 {g g-~ P'<g ] 2 , 

The functions p(u + v), p(u), and p\u) have poles at u= —v, 
u = 0, and u = 0 respectively; while {p(w) —j»(v)} has zeros at 
u=±v. Hence the only possible non-congruent infinities of 
f{u) are u = 0, u = ± v. 

Near 16 = 0, 

f(u) = p(v) 4 . up'(v) 4 •.. + A + Am 2 + ... + p(v) 



-^% — p'(v) + 2Au + 

^2-p(v)+Att 2 +.. 


u 2 + 2 K V ) + +... — 1 4- 2 U 2 p(v) 4 u 3 *>'(v) 4-...} 

= Bu 2 4 — 


Accordingly, when u = 0, /(«) is finite and has the value 
zero. 
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Again, let u = v 4 e ; then 
f(u) = p(2v) + ep\2v)+ ... 4 p(i>)4 «p'(v) 4 •.. 4 p( v) 

1 (P'Ow) 4 ep"( v) + ^ p"'(v) +...- p'(v) j 

^|pM4ep / (v)4|VW4...-p(v) J 

= p(2y) + 2p(u) 4- e{#>'(2y) 4* p'( v )} + — 

1 ('p»+|p , »+- 

P'004gp"W4... 

Hence /(u.) is finite when ^ = v. 

Finally, let ”«.= — v + e; then 

f(u) = \ + A«r 4... 4- p(v) — ep'( v ) 4-... 4- p( v) 


1 

4 


- P'( v ) 4 ep"(v) — |- p'"( v) 4 • • • - p'(v) 
P(v) - ep'(v) 4 \v\ v )-\ V"X V ) + • • • “ P( v ) 


= i+ 2 f .(«)- e p'(«)+---p{ 1 +|^J + "-}' 

Hence/(u) is finite at u= — v. 

Thus f(u) is constant (Theorem II. §72). But when u = 0, 
f(u) has the value zero; therefore 

p( U+ v)= -p(u)-p • 

This is the Addition Tlieorem for the Weierstrassian Elliptic 
Function. ^ „ x-» 2 

Corollary. — y)= — p(«-) — P(v) + ;*{ p ( u ) — p(vj/ * 

, x M 13 f pW-PW t 

Exam-pie . Prove p(u+t>)=p(u) 2 Sul p(t«) —p(#)J 

Duplication Formula. It u = v + e, the addition theorem gives 

fp'(v)+<*>"(»)+1" P"W + • ■• ■■" P' (V) ‘ 


p(2*y4 e) = -F(H e)-P ('w) + 4 


p(v) + €p / (t>) + *o P P( V )J 


! ("p' / (y)4|p" / (^)4-.- 

= -p(v4c)-S»(0 + i “ *" 

I P / (v)4^P // (v)4-. 
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from the 


Therefore, if e = 0, 

P (2u)=-2 p{v)+ l{W>y. 

Example. Shew that 

log *>-(«)). 

The following three formulae can he deduced 
addition theorem : 

/ . (*, — <?«)(<?, — «<*) 

p(u+ ; 

p(tt + 0, 0 ) - e 3 = ( £ *- e 0( e 3- e 2\ 

P(u)-e 3 

The proof is left as an exercise to the reader. 

Example. Prove 

P7“)i*0‘ + «0S*(“ + “i + <" 2 )S*(a + w 2 )= 16(<r, - 

75. Properties of the Zeta Function. Integrating the equa- 
tl0n p(u + 2« 1 ) = p(u) > 

we have (p. 106) f(w+2 0 , l ) = f(u)+ 2-j,, 

where 2q l is a constant. 

Now, let then f( Ml ) = f(-a>,)+ 2 ,,, 

80 that >7i = £(*>,). 

Similarly f(u+2«, 2 ) = f(u)+2, i! , 

wh T ere >h = ?(«*)• 

It follows that 

f(u + 27MWJ 4 2r?o).,) = f(w) + 2m» Jl 4- 2?i^ 2 , 
and that f(mw 1 4?iw 2 ) = ?n»/ 1 4?i J?2 . 

The Zeta function is not an elliptic function. It possesses, 
however, a sort of periodicity, and is called a Periodic Function 
of the Second Kind. In each period-parallelogram it has a 

simple pole congruent to u = 0. The residue at this pole is 
unity ; for, if we integrate 

p(u)= —4-|g u 2 4-..., 

f(u) = C+I-^u»+... 


we obtain 
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But, since £(u) is odd, C = 0 ; therefore 

f(u)= i-fo“ 3+ -- < Cf § 4a > 

Example. Shew that £(2u)= 2£(«)+I 

Again, let £(u) be integrated round the period-parallelogram y 
(Fig. 73); then 

f fa+2«| Pa+2 w 2 

J f(u)rfu = J (f(u)—2a) 2 )}du —J (f(u) —f('M. + 2a) 1 )}cZu 

= — -f- 4 j7 1 <i> 2 

= 27Tt, 

since there is only one pole in y. Thus 

This is Legendre’s Relation for the Weierstrassian Elliptic 
Functions. 


Theorem. Any elliptic function can be expressed linearly in 
terms of zeta functions and the derivatives of zeta functions. 

Let f(u) be an elliptic function of periods 2w 1 and 2co 2 , and 
let a, b, c, ..., k be its poles in a period-parallelogram. Also let 
the principal parts of f(u ) at these poles be 


•^•1 l -^2 

u — a (u — a)' 


+ ... + 


•A. Hl 

(w — a)" 1 ’ 


Bi . B 



1 




-k + (u -kf + ’ ’ ‘ + («■ - *)"«' 


Then consider the function 


<p{u) = —f(u) +1 Ajf {u — a) ■— yf f'(u ~ «)+ • •• 

+(- 1 )”■ - f “ a) } 

+ {B 1 f(w-6)+.+ {K,f(w-*)+. 
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This function is finite at all points of the period-parallelogram. 

A]so 0(U+2 Wl ) = *>(«) + 2i; 1 (A l + B 1 +... + K,) 

= 0 (u). (Theorem IV. § 72.) 

Similarly <f>(u + 2a> 2 ) = ^(u). 

Accordingly, <p{u) is a constant (Theorem II. §72); therefore 
f(u) = C + 21 A x f (u — a) — '( u — a) + ... 

Example. Shew that 

2 C( 2 “) + 2 *?i 4- 2r ?a = £00 + C( “ + <^i) + £(u + to, + cu 2 ) + f(w + co.^). 

76. Properties of the Sigma Function. Integrating 

f(u + 2 « 1 )-f(tt) + 2 i fl , 

we have log{<r(u + 2 a> 1 )} = log {<r(u)} + 2 ^u-f-C ; (cf. § 50) 

or <r(^-4-2a> 1 )= CV(?i)e 2 ii M . 

Now let u= — ; then <r(w 1 )c a CV(~a> 1 )e-*t l *»i, 

SO t/ll&tr Q 7 — _ ^ 2 t 7 ju>| 

Therefore <r(u + 2 a>j) = — 

Similarly <x(?t + 2a> 2 ) = — e**l*+"a>o-(u). 

By the method of induction it can be deduced that 

<r(?t -f- 2 mto 1 -f 2?ia> 2 ) = ( — 1 )» , » , +».+« 6 2(m, 1+ „, h )( u+MUn+M ^^^^ 

TW Sr fUnCti °“ ^ Cal ‘ e<1 a Peri ° dic ^notion of the 
Near u = 0 we have 


Hence 


log{<r( w ) =logu + C-^«,« + .... 


BUt {^} = 1 ■ 80 that C = 0; therefore 

log{«■(«)} = log u-«* +.... 

<r(u) = ue~*° w4+ "* 

=n ~^b u5+ -* 


Thus 
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Theorem. Any elliptic function can be expressed in terms of 
sigma functions. 

Let/(u) denote an elliptic function of periods 2co lt 2w 2 , having 
in a particular period-parallelogram zeros a 2 , a p , of orders 
m lt m 2 , m p , and poles b lt b 2 , ...» b q , of orders ii ly n 2> 

Then consider the function 

^ J ' {a(u — a 1 )}”'»{<r(u — a 2 )}{<r(u — (i p )) m p’ 

We choose the a’s and b's so that 2ma -'Lnb = 0, replacing, if 
necessary, some of them by congruent points (Theorem VI. §72). 

Now 0(u) is finite at all points of the period-parallelogram. But 

0 (U + 2aq) = 0 (U) ( — 1 ) 2 " ' 2w I!** 1< u - 6 +«i> - 2m(u -«+«,)} 

= 0(u), (Theorem V. §72.) 

Similarly </>(u + 2to.,) = 0 (u). 

Thus (Theorem II., § 72), is a constant; so that 

. _ r , {a(u-a l )} m '{cr(u-a 2 )}^...{(r(u-ap)} m ’> 

' {o-(it — 6 1 )) n i{o-(^ — b^)}”*...{<r(n — b q ))"* * 

For example, the function {p(u) —p(».’)} l )as two simple zeros 
± v , and a pole of order 2 at u = 0; therefore 

zx /x r ,<r(u+v)<r(u-v) 

P(»)-P(»)= C -- 

In this equation let U be small; then 

— ta(v) -f- Au 2 + ... = C \ [ — tr®(v)+Bu 2 + • *-j. 

'll~ 'M'"' 

Hence, equating the coefficients of we have 


1 = _ Co*(v ); 


so that 


<r(u + v)tr(u — v) 

P(«)-P( ,, )=- 


(A) 


Corollary. II in equation (a) we put v = u + f, and makes 
tend to zero, we obtain 

,, N cr(2u) 

Example 1. Shew that 

0 <r(u — o) 1 )<r(w — o) g )fr(M + o>! + <*_>) 

^ — <r(tu 1 )o-(co 2 )cr(cu 1 + <J2) oJ ( M ) 
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Agfim, if equation (a) be differentiated logarithmically, 

// \ 

^)-p(v) = £(*• + «) + f(« ■- «)-2f(«). 

In this equation interchange -ft and v ; then 

“ 9 W-l(v) = « + «>-?(«- r)-^(v). 

1 f( u ) — &'(v) 

2 s»(«) - P( V ) = f 1( “ + ”) - f 1f " > - f (’A 


Hence 


(B) 


Corollary. If in formula (a) of g 75 we make the substitution 

t(» - «) - ff«)~f(«) + i gl “) + P'(«) 

2 F(w) — p(a) 

and similar substitutions for f(ii-i).then, since 

, it follows that /(w) can be expressed as a rational 
function of p(u) and p'(u). 

Example 2. From equation (b) deduce the addition theorem 

p(u+ ” >= -pw-s»w+i{g^£g} ! . 

EXAMPLES X. 

1. Find the zeros of 

F 2 (tt){p(») - P(*01+P» {£>(*) - $>(»/)} + ja*(w)Tfi»(«) - p( v \} 
and shew that they are all simple zeros 4 

2. rind the poles and zeros of 

P’Qi)-p'(v) _ 

p(u) - P(v) p(u)~p(ro)' 

A ™‘ S * ra P le poles, - r, - w ; simple zeros, 0, - „ - „ 

P.W-PW+ {p(r+^l)-p( 2 “.)} +... 

+ [p {*+ (» - 1 ) } - p f („ _ ,) 2 ®, n 

4. Shew that 1 n > l ' « f J* 

(1) WS*)-('W+p(r+. l ) + p( x+0l + ^ )+j)(t + ^ ) . 

( n ) F(4wi) + p(^<a, + co x ) = 2e,. 

5. Shew that 

(i) P<* + •) + P(* - V) = 2p(*) - ^ log {p(«) - p(„ )} . 

<n) F(m + v) - p(« - f) = - log {p( M ) _ p( v )|. 
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6. Prove 


P'(u)~P'(v) _ P(u + v) + f?(v) 

p(u)-p(v) P(u+v)-p(v)' 

7. Shew that 

$T(v-w), #"(u,-u) 

P"( w - v\ P"(v - ™)> p"(w-u)\ = hg, 

<p(u-v), p(v-w\ p(w-u) 


&'\u-v), p\v-w\ 

P(u - v\ p(v - w), p(w-u) 
1 . 1 . 1 


8. Prove *>(2*)- p(2u>) = - ^ + 

1 V 1 J {p(v + w)-p(v-w)} 2 

9. Shew that 

{P(^)-P^)}{P(™)-Piy + io x )} 

(i) f.p.)-*«.)--x<p(.)-p(.+yJHt.M-pfr+.aM, 


(ii) p(2 u)-p(a>,)= 


{P(“)-P(f )} 2 {s’(“)-p(y + “2)} 




11. Prove 


10 Provo P"(“) . £*"(“ + “ 1 ) , + r(^ + ^ 2 ) n 

PW ^(“ + “> 1 ) £>> + <o, + w 2 ) + ^(^ + ^2)“ 

&(u + io x ) = _ 

&{u) \ pM-pM J * 

12. Shew that 

{P («) + P(u + <o, + co 2 )} { £>(u + o>j) + p(u + <u 2 ) } 

= -4p(u) l + u) 2 )p(2u)-4p(ui 1 )p(o) 2 ). 

13. if </»(w) = f> 2 (“){^(0-P(^)} + ? >2 (0{P(^)-P(w)Kp 2 («'){p(w)-^)} 

and yKu) = p'(u){p(v)-p(w)} + p'(v){p(u>)-p(u)} + p'(ro){p(u)-p(v)}, 

shew that P(w)-p(u + v + «0 = 2^ 

14. Shew that 

p(u — v)£>(u - w) = p(v - w)\p(u - v) + f>(w - w’) - p(v) — P(v >)} 

+ p , (v - w){ ((u -v)-C(u - w) + C&) ~ CM\ + P(v)p(w). 

15. Prove {^(w + cjj) — e 1 }p'(u) = p"(<oi){£(u + a) 1 ) — C( u )~Vi)' 

16. Prove 

cr(a + b)<r(a - b)<r(c + d)cr(c-d)-<r(a + c)o-(a - c)<r(b + d)<r(b - d) 

+ <r(a + d)o-(a--d)fr(b+c)o-(b-c)==0. 

17. Shew that ^ ( ^ = 2 p(u){p'(u)^--W\u)^ 

. ~<t(uW(u - u>,)<r(u - cu 2 )o-(w + 

18. Shew that <r(2w)-2 o-( t u 1 )o-(a, 2 )o-(a, 1 + ^) 


19. Prove 

1 £>(«) 

1 p(v) p'(v) 

1 P(™) P'( w ) 


cr(u - v)<r(v - w)< r(w- u')ct(u + v + ™) 

= 2 cr^w^C^W 
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_ xtr(z -7 g)q-(-r+y-t-; + u >) 

^ (■*■) O' 4 O') <r* (z) (T 4 (w) 


20. Prove 

1 Ky) P 2 (y) £%) ^(x-yW-r - z)cr(x - w)cr(j/ -z)o-(t/~ w) 

-i Lr? =2 _M:- W )«r( ; + y+2+w) 

1 S !42> Z) ^w^w) 

21. Prove 

p(u)-p(y) _ p'QQ-pXttQ = 2o-(u)o-(u+v+«,)<r(v - ,y) 

P(w)-P(») p(M)-p(u>) <t(m + v)cr(w + w)o-(v)<r(w)‘ 

22. Shew that 

<^(<»,v( u+ ^) <7 (' M _a) (r ( Ii+ ^ + )J U _^_ ) 

£>(«+ <*>,)-£>(«) =_ v 2 j \ 2 / V 2 V V 2 V 

o- 2 (u)<t(u + oi,)cr(u-w 1 )<r 2 (^)<r 2 (^ + <u,^ 

23. Shew that 

2p'(2«)p'(tt) = {£)(«) - £>(u + tu,)} {p(u) - p(u + u>, + <u 2 )} {p(u) - p(u + a> 2 )}. 

24. If u + i>+?r = 0, prove 

{C( M ) + C( v ) + f(“ , )} 2 = P(M)+P(w) + ^(ir). 

25. Shew that 

2 ^( 2t< ) = CM + £(«-<•>!) + £(« + <U, + tu 2 ) + £( U - to 2 ). 

26. Shew that 

1 P(«) P 2 («) 1 p(w) ^(m) 

2 1 p(») p*<») 1 p(v) $*(„) = 

1 P(w) P(^) 1 p(i*) ^(w) 

27. Prove 

90 rf , c( 2 u» — 2 v)<r(tt — v)<r(w — w)’ 

28. If U + t'-r-u' = U, shew ||,ai 7 

U 3 (“) £>(«>) + £>(*>) p(to)+p(ttf) p(«) + ift}' 

= 4 {P(«)+P(») + p(w)}{p(tt)p(t>) p(u>) - J^}. 

[E. H. Neville.] 

B i xS la dty?t?= 0 . ] an empUO fUnCti ° n? [N ° : Jt *- - esaentiaJ 
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CHAPTER XI. 


JACOBIAN ELLIPTIC FUNCTIONS. 


77. The Values of p(w) when is Real and <o 2 is Purely 
Imaginary. Let ta l = , co 2 = iQ 2 , where and 0 2 are real and 

positive ; then 

r i , i \ 

# 2 = 4.3.5 2 ^2^ + 2mi2 2 ) 4+ (2mQ 1 — 2nifi 2 ) 4 J* 

The two terms in this bracket are conjugate complex 
numbers, so that g 2 is real. Similarly it can be shewn that 
g s is real, and that, if w is real, p(w) and ^\w) are real; 
while if w is purely imaginary, is real and p'( w ) P ure ty 
imaginary. 

Thus 6 1 = p(f2 1 ) and e 3 = p(iQ 2 ) are real; also, since e 2 = — ej —e 3 , 
e 2 = p(fi 1 + iQ 2 ) is real. Hence the three roots of the equation 

^a^—g^fc—g 3 = 0 are all real. 

Now consider the values of p(w) at points on the rectangle 
OABC (Fig. 74), where A, B, C are the points fi lf Q x +tQ 2 , iQ* 
respectively. 


V A 


• t 

c 

B 



| 


0 

A 

tl 


Fio. 74. 


If W = u is real, small, and positive, p'(u) is large and 
negative; also, when u = Q, , p\u) vanishes. Between these pom 
on the real axis p\u) is continuous, and has no zero vah.es 
(§ 72, Th. V.). Accordingly, between 0 and Q x , P (^) 18 ne S • 
so that p(u) decreases continuously from + <x> to 
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Now P' 2 (u)=4{p(u)- ei }{p(u)--e 2 }{p(n)-c 3 }. 

Therefore since, as u increases from 0 to fi,, p' 2 (u) decreases 
continuously from + so to 0 and p(u) decreases continuously 
fiom +oo to e lt e l is the greatest root of 4ar 3 — gjc — </., = 0. 

Ag a i n > p(u)= ± v /{4^> 3 (u) — (JJpiu) — rj 3 ] ; but between 0 and 
Q i> P( u ) is negative and 4{p(u)-e x ) {p(^)-e 2 }{^(u)-c 3 } is 
positive. Therefore 

pW = - n/ { 4 p 3 ( ?0 - o# (<0 - <7 3 ) • 

Hence, if x = p(u), 

=r ,ir 

provided x^e x . Tn particular, 

o - r dx 

1 J,, J-g?x-g z y 

(ii) Let w = iv, where v is real; then 

-p(M.) = I + SS'( ; -—- 1 _1 1 

1 l(«-2»n s + 2m»r2 1 )* ( 25 n,_Swifiy/ 

= P(v; n„tfi I ) = p(»; ff2> - ?3 ) 

= •#■(«). 

where 

of ffr tHat = ia the greatest root 

oi 4ar — ■r/ 2 x+g s = 0, and that 

O-T dx 

JuJ(lx*-g„r+g 3 y 

Thus or c 3 is the least root of ^-g.p'-y z = i) t and 

a - r ** 

' ~'*'J^-g&+g z y 

e t’Thli fr ° m 0toQ ^' ♦<») decreases from +« to 

*' 80 that ^creases continuously from - ce to e 

poS :^^r d st «- ^ 

( 111 ) Let w-u + i Q,, where it is real; then, since 

» (<1+ Hi,) - c s> 
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£>(u+ifi.>) and p'(u, + ifi 2 ) are real. As u varies from 0 to Q v 
p(u+ ifi 2 ) increases from e 3 to e 2 , and p'(u+iCl 2 ) is positive. 
Therefore, between 0 and 

p'(u+iQ 2 ) 

= v/[4{p('W' + i0 2 )-e 1 }{p(u + ifi 2 )-e 2 }{^(-w4-20 2 )-e 3 }]; 

dx 


so that 


Q 


-r 


—g«x—g 3 )' 

(iv) Let w = fij + iv, where v is real; then, since 

P^h + zv ) e i 


As v 
Thus, 


+ iv) is real and £>'(^i + ™) is purely imaginary, 
varies from 0 to Q 2 , p^+w) decreases from e 1 to e 2 . 
if <J>(v)= — piCly + iv), between 0 and Q 2 <f>(v) varies from —e 1 
to — e 2 and <j> (v) is positive. Therefore, since 

4> 2 (v) = 4{ <f>( v) + e x ) { <p(v) + e 2 ) { <f>(v) + e 3 ), 

<j>'(v) = J{4,<f> 3 (v)-g 2 <p(v)+g a }. 

~ e * dx 


Hence 


0 2 = 


-i 


-e^^-gjc+gJ 

Accordingly, as w passes round the rectangle OABC, p(w) 
decreases continuously through all real values as follows: from 
+ oo at O to e x at A; from e x at A to e 2 at B; from e 2 at B to e s 

at C; and from e 3 at C to — oo at O. 

Let p be any real quantity, and let f be the point on the 

rectangle for which p(\)=p- Then, since p(-*f) = P and V( w ) 
is of order 2, every point w such that p(w)=p must be con¬ 
gruent to f or — f. Therefore, for every point within OABC, 

p(w) is imaginary or complex. 

Example. Shew that 

(i) £>(£Gi) “ + ^ 2 ) = VI( e i ”«*)(«i - «3>}; 

(ii) “ W{(«i -- c s)HV(«i" fi 3> + ^i" €j ) 

78. Geometric Application.* Consider the curve given by 

x = p(w), y = p'( w )> 

or y* = *a?-g&-g a - 

* Cf. Appell ct Lacour, Fonclions EUiptiquea , §§58-63. 
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To each value of x correspond two non-congruent values 
of the argument. But p'( — w)=—p'(w); hence to each point 
{x, y ) on the curve there corresponds only one non-congruent 
value of w, and the curve is symmetrical about the x-axis. 

Condition that three points should he collinear. Let M 1( M„, 
M 3 , be the three points in which the line y — mx — c = 0 cuts the 
curve. The corresponding values Wj, w 2 , w s , of w are zeros of 


p(w) — mp(w) — c. 

Now the only pole of this function is at the origin, and is 

of order 3; thus , n 

+ w 3 = 2\w l + 2juw 2 , 

where X and /x are integers. 

This relation is necessary, and it is also sufficient. For, if 
™i + w 2 + ™ 3 = 2X^ + 2let the line M l M 2 cut the curve 
again in the point M' of argument w'\ then 

-f- iu 2 4 -w — 2\ coj -f- 2 M 'a> 2 . 

Hence and w' are congruent, so that M' coincides witli M 3 . 
Tangents. I£ the tangent at *«»,’ meets the curve a vain at 

VO ° 

’ ^+2w 1 = 2Xco 1 + 2 / ua,. ) . 

Thus w l= -«’/2+Xto 1 +M<» 2 - 

Accordingly, from any point ■ w ’ four tangents can be drawn 
to meet the curve in the four points whose arguments are 

-w/2, —w/2 + w,. - w/2 + u , 2 . -w/2+ Ul+Ut . 

Points of Inflection. At a point of inflection 3m = 2W + 2 „ w ,. 
so that «> = (2Xto, + 2 ^iui 2 )/3. 1 ^ ' 

Thus there are nine points of inflection with arguments 

0, to to to to, to+to to+ to, to±to, to+to . 

and they he three by three on twelve straight lines K the 

points are numbered 12 q i- . nes * n the 

f, m „ rea •••» 9 > the lines are (1, 2, 4) (1 3 m 

a s a aa ai a * »• ’>■ * «• ■>• a *: a a s a 

y a ==4(a:-e 1 )(x-e 2 )( a ;-e3), 

where e 4 , e 2 , e 3 , are real, and e 1 >e a >e 8 . 
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As w varies along OA (Fig. 74) from 0 to Oj, the point (a:, y) 
passes up the right-hand branch of the curve of Fig. 75 from 



y— — oo to A(e x , 0). For values of w between and iQ 2 , 

y is imaginary. As w varies from Qj+tfig (*» V) P 85863 

from B(e 2 , 0) round BCD to D(e 3 , 0). For values of w between 
aud V imaginary. The corresponding negative values 
of w give the other two arcs. 

There are only three real points of inflection, 0, 2^/3, and 
— 2^/3, the first being at infinity: they are collinear. 

Example 1. Shew that the necessary and sufficient condition that the 
six points whose arguments are w lf w 2 ,... w ot should lie on a conic is 

6 

2 w r = 2\w 1 + 2fjuo 2 . 

r= 1 

Example 2. Shew that the necessary and sufficient condition that the 3 n 
points w ly w 2i ... w s „, should lie on a curve of degree n is 

3 n 

2 io r =2\<o l + 2fxu) 2 * 

r= 1 


79. The Jacobian Elliptic Functions. 


functions: 


, \ „ „ <r(u+w x ) . 


Consider the three 
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4> 2 (u) = 


e -(n,+^u q-Cu-F^ + cog) 
a-(o) 1 -h w 2 )cr(u) 


<t> 3 (u) = e-'» u 


<r (u + w 2 ) 
cr(oo 2 )cr(u) 


They satisfy the equations : 

<p 1 (U-\-2u) l )=:<f )l (u), 0,(U + 2 o> 2 )= — 0 ,(ti); 

<p. 2 (w + 2wj) = <p 2 (u), 2a> x -f- 2o).,) = <p 2 (u ); 

0 3 (u + 2wj)= — <£ 3 (u), 0 a (u + 2to 2 ) = 0 3 (u). 

Again, by formula (a) of § 70, 
p(w) - p(u) - e 2 = 0 2 2 (u), p( u) - e 3 = 0 3 2 (w). 

Thus the two values of V{p(u)~e 3 }, 

are the uniform functions rt <p 2 (u), ±0 3 (u), respectively. 

If those values of the three functions are taken which are large 
and positive when u is small and positive, 

JWiV') — =<t>i(u), s/{p(u) — e 2 } = <f> 2 (u), v/{p(u) — e 3 } = 0 8 (u). 

Now p'(^) = 20 1 (u)0 1 / (u). 

Also, it is easy to shew that 


p\u) = - 2 0,(u.)0.,(™)0 3 (tt). (Cf. § 76, Example 1 .) 
Hence 7 h'(u)=- 0 2 (u) 0 3 ( u ). 

Similarly *'<«)--fcOO^u). *'(«*)--*(*)*(«,), 

Next, let «, be purely real and purely imaginary, and denote 

them by ft, and tQ 2 respectively; then, since p(v)>e e e 
provided 0 < u s n,, i « s . 


0i(Hi)-O, c/ J 2 (n,) = V(e 1 -e 2 ) > 0 3 (f2,) = N /( e 
Similarly 3 

0 2 <o 1 +tn 2 )=o, 0 3 (Q 1 +tn,)= v /( e2 _ e3 ) > 0 s( iQ 2)=o 

Accordingly, if 

S(u) = ' Pt,'<PP C ( u )=Z‘Pl D(U) = ^) 

<t > 3 («) v ’ 0 3 (u)’ 

these three functions will satisfy the equations : 


S(u.+ 2Q 1 )=-S(u), S(u + 2tfi 2 ) = S(u); 
C(u+2Q 1 )= -C(u), C(u+2ifi 2 ) = -C(u); 
H(u + 2n i ) = D(u), D(u + 2 ifi 2 )= -D(u); 
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^S'W=C W D W ; _^L_e ( u)= — S(u)D(u) 

- 1 -D'(«)=- e *- e ’ 




e i~ e i 


S(u)C(u); 


S 2 (u) + C 2 (u) = l; ^ 3 S 2(u)+ D 2(u) = 1 ; 

e i e 3 

S(0) = 0, C(0) = 1, D(0) = 1; 

s^wi 0 ( 00 = 0 , 

s(o,+tn 2 )=D(o I +io,)=o. 

Also S(u), C(ifc), D(u), have simple poles at u = iQ 2 ; and S(tt) 
is odd, while C(u), D(u), are even. 

Thus S(u), C(u), D(u), are elliptic functions of periods 4fi lf 
2i0 2 ; 4 Qj, 2Q 1 + 2iQ 2 : 2Q X , 4i0 2 ; respectively. 

Now let S('ii) = sn('y), C(i6) = cn(v), D(u) = dn(-v), 

where o = uj(e x — e 3 ); 

and let 

K = Q 1 V( ei - e ,) > K' = Q 2 V( ei - e 0, k '=j(~Zj)’ 

so that 7c and 7c' are positive proper fractions such that k 2 +k' 2 = l. 
Then sn( v), cn(v), dn(-y), satisfy the equations: 

sn (v -f 2K) = — sn v, sn (v + 2-iK') = sn ( v ); 

cn (v -f 2K) = — cn v, cn (v + 2iK!) = — cn ( v ); 

dn (v -f- 2K) = dn v, dn (v + 2iK') = — dn (v) ; 

sn' (t>) = cn (v) dn ( v ); cn' (-u) = —* sn ( v ) dn ( v ); 

dn'(i>)= — & 2 sn (v) cn (i>); 

sn 2 ( v) + cn 2 (v)= 1; k 2 sn 2 (v) + dn 2 (v) = 1; 

sn (0) = 0, cn (0) = 1, dn(0) = l; 

sn (K)= 1, cn(K) = 0, dn(K) = k / ; 

sn(K+tK') = p dn(K-HK') = 0. 

Also sn(v), cn (v), dn(v), have simple poles at v = tK'; and 

sn ( v ) is odd, while cn (v) and dn (v) are even. 

Again, since <J> 3 (u) or J{v(u)-e 3 ) decreases continuously from 
+ oo to — e 3 ) as u increases from 0 to Q lf sn(-v) increases 
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continuously from 0 to 1 as v increases from 0 to K ; accordingly 
if 2 = sn(-y), 

dz 

^ = cn v dn v = N /{(l — z 2 )( 1 —k 2 z 2 )}, 

where the positive value of the radical is taken between 2 = 0 
and 2 = 1 . Hence 

(■ dz 

v WK1-**)(! -tf* 2 )}’ 

and therefore sn ( v ) is the inverse function of § G6. In particular, 

K = f 1 _ dz _ 

so that K is identical with the K defined there. 

Moreover, since 

dx 


Q 


-j 


<, J{4,(x — e x )(x — e 2 ){x — e 3 )}’ 

dx 


(§77) 


\-,,J(*(x+e 3 )(x + e i )(x+e l )}') 

Qo can be obtained from by replacing e lt e 2 , e 3 , by — <? 3 , — e 2 , 

-e lt respectively. Thus K' is the same function of 

or k' that K is of Jfe —or lc\ so that K' is identical with 
the K'of §66. V V6 i“V 

These three functions sn(v), cn(v), dn (v), are the Jacobian 
Elliptic Functions ; their periods are: 4K, 2tK'; 4K,2K + 2iK'* 
2K, 4iK'; respectively. 

Slnce p(w)-e 3 = 0 s 2 (u), 

p(w) -^=s E^rb- 

where and This equation gives 

function 011 between the Jacobian and the Weierstrassian elliptic 


Example. Invert the function 




dx 


V(l+.r 2 -2^)‘ 


^4?w. ar=cn(K-\/3u, Vif). 
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Poles of sn(v), cn(v), dn(v). From the equation 

v/{p(^)-e 3 }=0 3 ( w ') 

it follows that 

^-,,>=03^)=— 

and = 

C(u) = ^(u) D(^) = (po(u) . 

S(u) V(e 1 -e 3 y S(u) 7(^1“ «s)’ 

so that Lim C('iQ 2 + 'M-) _ c - t , .»q . + _ 

so that ^ S( ^q 2+m> « <r(Q 1 )<r(ih s )V(« I -«,) 

= e’hOi-n»*Oa = e = — i, (§75) 

Li DQI* 2 + u) _ g - (iit+^io,_<r(Q 1 + 2iQ 2 ) - 

U -+0 S (in 2 + u)~ e o-( 0 1 + i0 2 )(r(t0 2 ) N /(e 1 -e 3 ) 


Again, 


and 


vc 


g’hOi -7 h , ' n a= — 


Accordingly, if I is the residue of sn(v) at iQ 2 , the residues of 
cn(v) and dn(v) at this point are —'ll and —ikl. 

The function sn(v) has poles at iK' and 2K-f-'iK / , at which the 
residues are I and —I respectively; it is therefore of order 2. 
Similarly cn(v) and dn(v) are both of order 2. 

Note. The two periods K and iK' are not, like Wj and a> 2 
in the case of the Weierstrassian functions, independent of each 
other: they are connected by the relations 

f 1 dx v ,_ f l dx 

”Jo./Ul-*•)(!-A*c*>r Jo 


K 


V((l-**)(! -Wx*)}' 

where k 2 + k' 2 = 1. 


0 J({\-x 2 ){l-k^)Y 


Example. Prove 

(i) E= F dn 2 (u, k)du ; (ii) E'= / dn*(«, E)du. 

80. The Addition Theorems. Consider the functions of u, 
sn(u)sn (u + v) and cn(u)cn(u+v)-cn( V ): they both have 
periods 2K and 2iK\ and simple poles at tK' and - v + lK * 
Hence they are of order 2, with simple zeros at u-0 and 

u= —v; so that 

cn(-u)cn(tt + ^) —cn( t, ) _n 

sn(tt)sn(u + v) 


where C is a constant. 
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When il is small, 


C = 


(1 +Au 2 -f- . ..){cn(t;) — usn(v)dn(v)+ ...} —cn(v) 


usn(v)4-... 

= — dn(v) + Bu+_ 

Now let u = 0; then C= — dn(u); so that 

cn(u) cn (u + v) + sn (it) dn(v) sn (it + v) — cn(v) = 0. 

If in this equation it and v are interchanged, it becomes 

cn(v) cn(it + u) + sn(t/)dn(ii)sn(?t + v) — cn(it) = 0. 

Hence, solving these two equations for sn(« + v), and writing 
8 1 ,c l> d 1 ,8 2 , c 2 , d 2 , in place of sn(u), cn(it), dn(it), sn(v), cn(u), 
dn(v), respectively, we have 


sn(u-f-i?) = 


c i 2 ~ g 2 2 _ ( s x 2 -^){8 x c 2 d 2 -\-8 2 c x d y ) 


S 2 C l^l “ S l C 2 ( 4 S \ C 2 t dJ — 8<?C^d x * 

_ ( V ~ &>*)(ai c 2 d 2 + 8 0 c l d x ) 

_ 8 x C 2 d 2 + 8 2 C x d x 
1 -&8*8* ' 


Similarly 


cn 


/ . \ Ci c„ — s. s 9 d* d 0 

(u+v) =^ i-icw -■ 


In like manner, by considering the functions *m(u)8n(it + v) 
and dn(it) dn(u + v)~dn(v), it can be shewn that 




Corollary. If in these formulae —v is written for v, they 
become 7 7 J 

an(u - ,)= - 1 -k,v ■ 


cn(u — v) = C l C 2 + g l g 2^i r 4 

v ' 1 -k*8*8* * 

dn(u-») = ^i Fs AV j 

1 — «•“ 


Example. Prove 


sn (3u) — sn ( u) sd(m) cn (2a) dn (2a) 
sn(3u)4-sn(a) sn (2it) cn(w) dn (a) * 



204 


FUNCTIONS OF A COMPLEX VARIABLE [ch. xi 


Duplication Formulae. In the addition formulae make v 
then, if sn(u), cn (ui), dn(w), be written s, c, d, respectively, 

Ss sn(2it) = i—p-j, 

C-cn( 2 u) = ^g= 1 ^ 2 _f+ f 3< . 

From these formulae the following can be derived: 

sn 2,^ = hl9 - 1 - 1 D-W-** . 

l+D - /; 2 1 + C~k 2 D-C 

cn 2 (l0 _P+C k' 2 1 — D . 

1 + D _ F D-C’ 

dn 2 (u) - D + C - k ' 2 1 ~ C 

an W- l + C - * D-C' 

Example. Shew that 

-(iWy*). »(f)-V(i4). -(!)-•»• 

From the addition formulae it follows, since 

sn(K)=l, cn(K) = 0, dn(K) = &', 


= u; 


that 


sn (u -J- K) = C . n ( U \ , cn(u + K) = — dn(w + K) = 


k 


dn(u) 


dn(u/ 

Hence, if u tends to iK', 

sn(K+iK / ) = i cn(K + iK')= dn(K + iK') = 0. 

Now in the addition formulae put t> = K+iK'; then 


dn(u)‘ 


dn(tt) 


ik 


sn(u+K + tK') = ^^ y cn(u + K+-tK') = 

, , t. T 7Vv ik sn(u) 
dn(u + K + tK)=- 15 ^ r ; . 

By repeated applications of these formulae the following can 
be derived: 

sn(u + 2K)= -sn (u), cn(u + 2K) = -cn(u), 

dn (u -f*2K) = dn(w); 

sn(u+2K + 2iK')= -sn(u), cn(u + 2K + 2iK') = cn(u), 

dn(u + 2K-f 2iK') = — dn(w); 
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sn(u-f-2iK') = sn(u), cn(u + 2iK') = — cn(u), 

dn(u-f-2iK')= — dn(u). 


Example. Prove 


d L*n(u\ = h f * s n (m-K) 
du ( ' k dn 2 (?t + K) 


Again, in the addition formulae let v tend to iK'; then 
sn^ + iK'^ ^ ^ 


cn 


sn u 


(u + iK')=-^4 u > 

/csn(u) 


dn(«. + iK')=-/^>. 

sn(u) 

Thus the residues of sn(-u), cn(ti), dn(u), at iK' are l//c, — i/k, 
— i, respectively. 

81. Jacobi’s Imaginary Transformation. Let a? = sn(iu, k'); 

then f* dx 

tU Jos/{(l-.r 2 )(l-/.-' 2 x2)}' 

Now put x = iy!J{\ —y 2 ); then 

d y 


u= ± f; 


so that 
Thus 


sn 


o n/{( 1 — y 2 )(l —khj 2 )} * 

y= =fcsn(tt, lc). 

cn(it, k) 


To determine the sign let u tend to zero; then, since 

Lim sn(mJO 
o isn(u, k) 

the + sign must be taken; so that 

sn(m, k') = i l n( ~ u ‘ *> . 

cn(u, k ) 

Again, cn(m, k') = J{\ -sn 2 (iu, k')) = 


To determine the sign let u = 0 ; thus 

1 


cn(u, k)’ 


cn (in, k') = 


cn(it, k)' 


Similarly 


Example. Shew that 


dn(iu, *)-*£*!*> 

en(it, k) 


l l 

+ —TTT-^ = 1. 


an 2 (tu, E) sn J (u, k) 
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Prove 


EXAMPLES XI. 

f K sn 3 u du _ 1 

Jo (1 +cn u)dn 2 M~F 2 (l+P)* 


Shew that, if sn e« = sin <£, 



du _ sn u dn u 

1 + cn u ~ 1+cnw 


+ u-E(k, <f>). 




Prove the following identities, in which D denotes 1 - ktafgj: 
(i) sn (u + v) sn (u - v) = (c 2 2 - Cl 2 )/D = (s x 2 - « 2 2 )/D ; 

(ii) {1 ±cn(w+y)}{l ± cn (w- v))=(c l ±c 2 Yl 1 D ; 

(iii) {l±dn(w + v)}{l±dn(u-v)} = (cf 1 irf 2 ) 2 /D; 

(iv) sn(Miv)cn(wT y) = («,CiC? 2 ±5 2 c. J rf 1 )/D; 

(v) 8n(u±v)dn(u*v) = (s 1 d 1 c. 2 ±s 2 d.,c 1 )/D; 

(vi) l+cn(u + v)cn(u-v) = (c 1 2 + cf)/D ; 

(vii) sn (u + v) cn (u — v) + sn (u — v ) cn(u + v) = 2s x c x cLJD. 


Prove 



8nudn» + sn vdnw 
■ ■ ■ • 

cn u + cn v 



Shew that, with the notation of Example 3, 


sn 2 (w-t-y) sn(iz + v)sn(u — v) 
cn 2 (w + v) cn(7« + v)cn(w — v) 
dn 2 (u-f-y) dn(w +v)dn(M —v) 


sn 2 (u-r) 
cn 2 (u — v) 
dn 2 (w — v) 


D 3 


6. Verify the identity 

Xr 2 P 2 S-^ 2 C + D-P 2 = 0, 

where S = sn (u + v) sn (u — v) sn (u + w) sn (u — w) t 

C = cn ( u + v) cn (m — v) cn (u + ic) cn (u — w\ 
D = dn (w + v) dn (u — v) dn(w + w) dn (u — w). 


7. If S = sn u sn(M-t-K), verify that: 

(i) ^=^dn 2 74-dn 2 ( W +K)}; 

(ii) <dnu + dn(u + K)} 2 -fPS 2 = (l+P) 2 ; 

(iii) {dnu —dn(tt + K)} 2 + PS 2 =(l-F) 2 . 

Deduce that (1 -fF)S = sn/w(l +F), Y+T )* 


8. Shew that the function of m, 

sn u cn u dn w(sn 2 y — sn 2 <^) + sn v cn v dn v(sn 2 iy — sn 2 «) 

+ sn w cn \o dn M?(sn 2 u — sn 2 t>), 

has periods 2K and 2 j'K' ; and prove that u = iK' — v — w is a simple zero. 

9. Prove that the function of w, 

sn 4 tt(sn 2 v — sn 2 7y) + sn 4 y(sn 2 ?y — sn 2 w)+sn 4 ty(sn 2 a — sn-r), 
has periods 2K and 2 iK'; and shew that it has four simple non-congru 
zeros, ± v, ± w. 
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n) 


10. Verify that 

{ 1 “(1 + P)sn u 8n(w -f K.)} {1 — (1 — /-')sn u an(u + K) } = {sn(u + K) — an u} 2 . 

11. Prove *—fig ( 2u ) = /-2 gfg? 

1 +dn(2«) (P 

12. Prove dn(w, *)=/'sn(K'-iK-iu, P). 

13. Let u> = sn 2 (*, k), and let A. B, O, be the points K, K + iK', iK', respec- 

tively, in the 2 -plane. Shew that, as z passes round the rectangle CO A B, 
w passes through all real values from - co to + oo. If COAB is a square, 
what is the value of k ? 1/^2. 

14. The coordinates of two points are connected by the equation 

x+,y= , cn (y- , > i. 

Shew that, as (x, y) describes the boundary of the rectangle COAB of the 
previous example, (X, Y) describes the complete boundary of a quadrant 
of a circle of unit radius. 


15. Prove 


16. Prove 


1 


+ 


1 


2d l d i 


dn(w +v) dn(« — i>) fc* + k* Cl *c 2 *' 

1 , 1 o 1 - 2 c,c 2 

cn ( u + v) + cn (u - 1 ») = d } W - P 2 * 


sn 2 ?* 


17. Shew that (i)Lim--- = _f. . (ii) Lim “~ 81 

u -*.ol-cnwdn?t l+£ 3 ’ t ' u _^ 0 w 3 

?<dnu — snu 1—2 k 2 


M-8I1U l+jt* 


6 


(iii) Lim 

U—0 


w* an u 


6 


18. Establish the expansions 

snw = w-J(l+^) w 3 + l 4 o(1+14it2 + / p 1)w6+ ^ 

cn« s -l-|tt*+^(i +4 A») 1< « + .... 

dntt«l-|**tti + ^ r (4** + *4)w« + ..., 

where [ u | < K'. 


19. If the tangents from the point P on the cubic x = p(u>), y = p'( u >) meet 
the c urvs m A, B C, D, shew that the pairs of lines : AB. CD ; AQ BD^ 

» » intersect at points Q, R, S, on the curve ; also shew that the 

tangents at P, Q, R, S, intersect at a point on the curve. 
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CHAPTER XII. 

LINEAR DIFFERENTIAL EQUATIONS. 

82. Continuation of a Function by Successive Elements. 

oo 

Let P(z, a) denote a Taylor Series y]c n (z — a) n with circle of 

o 

convergence C; then, if z 1 is any point within C, this function 

co 

can be expanded at z x in a Taylor Series '^c n '(z — z 1 ) n , which we 

o 

denote by P x (z, z x ). The circle of convergence Cj of this series 
will either touch C internally or lie partly outside C: in the 
latter case P x (z, z x ) gives the continuation of P (z, a) in the part 
of Cj outside C (§55, Th. II. Cor.). The two expressions P (z, a) 
and P \{z t z x ) are called Elements of the function. The radius of 
C x will be the distance from z x to the nearest singularity of the 
function; so that, if C x touches C internally, the point of contact 
must be a singular point. 

It may happen that no part of the circumference of C can be 
found, however small, which does not contain singularities of the 
function : in this case the function cannot be continued beyond C. 
If, on the other hand, the function can be continued beyond C, 
the process can be repeated with each new domain so attained. 
The aggregate of the elements thus obtained defines an Analytic 

Fv/netion. 

Note 1. If the only singularity of the function is at infinity, 
the original element gives the complete function. 

Note 2. If f(z) is holomorphic at infinity, the corresponding 
element is obtained by continuing f( l/£) to a domain of centre 

C=0. 

A particular point b can usually be approached by different 
continuations from a ; and it is possible that the function may 
thus attain different values at b. If the values are always the 
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same, the function is uniform. The case of multiform functions 
requires more particular investigation. 

Join a and b by a patli L : on L take points a, z lt z 2 , z 3 , ..., 
such that each point lies in the domain of the preceding one. 
Then the corresponding elements give a value of the function 
at each point on L. If no singularity lies on L, the points 
z i > z 2 > z 3 »••• > can he chosen so that, after a finite number of steps, 
a domain is reached which contains b, and thus a value of the 
function at b is obtained. 

This value is independent of the set of points z x , z 2 , z 3 ,..., 

selected. For, let a set of points z„,, z^, ..., z„ r , be interpolated 

on that arc of L which joins z n and z n+l ; then, if the elements 

corresponding to these points are employed in the process of 

continuation, the same value is attained at z n+l , since the arc lies 

entirely in the domain of z n (§55, Th. II. Cor.). Now, any two 

sets of dividing points, z lt z 2 , z 3 , ... , and z/, z 2 ', z 3 \ ... , can 

be combined, and other points, if necessary, interpolated between 

them, in order that each point of the new set may lie in the 

domain of the preceding one. Hence it follows that each of the 

original sets gives rise to the same functional value at b. Thus, 

d the function varies along a line which does not pass through 

a singularity, the set of values obtained at points on the line 
is always the same. 

Again, since the points z lt z 2 , z 3 , ..., can be chosen so that each 
not only lies in the domain of the preceding point, but also in the 
domain of the succeeding point, it follows that, if the value at b 
be taken as initial value, and if the path L be retraced from b to 
a, the same set of values will be obtained at all points of the line. 

Finally, if any two paths L and L' are drawn from a to b, 

such that no singularity lies between them, they will lead to the 

same value at b ; for otherwise the closed contour made up of L 

taken from b to a, and of L' taken from a to b, would enclose at 

least one branch-point of the function, which contradicts our 
hypothesis. 

83. Homogeneous Linear Differential Equations. A linear 
differential equation 

d n w_ d n ~hv , / x d n -hv 

dz n dz n ~ l + • • •+2>»(z)w. 


M.F. 


O 
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which involves no terms independent of w, is said to he Homo - 
geneous. We shall assume that the coefficients are uniform 
functions with no singularities except poles in the region con¬ 
sidered. A point which is an ordinary point for all the coefficients 
is called an ordinary point of the differential equation, while a 
point which is a singularity of any one of the coefficients is 
called a singularity of the equation. If f is an ordinary point, 
and if a is the singularity of the equation nearest to f, the 
interior of the circle | z — f | = |a — f | is called the domain of f. 

If the equation is of the first order, its solution is 

where C is an arbitrary constant. Accordingly, it is only 
necessary to consider equations of order higher than the first. 
We shall, indeed, confine our attention to equations of the second 
order; but the methods employed can be applied, with suitable 
modifications, to equations of higher order. 

Theorem. In the domain of an ordinary point £ the differ¬ 
ential equation d 2 w , *dw , , x / A \ 

possesses a unique integral w(z ), which is a holomorphic function, 
and which, with its first derivative, acquires arbitrarily assigned 

values (the initial values) when z = f. 

Let M x and M 2 be greater than or equal to the greatest values 

of \p(z)\ and \q(z)\ on the circle | z— f | = R, where R<| a_ ’?l 
and a is the nearest singularity of the equation to f. Then 
(§35, Cor. 1) the functions 


M 


1 


M 


R 


1 - 




R 


satisfy the inequalities 


d»p(0 d»<t>(z) \ 

dF dz n 


<*> 

The functions 0(z) and \^{z) are called 


d n q(Q 

dF 


dt 

where n = 0, 1, 2, 

Dominant Functions, and the equation 

w=*< z >S+*< z > w 

is called the Dominant Equation. 


(c) 
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Now, if a function w(z) is holomorphic in the domain of £, it 
can be expressed in that region in the form of a convergent series 

c 0 -\-c x (z — $) + c 2 (z —(0 
where c n = ^ d ( n = 0 - 2 - •••)• 

But if this function w(z) is an integral of equation (a), and 
if arbitrary values have been assigned to w(£) and ic/(£), the 
corresponding value of w"(£) can be obtained by substituting 
f for z in the equation. Likewise, if the equation is differentiated 
repeatedly, and f substituted for z, equations 

^ n) (0=^(0^ (n ' 1) (f) + n - 2 C 1 p , (f)'^ (,, - 2) (?)+--- 

+n- 2 C n - t 2> in -*K0rf{0+q(£)v> in -*><0 

+ n- 2 C 1 9 / (0^ (n - 3> (0+-*-+n- 2 (D) 


are obtained for n = 3, 4, 5, ; thus the coefficients c 0 , c lt c 2 . 

can be found. 

Similarly, if W (z> is a solution of equation (c), holomorphic 
within | z — f | = R, 


where 

and 


W (z) = c 0 , + c l , (z-£) + c 2 \z-£)*+..., 

i d* W(0 

71 ~n\ d£ n ’ 



W^)^(f)W^»® + n . 2 C/(f)W^ 2 )(f)+... 

+ n-«C n . 2 ^-*>(f)W'(f) + VKf)W<-*)(0 

+n- 2 c 1 ^XDW^- 3 >(0+...+ Il . 2 c n _ 2 >/,(>*-=)(f)W(0. (E) 

Now let |w(f)| and |w'(f)l be assigned as initial values to 
W(f) and W'(f); then, from equations (a), (b), (c), (d), and (k), it 
follows that, for all values of n, W< n >(f) is real and positive, and 

\vt n \D\ = W "X£)- 

Accordingly, if the series (n) can be proved to be convergent, 
the series (i) will also be convergent, and w(z) will be holo¬ 
morphic in the domain of f. 

Let z — £ = RZ; then 

W(z) = c 0 '+c/'Z+c 2 "Z 2 +..., 


(iii) 
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where c n " = R n c n '; and equation (c) becomes 

/72W /7W 

/i d n + 2 W cZ n+1 W .p.. d n+1 W -p 2 -««- d n W 

so that 

In this equation put Z = 0; then, since 


/(Z n W\ , „ 

\dZ“/z= 0 _ 71 C " 


we liave 


C »i+2 — 


ti+RMj 


u 


ti + 2 "'"(ti + l)(7i> + 2) ' /fl * 

Now let M x be chosen so great that RMj>2; then c" +2 


+ 


R 2 M 


// 


// 


'n+li 


so that <£/<£+! < I- 


But 


therefore 


c n + 2 _ ™ + RM 1 


// 


71+2 (71 + 1 >(72- + 2) Cn+i * 


R*M 




-n+l 


tf 


Lim 


'?i+2 




= 1 . 


71—>co ^n+1 


Thus series (ill) converges if |Z|<1; hence series (ii), and 

consequently series (i), converges if \z — f | -<R. 

Now, if z is any point in the domain of f, R can be chosen so 
that \z— f | < R < | a — f|. Accordingly an integral w(z) exists, 
which is holomorphic in the domain of f, and is such that 
arbitrary values can he assigned to w(£) and 

Corollary 1. The integral is unique. For, if any particular 
values are assigned to w{£) and 'uZ(f), only one set of values for 
Co, c 3 , c 4> ••• > can be deduced from equations ( a ) and ( d ). 

Corollary 2. The integral is of the form c Q w l {z)+c 1 w 2 {z), 
where c Q , c x , are arbitrary constants, and w x (z), w 2 (z), are 
integrals of the equation. For, by means of equations ( a ) and 
(D), all the constants c 2 , c 3 , c 4 ,..., can be expressed linearly in 
terms of c Q and c x . Also, by making c 0 and c x zero in turn, we 
see that w x {z) and w 2 (z) are integrals of the equation. 

Integrals at Infinity. To determine whether infinity is an 
ordinary point of the equation, the transformation z = l/£ is 
employed. The equation then becomes 

cPw fp(l/C) , 2) dw g(llQ 

?- + sfdr f 4 


w : 
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so that it is necessary that p(z) + 2/z and q(z) should have zeros 
of orders 2 and 4 respectively at infinity. If this condition is 
fulfilled, holomorphic integrals w(^) or w(l/z) can be found. 

Analytical Continuation of the Intcr/ral. Let be any point 
in the domain of f, and let P(z, f') be the element of the integral 
w(z ) corresponding to the domain of Then, since the function 

f ^P( Z , ^)- P {z)~ z Y(z, D-'l(z) P(*. n 

vanishes at all points common to the domains of £ and it 
vanishes at all points of the domain of (§55, Tin III.); thus 
P (z, £') satisfies the differential equation, and has the initial 
values u>(f') and ?</(£') at f'. Similarly it can be shewn that 
every element obtained from w(z) by analytical continuation 
satisfies the equation. 


84. Solution by Infinite Series. An integral w(z) can be 
obtained by assigning values to c 0 and and then finding 
c 2 > c 3 > £ 4 >... > by means of equations (a) and (l>) (§83). In 
practice, however, it is usually simpler to proceed as follows: 

(i) if an integral in the domain of 2 = 0 is required, substitute 

the series c 0 +£i*+ £*** +... 

for w in equation (a), and equate the coefficients of powers of z 
a series of equations is thus obtained which enables us to deter¬ 
mine c 2 , £ 3 , c 4 ,..., in terms of c 0 and c x ; 

(ii) if an integral in the domain of any point a is required, 
apply the transformation 2 = a + f to the equation, and use 
method (i); 

(iii) an integral in the domain of infinity can be obtained by 
applying the transformation 2 = 1 /f and using method (i); it is, 

however, simpler to substitute the series jr c n /z n in the equation 
and equate coefficients. 0 

Note. The theorem proved in the previous section, and the 
method of solution just given, apply also to equations of higher 
order than the second. 

Legendre’s Equation. Consider the equation 

/1 <,.d 2 w dw 

( 1 “^)^T- 22 ^- + n(7i + l)' W ; = 0 . 

Here p( Z ) = 2z/(l — z 2 ) and q(z)= -n(n + l)/(l- 2 2 ); thus z = 0 
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is an ordinary point of the equation, its domain being the 
interior of the circle | z | = 1. 

Let vl) = c 0 +c l z + c 2 z z +... 

be substituted in the equation; then 

(1 — z 2 )'£v(v—l)c p z y ~ 2 — 2 z'2jpc p ?'- 1 +n(n+l)'£c tl 2?=0 

* = 2 y = 1 y = 0 

so that 2 .1 . c 2 + n(n + l)c 0 = 0, 

3,2 . c 3 — 2c x + 71 ( 71 + l)c x = 0, 

(i/ + 2)(j/+1)c„ +2 — v(y — l)c r — 2i/c„ + 7i(ti +l)c„ = 0, (»/=2, 3, 4, ...). 


Hence 


_ 77,(71+1) 


1.2 


0 > 


3 


(71 — 1 )(ti+ 2 ) 


2.3 


9 


(71 —|/)(71 +1/+1) / _ 0 Q A ^ 

c >+* = - (,+i)( y +2r c - (,,=2 - 3 - 4 - 

Therefore w = , where 

n 7 ? + l 1 _ 9 \ _ -&( ti —1 71 + 2 3 

w i = F \~ 2 ' 2 ~* 2’ A 2 F \ 2 * 2 ’ 2* A 

If 7 i is an even positive integer, the first, and if n is an odd 
positive integer, the second of these series contains only a finite 
number of terms; so that, if ti is a positive integer, one integral 

is a polynomial. 

Now, if 7i is even, 

71 71+1 1 A / 1V ^ 2 ^ j~n— n ( n ~}} „n-2 

F \“2 > ~~2~ > 2’ z )-( (ti!) 3 r 2 (2n — 1) 

, 7l(71— l)(7t— 2)(71 — 3) ^ n _ 4 _ 1 
+ 2.4.(271-1)(2 ti-3) ” J 


= (-!)' 




71! 


P«(z); 


(§ 54, Cor.) 


while, if 7i is odd, 




zF(- 


71—1 71+2 3 


, f. * 2 )=(-D % 


71! 


Pn(^)- 


^ -- 

Thus, if ti is a positive integer, one integral is the Legendre 
Polynomial P n (z), which is aLso known as Legendres Function 

of the First Kind of degree n. 
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Example. Find integrals for 


d?w 


+ zw = 0 . 


Ant. u>i = l — 


1 1.4 1 . 4 . 7 . 

+ -••• » 


3! 


9! 




2.5 

7! 



2.5.8 




85. Fundamental System of Integrals. 

Theorem I. The integral w(z) of equation (a), § 83, cannot 
have a zero of the second order at any ordinary point of the 
equation, unless it vanishes identically. 

For if it has a zero of the second order at the point z, w(z) = 0 
and w'(z) = 0; hence the equation gives w"(z) = 0. Similarly, if 
the equation is differentiated repeatedly, it follows that 

w'\z) = 0, vf\z) = 0, .... v/ n \z) = 0, ...; 

so that the integral is identically zero. 


Theorem II. If vj^z), w 2 (z), w 3 (z), are integrals of the differ¬ 
ential equation holomorphic in the domain of a relation of 

the form <?!<«) +c 2 <s) + c 3 w 3 (s) = 0 


exists, where c lt c 2 , c 3 are constants not all zero. 

For if Cj, c 2 , c 3 , be chosen to satisfy the two equations 

c i w i( £ ) + c 2 < £ ) 4- c 3 w z { £ ) = 0, 

c i <( £ ) + c 2 <(f) + c 3 <( £ ) = °» 

the integral w(z) = c 1 w l (z)-\-c 2 w 2 (z) + c 3 w 3 {z) and its first deri¬ 
vative vanish when z = £. Hence, by Theorem I., w(z) ia 
identically zero; so that 


c x w x {z) + c 2 w 2 (z) + c s w s (z) = 0. 

Definitions. Two integrals are said to be linearly inde¬ 
pendent if their quotient is not a constant. Two linearly 
independent integrals are said to form a Fundamental System 
of Integrals. Such a system can always be obtained by making 

<(0=o, <0=o> <(0=i. 

From Theorem II. it follows that if the integrals to 1 (z) and 
<*) form a fundamental system, any integral can be expressed 
in the form c 1 ^ 1 (z)-]-c 2 'm; 2 (z), where c x and c 2 are constants. 
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Again, if c 1 w l (z) + c 2 w 2 (z) = 0, then A(z) = 0, where 

A(z \ = w i( z > 

1 ; w 2 '(z), w t (z) . 

Conversely, if A(z) = 0, a relation c 1 w 1 (z)+c 2 w 2 (z) = 0 exists: 
for, if A(z) = 0. 

w 1 '(z) = w 2 '(z) 

^i(z) w 2 (zy 

and the integral of this equation gives a relation of the type 
stated. 


Theorem III. If the integrals w x (z) and w 2 (z) form a funda¬ 
mental system in the domain of A (z) cannot vanish in that 
domain. 

For let W 1 ( 2 ), W 2 (.z), be another fundamental system; then 

Wj( 2 ) = C^w^z) + c l2 w 2 (z), W 2 (z) = c 2l w x (z) 4 - c^w^z ); 

f W x '(»), w x (s) _ 

so that W 2 '(z), W 2 (z) " DA( ^ 

where D = 11 ’ 21 

C 12 > ^22 * 

The determinant D cannot vanish, since W^z) and W 2 (z) are 
linearly independent. But W x (z) and W 2 (z) can always be 
chosen so that, at any assigned point z in the region, 

W 1 (z)=l, Wj'(z) = 0, W 2 (z) = 0, \V 2 '(z)=l. 

Hence A(z) is non-zero at every point of the region. 

Theorem IV. If two linearly independent functions w x (z) 
and w 2 (z) are holomorphic in the neighbourhood of f, and are 
such that A(f)=£°> a homogeneous linear differential equation of 
the second order can be constructed, of which they are integrals, 

and of which f is an ordinary point. 

For if the functions p(z ) and q(z ) are defined by the two 

equations w{(z) -p(z)w^(z) - q(z)w 1 (z) = 0 , 

w 2 *(z)-p(z)w 2 \z) - q(z)w 2 (z) = 0 , 

then p(z) = A^/ACz), <?(*) = - A 2 (z)/A (z), 

Wl '\z), Wl (z) w"(z), <(•) 

where \{z)= Wj . (2)> Wj(z) _ > «, 2 "(z), w'(z) . 
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Now the numerators and denominators of these two fractions 
are holomorphic, and A(£)=£0; hence p(z) and q(z) are holo- 
morphic near z = f. Accordingly w x (z) and w 2 (z) are integrals 
of the equation w" = p(z)w +q(z)w, 

of which £ is an ordinary point. 

Example. Find an equation which is satisfied by 

. . Z* 1 - 2 4 , 1 . 3 . 2 ° 1 . 3 . 5 . 2 *, 

W '- 2 ' w *~~ 1+ 2l 4! + 6 ! 8 ! + ”*' 

A 718. W" — - 2 10 + 10. 


EXAMPLES XII. 

1. Find integrals u-,, w 2i for u/' + a 2 io=O y such that, when 2 = 0, «?, = !, 

=0, io 2 =0, ic. 2 '=\. Aiis. jc, = cosa 2 , fc s =a -1 . sin az. 

Find integrals in the domain of 2 = 0 for equations 2-10. 

2 . (1 - 2 3 ) w" - z-io + zw = 0 . 


Ans. w x =z, w 2 = l -- 


4 2° 4.7 2* 


• • • 


2.3 3 5.0 3.68.9 

A 718. t/q = 2, 1C 2 = /•- - 2 2 ). 

1 


3. ( 2 2 — k-)u/'+ 2 io' — ic=0. 

4. (1 + 2 + z-)v/‘ + 2 (1+ 2 z) 10 + 2io = 0. A ns. ^ „ , io 2 = 

( 2 — 1 X 2 — 2) io — (2* — 3 )jo’ + 2 to = 0. A ns. tr, = 2 — 2 2 , tr 2 = 42 — 32 2 . 

6. (1 + 2 2 )w" — 210 ' + 10 = 0. 

7. (1 — z 2 )io"~ztd -\-a 2 io = Q. 


Ans. ?o, = 2 , ?r 2 = F( - 4 , - *2) 


**-*(!• -*• 5 .4 §. 4 

(1 ~ z^vf' — (2« +1 )zw' + ni(m + 2ji)io=0. 

Ans. 10 , = f(- 4 -)i _ — I l + »« . 1— m 3 

1 V2 +,< ’ 2’ 2’ 2 /’ 2 \ 2~^ M ’ “2“’ 2 ’ 2 )• 

9. (1 — 2 s )-f22»c'— 4<C = 0. 

“ 2 = F (-S. -I, i, *>), ™, = 2 F(-J, _ j, J, * 3 ). 

10. M?"' - 2 2 U7" + 22«p'— 2u>=0. 

A ns. xo x = 2 , w, = 2 2 , = 1 + — + _ 2 tf . 229 . 

l!.3.1.2 + 2!.3 2 .4.5 + 3y73V7T8 + -‘ 

11. Hnd integrals in the domain of 2=1 for z(2 —z)ic"+ 2io=0. 

Ans. w x = 2 ( 2 - 2 ), =2(2- 1) + 2(2- 2 )log{2/(2 — 2 )}. 

12. Find integrals in the domain of 2 = -1 for ic"-(l + 2 )- w = 0. 

■d w*. w x = = LL +*> + (1+4 3 , (1+ g) 5 

1 1.3 1.3.5 + *“* 



218 


FUNCTIONS OF A COMPLEX VARIABLE [oh. xn 


Find integrals in the domain of infinity for equations 13-16. 

13. zHd" = (\ — 2z)zhd + 2w. An8. w 1 =e I/ * t w 2 =^e~ Va . 

14. zV' + 2z^u/ 4- ohjo =0. Ans. w x = cos (a/ 2 ), w 2 = sin (a/ 2 ). 

15. 2 2 (2 2 — l)^'4-22(2 2 4-l)t/— 2w=0. A 718. V) x — z*l(z l — 1), W a = 2/(2 2 — 1). 

16. Find an equation which is satisfied by 

2 s 2® Z 1 

W, = l+Z 2 , 70 2 = Z +-—5 —;r—r+ r—=—... . 

l.o <5*0 0.7 

Ans. (l+ 2 a )w" — 2w=0. 

17. Find an equation which is satisfied by w,= 2 , w 2 =e*. 

Atxs. (z—l)v/' — zu/+w*=0. 

18. Shew that, if n is a positive integer, the equation 

{z* — \)w’=n{n + \)w 

has integrals P( 2 ) and P(z)log + Q( a )» where P( 2 ) and Q( 2 ) are 

polynomials of degrees n+l and n respectively. 
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CHAPTER XIII. 

REGULAR INTEGRALS OF LINEAR DIFFERENTIAL 

EQUATIONS. 

86. Integrals in the Neighbourhood of a Singularity. 

Consider a homogeneous linear differential equation of the 
second order, of which £ is a singularity and of which w lt w 2 
form a fundamental system of integrals at z. Let z describe 
a closed circuit which encloses £ but no other singularity of 
the equation, and let w x and w 2 be the analytical continua¬ 
tions of w x and w 2 obtained when the variable has completed the 
circuit. These two integrals w lt w 2 , form a fundamental system 
for, if not, a relation c l w 1 + c 2 w 2 =0 would exist. Consequently 
the function c l w 1 -f- c 2 w 2 would vanish at all points to which it 
can be continued (§55, Th. III.); and therefore, retracing the 
circuit, we would obtain the relation c x w x -f- c 2 w 2 — 0, which con¬ 
tradicts our hypothesis. Accordingly 

w i = c n w i +c 12 w 2 , yj 2 = c n w i + c 22 w 2 , 

where D= Cn * Cl2 

^21 > ^22 

—Now let W = \w x + pw 2t and choose the constants X, p, so that 
W, the value attained by W after the description of the closed 
circuit, satisfies the equation W =/>\V, where p is a constant; then 

\w 1 + pw 2 = X (CjjWj + c 12 w 2 ) + p(^c 2l w 1 + c^w 2 ) 

= pCXWj-f pw 2 ). 

Therefore, since w lt w 2 , form a fundamental system, 

*( c u — p) + mc 21 = 0, Xc 12 -f / z(c 22 —^> = 0; ( 1 ) 

C 11 — P> C 2l __ Q 
C 12> C 22 ~~ P 



so that 
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This is known as the Fundamental Equation belonging to the 
singularity f. If a root of this equation is substituted for p in 
equations (1), values of X and p are obtained such that W = ^W. 

Neither of the p s can be zero, since T)=f=0. If p = 1, the 
corresponding integral W will be uniform in the vicinity of f. 

Theorem. The fundamental equation is independent of the 
original fundamental system selected. 

Let Wj, W 0 , be any other fundamental system, and let 

W, = b n w, 4- 6 12 w 2 , w 2 = b 2l W, + b n W 2 , 

so that the new fundamental equation is 

b n —p, b. n 
^ 12 » ^22 P 

Now, if 'W l = a ll w 1 -{-a l2 w 2 , W 2 = a 2 \ w i d" a 22 w 2 >\ ^2) 

then W 1 = a ll w 1 -}-a l2 w 2 , ’W 2 = a? l w l +a t3 w i .) 

Hence ^n( a n w i d~ a vz w 2 ) d~ ^iz(. a 2 i w i d“ a 22 w 2 ) 

= a ll (c ll w 1 + c 12 w 2 ) + a 12 (c 2l w l 4- c 22 ur 2 ). 



Accordingly b n a i\ d- ^i 2 a 2 i ~ a u c n d“ a i 2 c 2 i» 

b n a l2 4* b\ 2 a 22 ~ a U C l 2 d" a i 2 C 22 ’ 

Similarly & 2 i a n d" ^ 22 a 2 i = a 2 i c n d~ a 22 c 2 i» 

b 21 a 12 4- b 22 a 22 = a 2l c 12 4- a 22 c 22 * 

Therefore 

«11» tt 12 C ll“P' C 21 

d-21» a 22 C 12> C 22“P 

« n (C 11 — p) 4- «12 C 21» a il C 12 d" a i2( C 22 P) 
— «2l( C ll"”/ :) )d" a 22 C 21» a 21 C 12d~ a 22( C 22“"/ > ) 

(b n -p)a n d- ^ 12 a 2 i > ( 6 n “ d- 6 i2 a 22 

= 6 2 i a il d- (6 K - />)<%» ^2i a i2 d"(^22 p) a 22 


a n , a 


' 21 » 


Hence 


c n~~P> 


12 > 


C 22~P 


Fundamental System associated with the 
T , “ a “ two cases to consider: (I.) when the roots of the 

fundamental equation are distinct, and (II.) when they are equal. 
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I. Let the roots Pl , p 2 , be distinct; then there are two integrals 
Wj, W 2> such that 

W^w,, W 2 = p 2 W 2 . 

Now let r x = 2 ^ L °g Pi» r 2 = ^ Lo g Pi * 

Then, if = (z _ 0 2 = (s-f) r *, 

^1 = Pl^l * ^2 = P'lfi 2 * 

so that W 1 /0 1 and W J0 2 are uniform functions in the vicinity of £ 
Accordingly W, = (z - O r "J'i(z)> W 2 = (2 - 

where yjr x {z) and \fs 2 (z ) are uniform in the vicinity of f. 

The integrals W t and W 2 are linearly independent. For, if 
not, an equation c 1 W l + t* 2 W 2 = 0, and consequently an equation 
c iPi^i + C 2 P 2 ^ 2 . = 0 would exist. But these equations can only 
exist simultaneously if p x = p 2 > which contradicts our hypothesis. 

II. Let the roots be equal; then (c n — c 22 ) 2 + 4c 12 c 2l = 0. 

We distinguish between the cases: (i) when c v , and c., x are 
both zero; and (ii) when they are not both zero. 

( 1 ) In the first case p = c n = c 22 , and ~i\ = p w l , w 2 = p iv 2 . From 
equations (2) it follows that, no matter what system is originally 
selected, these equations hold. Accordingly 

™ 1 = (s-O r V'i(*), ™ 2 = (z-f) r >A 2 (2)> 

where V'i(z), ^ 2 ( 2 ), are uniform in the vicinity of f, and 

r =2ss L °g p 

(ii) In the second case, let W be the integral found to satisfy 

the condition W = P W, and let w be any linearly independent 

integral. Then w = c 1 W+c i ,w, and the fundamental equation 
becomes 

P-0-, 0 

c x , C„ — CT ’ 

where <r is the quantity to be determined. 

Accordingly, since the roots are equal, c 2 = p ; therefore 

w = c 1 W + p w. 

Then’V eP w a °V V ^ r Vl ' Where “d write W, for 

llien Wj, \\ 2 , form a fundamental system such that 

W . = p'V„ W 2 = P (W I + W 2 ). 
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Hence W x = (z — f ) r V r i( z )> 

where ^(z) is uniform near f. 

Again, 


w 2 _w . 
W, w, +A ’ 


but, if 0 = ^ log ( 2 -f), 0 = 0 + 1- Therefore 

W 2 ^ _ W 2 g. 

wr e -w, 

w i 

so that “ 2 + 1 log ^ ~ ^ 


is uniform near f. Consequently 

W 2 = ( 2 — ? ) , {'M 2 )+ + lo g ( 2 

where ifs 2 ( z ) * s uniform near f. 


- f) • *i(«)}. 


87. Regular Integrals. If the highest negative powers of 
(z — £) in the Laurent Expansions for *^ x (s) and \/r 2 (z) are huite, 
the integrals W x and W 2 are called Regular Integrals. Now 

the quantities r = -j^Logp are not definite, but have values 

differing by integers. Hence, if the integrals are regular, the 
values of r 1 and r 2 can be chosen so that 

*,(*>=2 «*»(* - f )" = S - ?>" 

0 ° • x 

where a 0 and 6 0 are non-zero. If a is the nearest singularity to 
f, these expansions are valid for \ z — f|<C| a ” f|- Thus 

W 1 = (z-f) r, 'W*)> x 

W 2 =(z - +(Z •- f 2^ lo S <*“£>■ 



where r,— r 2 is an integer or zero. 

For the first integral r„ and for the second integral the greater 
of the two quantities r, and r z , is called the Index at the poin f. 

It is only possible to carry out the theory completely when 
the integrals are regular; and we shall therefore, in what follows, 
confine our attention to equations whose integrals are regular. 

Condition that the Integrals at a Singularity^ shou 
Regular. If w, is an integral of equation (a) of § 83, a linear y 

independent integral can be found as follows. 
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Let w 2 = w 1 jv dz be substituted in the equation ; then 


w iTz + { 2 l£- p(z)w ) v==(i ' 


, , — f { 2 ”L-p(z)\cU \ P(z)dz 

so that v = Ae J 1 1 =A w x ~ 2 e J 

The integrals w x and w 2 are linearly independent. For, if not, 
c 1 w l -\-c 2 w 2 = 0 t and therefore 

c x + c 2 ^v dz = 0. 

Hence, differentiating, we have c 2 v = 0. But v is not identically 
zero; therefore c 2 = 0, and consequently c 1 = 0. 

Thus w lt w 2 , form a fundamental system. Also 


A (z) = 


w 


w 


= —w x v. 


1 » *~1 
w x v, 0 

Since every other integral can be expressed linearly in terms 
of w x and w 2 , it is only necessary to find the condition that w x 
and w 2 should be regular. 

Now we can always choose w x so that v is free from logarithms. 
For, if w x is free from logarithms, while w 2 contains them, 

w x = P w x , w 2 = cw 1 + p w 2 . 


Thus 


and therefore 


^2 = • 
w ., o~^w’ 


- _ d /u’ 0 \ d (w 2 \ 
V ~dz\wJ~Tz\w)~ V ' 


Hence v is uniform in the vicinity of £ Consequently 
A(z) or — w*v is also free from logarithms. 

Again, if w x is replaced by W , where cw. = p W., then W, = « W, 
™t = p( W 1 + ™ 2 ), and 1 P " 

dz\Wj~c V ’ 

so that V is free from logarithms. 

Now write w x and v for \\\ and V; then 

W i—P w i* ™2 = pOi + ™ 2 )- 

Thus w x and w 2 can be chosen so as to have the forms of 
formulae (a). 
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In order to determine the index of A (z), three cases have to 
be considered. 

I. Let w x and w 2 be free from logarithms, and let r x ^j=r 2 . 

Then the index of A(z) or —wfv is 2r 1 -4-(r< > — r x — Y) = r x +r 2 ~~ 1, 

d 

since v = -j- 
dz 



II. Let w 1 and w 2 be free from logarithms, and let T x = r 2 . 
Then, by subtracting a multiple of w ± from w 2> we can remove 
the first term of w 2> and thus get Case I. 

III. Let w 2 involve a logarithm. If r 2 = r x , then , from (a), 

V = 2Tri(z-t) + ^ Z) ' 

where <j>(z) is holomorphic near f. Hence the index of A(z) is 
2r x — 1 =r 1 + r 2 — 1. If r 2 <r x , the index of v is r 2 -i\- 1, so 
that the index of A (z) is r 1 + r 2 — 1. If r 2 >r lt then, adding w 1 
to w 2 , we get the case r 1 = r 2 . 

Hence in every case the index of A (z) is ? , 1 H-r 2 —1. 

Now p(z) = A 1 (z)/A(2), q(z)= - A 2 (z)/A(z ) (Theorem IV. §85). 
But a circuit about f multiplies A(z), A x (z), A 2 (z), by the same 
constant D (§86); hence p(z) and q(z) are uniform in the 
neighbourhood of £ ^ 

Again, since A (z) has the index r x -\-r 2 — 1, A x (z) or ^ A (z) must 

have an index ^ +r 2 — 2, and A 2 (z) or w x w x v — 2 / w 1 ' 2 v — w 1 w l v 

an index ^7^ +r 2 —3. 

Accordingly, in order that the integrals should be regular in 
the vicinity of the singular point f, it is necessary that the 
equation should be of the form 

d 2 w_ P (z) dw Q(z) 
dz*~(z-0dz^(z-0* ' 

where P(z) and Q(z) are holomorphic for |z-f | < I- In 

the following section we shall prove that these conditions are 

sufficient. 

Corollary. If the integrals at infinity are regular, p(z) 
and q(z) must have zeros at infinity of the first and second 
orders respectively. The proof is left as an ezercse to the 

reader. 
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88. The Method of Frobenius. If P(z) and Q(z) are holo- 
morphic for |z-f|<|a-f|,a fundamental system of integrals 

can be found for the equation 


d 2 w P {z)dw Q(z) 

I / 


O) 


dz z z — £dz (z — £) 

such that both integrals are regular in the neighbourhood of f. 

If the origin is transferred to f, equation (1) becomes 

z 2 w" = z<p(z)w +\Js(z)w, (2) 

where 0 (z) and \fs(z) are holomorphic in the neighbourhood of 
the origin. 

Let w = zp\)c n z n \ then, if and \Js(z)= y]l> n z n , 

0 0 o 

z 2 w" — z<p(z)w 

= '£c n zf>+"{(p + n)(p + n — l)-<p(z)(p + n)—\lr(z)} 


n = u 
oo 


n = 0 

where = c 0 {p(p - 1 ) - a 0 p - b 0 }, 

and d n = c n {(p + n)(p + n — 1 ) — a 0 (p + n) — 6 0 } 

-c n _ 1 {a 1 (p-f-n — 1 ) + M 

— c„ _ 2 {a 2 0) + n — 2 ) + & 2 ) “ • • • — c o ( a nP + &»)* 

(ti = 1, 2, 3,...). 

Hence, if all the quantities d 0 , d lf d 2 , d zt ...» vanish, and 

x 

if 2 CnZ ” i® convergent, w is a solution of ( 2 ). 

The Indicia! Equation. The equation in p, 

p(p-l)-a Q p-b Q = 0, 

is called the Indicial Equation. From it can be obtained, in 
general, two values of p. If one of these values is substituted 
for p in the equations d l = 0 , d t = 0 , < 2 S = 0, ...» values for 
c i» c 2 > c 3 * ••• > are found in the form 

- Q /AY 

°{(p+ 7 i)( / j-|-n — 1 ) — a 0 (p + n) — & 0 H(p + ft— l)(p + 7 i— 2 

— — 1 ) —^> 0 } •••{(/> + !)/> —«o (/ 5 + 1 )“fy ) } 

where H„(p) is a polynomial in p. 

If the roots of the indicial equation do not differ by an integer, 
none of the coefficients c 1 , c 2 , c 3 , ..., is infinite. If the roots are 

«m n 
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p x and p l + m , where in is a positive integer, then when p = p lt 
c m , c m+l , c m+2t ... , are usually infinite. To avoid this we put 
c o = c (p — Pi)> which makes c 0 , c lt ..., c m _ lt all zero, and c m , c m+1 , 
c m+2 , ...» finite, when p = p 1 . 

Now assume d x = d 2 = d 3 =... =0; then 


where c n = 


z 2 w n -z<l>(z)w , -\ls(z)w = z p c 0 {p(p-l)-a 0 p-b 0 }, 

C n-l{ a i(p + n ~ 1) + M + C n-2.{ a 2.(p + n — 2 )+M 

~f~-p 6 n ) 


(/5 + n)(p + 7i-l)-ao(p4-^)-^ 


( 4 ) 

( 5 ) 


for n = 1, 2, 3,.... 

Let <p(z) and \js(z) be holomorphic within and on the circle 
|z| = R. Then, if M x and M 2 are the maximum values of <p(z) 
and \/s(z) on this circle, 

| a n | ^ M^R”, | b n | ^ Mg/R”. 

Thus \a u (p + r)+b n \ = {M t |/j+r| + M 2 }/R n ; 
so that, if 



i M,|p + n —1 | + M 2 , iMJpl+M^ 

-r -+-- + |c 0 | R „ f 


then 

Now 


_1_ 

X I (p + n)(p + n — !) — a o(p + n )~ b o\’ 

| Cn | “ Yn- 

Yn+ll (p + n + 1 )(p + Tl ) ““ a o(p + 71 + 1 ) “ k° | 

-^\(p + n)(p + n-l)-~ a 0 (p + n )- b o\ 

, I I p +n I -f- Mg 


^ MJp+nl + M, 

= Vn R 


Hence 


JL^yXJIVV/ I I TiC 

,, Jf D + 7il(o+™-l)-“o(p+ TO )- 6 ol + M ilP + 7 Ll±™« 

= |( / ,+n + l)(p+«)-a.(p+«+l) 1 XrH 

Accordingly, if p is finite, and has not any of the values Pl -1, 
Pl — 2, .... p 2 -l, p 2 —2, .... where p,, p 2 , are the roots of the 

indicial equation, 


Lim 

>® y»i 


n 


Vn + l < 2. 

= R’ 


oo 

Thus 2v» 2n > and consequently converges if |z|<R. 

o 0 
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But if oc is the nearest singularity to the origin, R can always 
be chosen so as to include any point 0 , such that | z | < | «■ |. within 

00 

the circle. Thus the series is convergent for \z\<\fx\, 

co 0 , 

and w = 7 ?c n z n satisfies equation (4), if c 1 , c 2 , c 3 , ... , are given 

0 

by equations (5). 

Uniform Convergence of the Series with regard to p. Con¬ 
sider a region K in the ^-plane bounded by the large circle 
\p\ = rr and small circles whose centres are those of the points 
Pl -l, Pl -2, , p 2 -l, p 2 -2, ... .which are interior to this large 

circle. Then, if n^v^xr, for all points of K, 

I (p + n)(p + ™ — 1 ) ~ a o(p + n ) ” ^0 I 

= \p + n \ 2 ~I («o+ 1 )(p + v ) + fy> | 

= (?i — cr) 2 — {(Mi + 1 )(<r + ?* )+M 2 }. 

Now let v be taken so great that the last expression is always 
positive. Also let M denote the maximum value of 

[ MJp + i/— 1 1 + M 2 ■ , p| + Mg 

\ C v-l\ ' • • • I I C 0 I 


for the region K. Then, if 

o Mjfor-f n — 1) + M 2 , p M^o-4-i/)q-M 2 M 

^ °n-i r Rn _, ' R m ~ 

Cn_ (n _o-yi_ {( Ml +1 )(a- +n) + M 2 } 

we have y n = C n , ( n = v , v + 1, v + 2, ...). 

As in the case of the y’s, we can obtain 


Lim 


11 —>■ 00 


C„ “R* 


CO 00 

so that y, C»R' n is convergent if R'<R. Thus the series 2 c n z n 

n = v t) 

is uniformly convergent if |z|^R' and if p lies in K. It is 
therefore holomorphic with regard to both 2 and p, provided 
that | 2 : |<| a. |, and that p has any finite values except p l — 1, 

Pi~-> •••» p 2 — 1. p>~ 2, - If, however, p» = p 1 + m and if 

c o = c (p-pi)> the point p 2 — m is not excluded. 

The Fundamental System associated with the Roots of the 
Indicial Equation. There are three cases to consider. 

I. Let p l and p 2 differ by a quantity which is not an integer. 
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Then, if p is equated in turn to p x and p 2 , equation (4) becomes 
equation (2), and we obtain two independent solutions. 


co 


W 1 = zPl 2 C n W Z n , = C n < 2 >Z n . 


n = 0 


n=0 


II. Let the indicial equation have two equal roots p = p x then 
equation (4) becomes 

zhjo" — z<t>(z)w' — \)r{z)w = z?c 0 (p — pj) 2 . 

If this equation is differentiated with regard to p, it becomes 

2 d 2 f'dw\ . . d fdw\ 'dw 

z d^Ap~ z ^ z) diKTp) ~^ z) W P 

= z%(p - Pi) {2 +(p - p x ) log z). 

If in these two equations p 1 is substituted for p, it follows 
that w and — both satisfy equation (2). Thus a fundamental 

dp 

system w lt w 2 , is obtained for equation (2), where 

Wl = W 2 = (g)^ = t* log > + 

III. Let p Q = p 1 + m, where m is a positive integer. Then, if c 0 
is replaced by c(p — pj), equation (4) becomes 

z 2 w" — z<j>{z)w' — \js(z)w = z p c(p — p 1 ) 2 (p — p 2 )- 

Thus equation (2) is satisfied by the fundamental system 


co 


CO 


W 1 = S^CnZ” = ^C nZ n 
m in 


- m 


(dw\ 
w a = [ 1 


\d P J 


p=“p i 


= Wl log » + ^±(g) M 


Solutions free from Logarithms. If H m (p) contains p-p x as 
a factor, c 0 can be left unaltered, and both solutions will be free 
from logarithms. In that case w x will be of the form z p, P(z), 
where P(z) is a polynomial of degree = (m 1). 

89. The Gaussian Differential Equation. The equation 

z (l-z)w"+{y--(cL+P + l)z)v/-CLpw = 0 

is known as Gauss s Equation , or the Hypergeometric Equation: 
it has singularities at 0, 1, co. 
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In the vicinity of z = 0 let w = ’^' j c ll z p f n ; then 

0 

(1 -z)^c n (p + n)(p + n — 1)/^ n 

0 OD 

+ { y -(a.+/3 + l)5}2c„(p+«)^ +n ''-^/3S^ + ” = 0 . 

0 

Thus the indicial equation is 

p(p — l) + yp = p(p — 1 + y) = °- 
Also, for n = 0, 1, 2, 3, ... , 

c u+l {p + n+l)(p + n)- c u (p + v)(p-\-n-l) + yc H+l (p + n-h^) 

— (oc + (3 + 1 )(p “b ‘M-)c n Gc/3c n = 0 , 

so that 

c n+1 (/3 + ™ +1 )(p 4- w + y) = c n(p + n + °0(p + 71 + £)• 

There are four cases to consider. 

I. Let 1—y be not an integer. Then, assigning to p the 
values 0 and 1 — y in turn, we obtain the fundamental system, 

■Wj = F(oc, (3, y, z), w. 2 = z x ~y F(oc —y+1, (3 — y+1, 2 —y, z). 

II. Let 1 — y = 0. Then the indicial equation has two equal 
roots p — 0. Hence one solution is w x = c 0 F(oc, /3, 1, z). 

Again, 

+ —l)(p-f cx4-?i — 2)... (p + cl) 

_ _ x(p + (3 + n — l)(p + (3 + n — 2)... (p-\-/3) . 

(p + n)(p + ?l — 1 ) • •• (p 4“ l)(/3 + 7l)(p + 71— l).«.(/3+l) 0> 

so that 


Sc 


n 




+ 


dp “V^olp + oc. + r p+fi + r p + r + 
Thus the second solution is 


-J, (?i = l, 2, 3, ...). 


w. 


where 


= c 0 {f(cc, 1, z)logz + S /c n 2n }* 


7. _ g.(OL+l)...(OL + Tl-l)j8(/8+ l)...(i8 + n-l) 

" (n\f 


&L\ 


+ r/ 4>rJ 


■ r = o'- + r+ / 3 + r/ ' 

III. Let 1 —y=—m, where m is a positive integer. One 
solution is w 1 = c 0 F(a., (3, m+ 1, z). Again, putting c 0 = c( /3 + rn), 
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we have 

{p + cx + n — 1 )(p -f oc-f n — 2) ... (p -f cx)(p -f /3 4- n — 1) 

-_ x(p + P + n — 2)...(p + P) 

n (p + 'n)(p + n-l)...(p+l)(p + m + n) Kp+rn)c, 

x(p + m + 7i — 1)... (p-f m-f 1) 

Hence the second solution is 


w. 


(cx — m)(oc —?tt-f 1) ... (cc — 1) 

=(- i ) m - 1 x(/3 ~ " (8 ~ 1) cF(cl - * y ‘ z) log 

(cc —m)(oc —ra-f 1)... (oc —m-f n — 1) 

, „-mvV-1 V *(£-™)(/3-™ + l)— fl-m + w-1) 

r, = u ' 7i!(m—7i)(m — n + 1) ... (m — 1) 

(rx —m)(cc —m-f 1) ... (oc—1)(/3 —m) 

+ ( - 1) "-ic-_ X03 —m+l)...(,a—1) 


00 



(m — l)!??i! 

cc(oc-f 1) ... (oc-f n — l)/3(/3-f 1)... (/3 + n — 1) 


»=o 


x 


a(s=5 


7i.!y(y-f 1) ... (y+n— 1) 

_ 1 _U+vl-yV 

?7i-f fi — m-fr 1+r/ r i r J 


If either cc or /3 is one of the numbers 1, 2, 3, ..., m, the terms 
involving log z disappear, and the second integral becomes 

cz 1 ~tF(cl — y-fl, /5 —y+1, 2 — y, 2 ), 
in which the hypergeometric factor is a polynomial. Since p -f m 
is a factor of H, n (p), this integral could also be obtained by 

co 

putting p = 1 — y in '5]c n z p+n . 

0 

Let neither oc nor j3 have any of the values 1, 2, 3, ...» m; 
then, if w 2 is divided by the coefficient of log z, and a multiple of 
w 1 subtracted from it, the fundamental system can be taken to be 
w l = F(oc, /3, y, z), w 2 = w t log z -f F 1 (oc, /?, y, z), 

where 

Fj(cx, y> z) 

y- 2 (y — l)!(y — 71 — 2)! Z w _ 

= ("” 1 ) >2: ?!! (oc — 1 )(cc — -) ... (cc — y-f 7i -f 1 )(/3 — 1) 

X(/3-2)...(/3-y + n + l) 

^ oc(oc+l) ... (cx-f n — l)/3(/3 + l) (ff-f n — 1) 

rt!y(y+l) ••• (y + 2i—1) 

1 * -1 1 « 1 1 1 

'• + r ?o^+T' _ ? r“ r ? 0 y + r}* ' 


n = 0 


CO 


n — 0 
/ >1 - 1 

1 
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IV. Let 1 — y be a positive integer. This case can be reduced 
to Case III.; for the substitution w = z '- y W gives 

z(l-z)W"+{y' — (oc' + ^+lMW' — rx^W = (), 
where a/ = oc — y + l,ft' = ft — y + 1 , y’ = 2 — y; .so that 1 — y = y — 1 
is a negative integer. 

Thus, if either oc. or ft has any of the values 0, —1, 2, ... , y, 

the two integrals are 

F(oc, /3, y, 2), s'-»F(a.-y+l, /3-y + l, 2-y, 2 ), 

where vanishing factors in the numerators and denominators of 
the coefficients of F(cx, ft, y, z) are cancelled ; while if neither 
cl nor ft has any of these values, the fundamental system can 
be taken to be 

w l = z'~y F(oc —y+1,/3 —y+1, 2 —y, z), 

w., = wijlog z + z 1 “ y Fj (oc — y + 1, ft — y+1, 2 —y, z). 

Solutions Regular near z = 1. The substitution z = 1 — £ gives 


f(l — f+ {( tt + /3+l — y) — (oc + /3 + l)f} dg—tx.ftw — 0. 

Hence solutions regular near z=l are obtained by replacing 
cl, ft, y, z by cl, ft, oc+/3 + l — y, 1 — z, respectively in the integrals 
already obtained. 

For example, when y — ol — ft is not an integer, the solutions are 

F(rx, ft, a.4-/3+1 — y, 1 — z), 

(1 — z)y -a_ ^F(y — ft, y — CL, y — CL — ft+\, 1— z). 


Solutions Regular at Infinity. If we put z=l/f, = W, 
then rZ 2 \V dW 

f( 1 -0^- + U 1 +a-^)- ( 2<x+2-y ) n^- 


— Gc(oc +1 — y) W = 0. 

Hence solutions regular at infinity are obtained from the 
solutions regular near z = 0 by replacing cl, ft, y, z, by oc, 1 + oc — y, 
1+oc — ft, 1 ]z, and multiplying by z~ a . When cl — ft is not an 
integer, the two solutions are 


= z - “F (oc, 1+cx. — y, 1+oc — ft, 1/z), 
w 2 = z~f> F(ft, 1+ft-y, 1+ ft —cl, 1/z). 

The Differential Equation of the Quarter Periods of the Jacobian 
Elliptic Functions. If cl — ft = 1/2, y = 1, Gauss’s Equation becomes 

z(l— 2 >io"+(l — 2z)w' — \vj = Q. (§70, Cor.) 
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It is left as an exercise to the reader to prove that solutions 
regular near 0, 1, oo , are: 

F S -1 '■ *)• r (r i ggrigj)- 


4 y> (2 7ll) Z / yy 1\q_ x„. 

+ ZA2*(nfr\ifr l r) {1 0) ’ 


'"Kl fij r 




For other worked examples on differential equations, see 
Chapter XIV. §§90, 91. 


w. 


EXAMPLES XIII. 

Find regular integrals in the domain of z = 0 for equations 1-16 : 

1 . 2z 2 w" + zio' — (1 + z 2 )io = 0. 

2? Z? 2‘ . 

An*. ^.= z + 0 + 2.4.7.11 + 2.4.6.7.1l7l5 + -’ 

= 2_1/2 (l + 2TT + 2.4. 1. 5 + 2.4.6.1.5.9 + ”')' 

2. z(l-z)*o" + (2-3z)w’-w = 0. Ans. = p u> 2 = \ log (y^)- 

3. 2 (1 -z)w"-{\ +z)w +w=0. An*. w x = \l(\-z), w 2 =l+ z - 

* *n 

4. zvf+w' — w= 0. Ans. W\ = 2 

V>2 

5. z(l+z)w"-2w = 0. Am. w l = z+ 2 2 , w 2 =w,log 

6 . zw" +(z-l)vf+v)=0. * 

Am. w x =z 2 e~ s , w 2 =w x logz- 1 -z + z 2 -z 2 2 (- 1 )";n\2 + 3 + '" + »/‘ 

7 . zu?-w=0. Ans. i*i=| n ,£ + iy,. 

2 2 /2 1\ a 3 /2 2 1\ 

«; 2 = u; 1 logz+l-2-Y72!^ + 2; _ 2!3!U + 2 + 3/ 

8 . 4*W' + AzvJ ~(z 2 +l)zo = 0. w^z-^sinhizli), w 2 =z~ 1/2 co9b(z/2). 


* z n ( 1 1 \ 

= ^ 1 logz-2 2 ( -^fy 2 (l+2 +, ” + n/‘ 
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9. 2 V+z(l -z)vf -(\+2z)w=0. 

1 ® z n ( 1 1 \ 

Arts. w x =ze*, w 2 = io x log z - - 4-1 - z 2 ~,^1 + + ••• + ~ 


cr 


m n r" 


10. 2U>" + to' 4- mzxo = 0. .-1m*. ^'| = Z( — 

x fn n 2 2n / 1 i \ 

logz-2(-l) B (n ,^^l+2+ —+-J- 

11. z' l w" + 4zu/ + 2w = 0. Ans. w l = l/z i w 2 = \/z 2 . 

z 1 


A ns. w, — 


12. 2"(1 — z)w -\~z( \ — 3 Z)lV — IV — (J. .i '■». u-] — . ) “j — /. v 

1 Z 2^1 Z). 

13. z 2 (l — z)w" + z( 1 — z)w — tv= 0. Ans. ir,=(l—z)/ 2 , w 2 = u»,log(l — z) + 1. 

14. 2 2 (1 — z)w" + z(\ — 3z)w — (1 + 2)i£>=0. 

A ns. it’j = l/ 2 , w 2 = w l log(l — 2 )+ 1/(1 — z). 

15. 9zW'— 152 u>'-+-(362 4 + 7)k>=0. w l = z*' 3 cos z 2 , w 2 = z lJa sin z 3 . 


1_-M v 3 

o 


l-iy/l 


r-r, * 2 


V) 0=2 


16. 2 2 ?^" + w = 0. Ans. ir,=z 

l ' • 

17. Find regular integrals at infinity for z z w" + (a + 3z)w' + w = U. 

1 1 ® a n z~ n (l 1 \ 

Ans. w x = -e a ‘\ w 2 = w l \ogz + - 2 -^f ^ 1 +5 + ... + -J- 

18. Find regular integrals at infinity for z^io”+ (2 + f> 2 ?)w'+ Azw = 0. 

Ans. w i = ^ 2 e' z \ w 2 = 2m>, log z + j 2 ^> ~y (1 + ^ + • • • + “)• 
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LEGENDRE’S AND BESSEL’S EQUATIONS: EQUATIONS OF 

FUCHSIAN TYPE. 

90. Legendre Functions. If the substitution z = l/f is made 
in Legendre's Equation (§ 84), it becomes 

«p-i>™+*r^+»(»+i)w=o. 


d? ' ‘ dS 


00 


Let w = 2 c *'f p+ ‘' > f^en 
o 


o 


oo 


00 


+ 2^(p + v)c^ + n[n + 1)2>? P+ '=°» 

and therefore 

c 0 {/3(/3 — 1 — ?i(w+l)} =0, 

C 1 {(/3+l)/3-'>K ?i +l)}=0, 

C *'+2{(/0 + ^+2)(y0 + l/+l) — 7l(?fc+l)} 

= c„{(p4-i')(/>-f» / —l) + 2(p + i/)}, (v = 0, 1, 2, ...). 

The indicial equation has roots p y = —n, p 2 — n + 1; and the 
second equation gives Cj = 0. Also 

c v +z{p + v + I - n)(/) + j'+2-|-?i) = c l ,(/) + j')(/) + v+l), 

(i/ = 0, 1, 2, ...). 

In the first place assume that p 2 — p x or 2n-fl is not an integer; 
then, if p— —n, 

fi _i_ Mn — l) * 2 n(n — \)(n — 2)(7i — 3)r i 1 

'i = c of "t 1 + 2(1-2^/ + 2.4(l-2»)(3-2£p + "7 
/ n 1 —n 1 1\. 

= c qZ F(^ — g’ 2 ’2 71 ’ z 2 / ’ 

while, if p = ti + 1, 




, (n + l)(u + 2) 

‘ u; 2“ c o^ \ 1+ 2(2n + 3) ^ 


(?i+I)(w + 2)(n + 3)(?i + 4)^ 1 | 

H 2.4(271 + 3)(2ti + 5) S j 


c n „/n + 2 ?> + l 


I 


3 1 \ 
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Thus, if 


Q ( z \— J'rrll('n) _J_ 

HnKZ) — 2»+ 1 Ji(n + 1 /2) z M+1 V 

2»+ 1 II(n+l/2) 


n+ 2 n + 1 


3 1 \ 

,, + 2’ ?/’ 


w 2 = t* 0 - 


Qn(2>- 


.y-TrllGO 

Again, let 2n + 1 be an integer ; then n must either be an integer 
or half an odd integer. 

If n is an integer or zero, all the coefficients are finite. Hence 
both integrals are free from logarithms. In particular, if n is 
zero or a positive integer, 

7§T P,,(Z) - <*54. Cor.) 

If n is half an odd positive integer, u\, is the integral which does 
not involve log z, so that Q„(z) is an integral. If u is half an odd 
negative integer, w l is the integral not involving log c. But, in 
this case, since l/T(n + 3/2) is zero when n + 3/2 is zero or a nega¬ 
tive integer, the first —n—h terms of Q, t (z) vanish, and therefore 


JirT{-n)2» 


— XU. 


Q - 71 l - v 1 \ v /?rr (- 

^ n( ' r(i-«) ’ * \ 2 ’ 2’2 ’ z-J c 0 ~ 1 ' 

so that Q„(z) is again an integral. 

Accordingly, Q„(z) is an integral for all values of n. It is 
known as Legendres Function of the Second Kind. P„(z) is the 
more important of the Legendre functions when |z|<l, and 
Qn(z) when |z| > 1. 

Note. Thus far P n (z) has only been defined for positive integral 
or zero values of n, while Q fl (z) has been defined for all values of n. 

Relation between Legendre's Equation and Gauss's Equation. 
If in Legendre’s Equation we put z = 1 — 2£, we obtain 

which is Gauss’s Equation with cx. = ?i+ 1, f3= — n, y = 1. Hence, 
in the vicinity of z = 1, the two solutions are 

”, n+1, 1, —F(—n.iH-1,1, ?+)log(i= 2 


cc 


+ 2 


*’ = I 


2 r ~ \ 2 

71 4 ~ — 11v — 1 )(?& + 1)( /i + 2) ... ( 4“ 
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The Legendre Function of the First Kind. When n i 3 a 
positive integer, 

= f(— n,n + l, 1, l-Tf). 


Now it has just been shewn that this function satisfies 
Legendre s Equation for all values of n. Accordingly, for all 
values of n we define P n (z) by the equation 

Pn(s) = F( — n, n + 1,1, 

Corollary. P n (z) = P - n - 1 (z). 


Example 1. If n is zero or a positive integer, shew that 

Q»(*)=4 

where the path of integration is taken so as not to pass through the point z, 
[Expand l/(z — £) in descending powers of z for \z\ > 1, and evaluate the 
coefficients by partial integration. The theorem holds if J ^ | < 1, since the 
functions on both sides of the equation are holomorphic.] 


Example 2. Use the series for Q„( 2 ) to prove, for all values of n, the 
formulae; 


(i) (n +1 )Q n+ i(z) - (2n +1 ).Q„ (z) + nQ^z) = 0, 
(ii) nQ„( 2 ) = zQ' n ( 2 )-Q' n _ 1 ( 2 ). 


Example 3. Use the expression P n ( 2 ) = F^ —w, n+1, 1, ^ 2 ~~) to P rove ’ 


for all values of n, the formulae : 

(i) (n+ l)P n+1 ( 2 ) — (2n+ l)zP n (z) + nP„- l (z) = 0, 

(ii) ttP n (2)=2P' n ( 2 )-P'„_l(z). 


Example 4. Shew that, for all values of n , 

(i) (n +1){P n+1 (z)Q n (z) - Q n +i(z) P „(*)} 

=n{P n (z) Q n _i (z)- Q„ (z)Pn-i(z )}, 

(ii) (n+ 1){ Pn + l (z)Qn-l (z) - Qn + l(*)Pn-l ( 2 )} 

=(2n+l)z{P n (z)Q^ l (z) - Q n (z)Pn-i(z)}. 

[Use Ex. 2, (i), and Ex. 3, (i).] 

91. Bessel Functions. The equation 

zhu" + ztuf + (z 2 — n 2 ) w = 0 

is known as Bessel’s Equation , and its integrals are called 
Cylindrical Functions or Bessel Functions. 
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The only singularities of Bessel’s Equation are 2 = 0 and z = <x>. 

cc 

To solve in the vicinity of 0 = 0, put w = z* > y]c t ,z y ; then 


o 


OC 


oo 


2{(/> + »)(p + V - 1 ) + (p + ») - n 2 }c^~+ 2^c^+- +2 = 0. 

y =0 y-0 

Hence c 0 (p- — n 2 ) = 0 : <q{(/3+l) 2 —7t 2 } =0 ; 

Cy{(p + y) 2 ~n 2 } = c„_ 2 , 0=2, 3, 4,...). 

The indicial equation is p 2 — n 2 = 0 : its roots are p, = u , p 2 = —n. 
If p l — p 2 is an integer, n must either be an integer or half 
an odd integer. The second equation gives = 0; so that 
c s = c 5 = c 7 =... =0. Also 


c 2 , = (-l)' 


0 


(p — ti + 2 )(p — n-\- 4) ... ( p — n + 2j f(p -{-n + 2)’ 

X O-f n + 4)... (p-\-n + 2v) 

where »/ = 1, 2, 3,.... 

There are four cases to consider. 

I. Let n be neither an integer nor half an odd integer. Then 
there are two independent solutions J n ( 2 ) and J_ n (z), where 


Jn(z) = 


{*- 


+ 


2T(» + l)l" 2(2n + 2) ' 2.4 (2rc + 2) (2 ti +4) 

( _ 1 / ->\ n+2v 


-■} 


-2 


© n + z* 

‘ 


^ro+i)r(n+v + 

J n {z) is holomorphic for all finite values of 2 , except possibly 
z = 0 : it is known as Bessel's Function of the First Kind of 
order n. 

If n is a positive integer, J n ( 2 ) is an integral. J_„( 2 ), 
however, is not a linearly independent integral. For, since 
1/F( 1 -n + v) = 0, where v = 0, 1, 2, ... , n - 1, 

® 1 / z \n+2v 

~ n{z) = § ( “ + v + 

= (-l)M n (z). 

II. Let n be half an odd integer ; then, since the coefficients in 
J n ( 2 ) and J_ n (z) are all finite, these two functions are linearly 
independent integrals in this case also. 

III. Let 71 = 0, so that the roots of the indicial equation are 
equal ; then 

( - 1 Yz 2 * 

^o(p + 2) 2 (p + 4) 2 ... (p + 2v) 2 * 



238 


FUNCTIONS OF A COMPLEX VARIABLE [ch.xiv 


Hence 

'dw 


— = VO l 0 £r 2 — 2zP V' _ ^ l) l 'z 2y _ * 1 

9p S Z, l (p + 2f( p + 4 ! f...( p + 2 v )*± ip + 2r 

Thus the two integrals are 


and 




2 ^ / J\ 2 ® / 1 J\ 

Y 0 (*) = ^oC 2 ) lo g z ~^~2 : 2 2 2 4 2 \ 2/ 2 2 4 2 6 2 \ 2 ~^" 3 / ”' ***' 


of order 


zero. 


IV. Let be a positive non-zero integer; then, if c 0 = c(p+n), 

(-lyjp + nW 


w — c 



^o(p — n + 2)( P — ri + 4) ... (p — n + 2v)(p + n + 2) 
Hence Mp+n+4,).. (p+n + 2.) 

— ='w\ogz-\-( p + n)c 
Op 

0 f ™ ~ * (_ ] y , z^ v 'i 

* l§>(p—™+2) ... (p —71-1-2^(p-f 71+2) ... (p+^+ 2 v)J 


n - 1 


(-i)^ 


+ cz ,? 0 (/o-n + 2)...(p-m+2 1 /)(^+«+2)...( /> +TH-2i-) 

2»+ 2 " 

~ ( '~ l " , " c (p-n+2)...(p + n-2)(p+n+2) ...(p+3n) 

v V_ ( ~ 1 Y**’ _ 

£j(p+n + 2)...(p+n + 2v)(p + 3n + 2') ...(p+3n+2v) 
,?i-l \ « 1 * 1 ^_1_\ 

x 2 r^^p + n + 2r + £-‘ i p + n + 2r + ^p + 3n-f 2rJ 

Accordingly, if p = — ti, 




= —C 


2.4 ... 2rt.2.4* ... (2n —2) 


4 

n - 1 




2(2ti + 2) + 2.4( 2n + 2)(2n + 4) 




,2* 


= wlog2 + cz- n S 0.4 ... 2i/(27i-2)(2w-4)...(52n-zi/; 


1 

+ c ~ 


K =0 

z n 


2 2.4... 2n.2.4 ... (2n —2) 

( _ l y z ** 

_ 9 4. '2v(2n-V 


x ?2.4... 2i/(2n + 2)(2n + 4)... (2n-f 2 
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If these two integrals are multiplied by — 2 n '(?? — 1)7e, they 
become J„(z), and 


t / m 1 V' 1 )V 2 

J n (2)log2-^2 — 

^ w =0 


r! 


(i) 


-rt|-2v 


if-, (-iv - 

2^..!(n + v )!\2/ l r 4l’- ,~fj" + '■/ 

Subtracting g^Y + ^ +...+ 7( ^_ j)j,.(«) from ttie latter integral, 
we obtain the integral, 


n- 1 


Y »( 2 ) = J »( 2 ) lo g 2 - 9 S 

“ *• =0 


(n — »/— 1 )!/z 


v\ 


( 1 ) 


- n+2i 


1 V. (-D* (z\ 

2^ oV \{n + v y\2J 


n-f 2v 


{(f>{v) + <p(n + 1 /)}, 


where 0(r) = i + i + ... +- f (r= 1, 2,3, ...), and 0(0) = 0. 

VI V 

Y n ( 2 ) is called Bessel's Function of the Second Kind of order n. 

Recurrence Formulae. We leave as an exercise to the reader 
the verification of the following formulae : 

(i) 2 J ii '(2) = J m - 1 (2> —J„ + l (2); 

(ii) J 0 '(2)= — Jj(2); 

( iH > ^J„(z) = J„-,(2) + J n+1 (*). 

J„( 2 ) as a Function of n. Let | z\ = R, |?f |= N ; tlien, if m is 
an integer such that m — N > — 1 , and if 




id (n + m + l)(n + ?n +2)...(?* + *»)’ 




i/!(7n — N + l)(m — N + 2).—N / 


then |T V ( 2 )|^M„. 


(„ = m + 1, m + 2, ...), 

oc 

But X is convergent; consequently, by 

m-f l 


Weierstrasss M Test, ^ T„( 2 ) is uniformly convergent if 

I 2 =R, |w|^N. 
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Now R and N can be chosen so large that these regions enclose 
any assigned finite points z and n. Accordingly, for all finite 
values of z , except possibly z = 0, J n (z) is a holomorphic function 
of n. 

The Bessel Function G n (z).* It is sometimes found convenient, 
instead of J_ n (z) or Y n (z), to take as the second solution of 
Bessel’s Equation the function 

Gn ^ = 2 sin nir ( J - »( 2 ) “ e 

where the limiting value of the expression on the right-hand 
side is taken for G n (z) when n is an integer. 

Now 


_3_ 

dn 

Also 


J" (z )= J " (2) '°g (I) - % y ir(n+r+i) (I )” +! ^ (w+v) - 


x ,, Vi ( — fz\~ n+ 2 v T*/ x sin(w— v)tt 

J -" (z)= S L n^y V( - n ~ v) —7— 


oo 


+2 


(-i> 


z\- n + 2y 


so that 

3 J.„( 2 )= - J-»( 2 )log(|) 


y^p v\T(-n + v+l) 


( 1 ) 


'dn 


p-y 


+ 


§<-W© 

(-iv: 


2 \ ~ n+2v T{n — j/)sin(7i - y>Tr + r(n —y).7rCOs(n-y)y 


7r . vl 


( 1 ) VK—”•+*')• 


+ S ,ir(-n + »+l) 

If n is a positive integer, let p = n; then 

J . »(*) = - J - »(*) log (|)+( -1)“ 5J -- l - 


d_ 

dn 




n + i» 


Accordingly, if n is a positive integer, 


G n (z) = 


dn 




2 cos n 7r 


= - Y n (z)+J„(z) {log 2 - y + y} • 

*Cf. J. Dougall, Proc. Edin. Math. Soc., Vol. X\ HI. P- 36. 
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The verification of the following formulae is left as an exercise 
to the reader : 

(i) G _ n {z) = e inn G n {z) ; (ii) 2G n '(z) = O n -i(z) — Gn + ,( 2 ) '* 


2>i 


(iv) G„( 2 ) = G b .j(z) + G b+1 (2) ; 


(v) e<""G n (ze") = 2 iP~ (J-»(«) " c inff J„(z)}. 


(iii) G 0 '(z) = -Gj(2); 

7T 

sin ri7r 

Theorem. If P( 2 ) and Q(z) are any solutions of Bessel’s Equation, they 
satisfy a relation of the form 

PMVM-P'MQM-f* 

where C is a constant. 

For, if the substitution ir«s“ l - a \V is made in Bessel s Equation, it becomes 

<P\V 
d. 

Consequently 


,T + (.-^# 4 )w=0. 


Hence, integrating, we have 

{v';po))|(x';Qwi-<'/^QW}#j'^pw)“C i 




30 that 


P( 2 )Q'(*)-F(*)Q(*) = ^ 


For example, 

Lini 2 {J r ,( 2 ).T'_„( 2 >- J'„( 2 ) 


f —>0 


1 


~r(« + i)r(-w) r(-« + i>r(n) 

and therefore J„(*)J'_„(z)- J’M J_„0)= 

The reader can easily deduce that: 


1 ^sin wn . 


TTZ 


«) 


G n ( 2 > j n '(z)-G,:(z) j n (z )=\; 


(ii) j ti(z) J—n+.iCr) + J_n( 2 > J 1 (^) = 


~ «Tn( 2 ) J-n-l( 2 ) 


Sin 717T . 
— J * > 


- J_„( 2 )J n + l (2) 7T2 


1 


(iii) G n+1 ( 2 ) J n ( 2 ) - J nT , ( 2 ) G n ( 2 )= - 


The Zeros of J„( 2 ). If n is real and greater than — 1, all the zeros of J„(z) 
are real and distinct, except possibly 2 = 0 ; this can be shewn as follows. 


We have J n (oz) + *£ J..(ou) + (oA a - 7 i=) J fl («_>) = 0, 


and 


^“ nv “/ 1 ~d. 

z ~al* J - (i8i)+ Z 'L + (t3V ~ ~ M “> °- 

Thus, multiplying the first equation by J n (/3z), and the second by J n (oL 2 ), 
and subtracting, we have 


o> 


(a. s -/?)zJ„( 0 ur)J„(,e 2 ) = ^ 2 {J.(oL 2 )^J n (/3 2 )-J„( / 3 2 )^J„(o^)l. 


dz 


M.r. 
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Hence, if R(n)> — 1, 

(a. 2 - z J„(clz) J n (f3z)dz = z | J»(£*) - J„(/?z)^ J»(<^s)} • 

Therefore, if 6=a. and 6=/3 are distinct zeros of J n (0c), 

Again, let f3=o- + e ; then 

( — 2ol€ —c 2 )^ zJ n («_z)^J„(a-2) + J„(ol 2)+...j-c?z 

= * .Tn('^z) | ^ J M (fAi) + " ^5 J»(*■*) + •••} 

— J„(ou) +“ + ‘ 

If this equation is divided by and € is then made to tend to zero, the 
equation becomes 

2 a-f o z{J n (cLz)} 2 dz= ]• 

Hence, if 6 = a~ is any zero of J n (0c), except 0=0, 

fa z{ J„(ou) Ydz = | 2 {J } 2 - 

Theorem I. If n is real and greater than -1, Jn(z) cannot have any 
purely imaginary zeros. 


For Jn 


( Sv)_ 1 _(i +- l 

ivY 2 n r(n+l)l 2(2? 


(iy) n _ 2 n r(n+l)l*" r 2(2K+2j + 2.4.(2n + 2)(2?i + 4) 
and the latter expression cannot vanish if y is real. 

Theorem II. If w is real and greater than -1, J„0) cannot have a 

complex zero. . . , 

For if z=p + iq is a zero, where p and q are real, z = p-iq must also 

be a zero ; hence 

p + iq)x}Jn{(p-iq)x}<**=0. 

But if n and * Ire real, the integrand is positive ; and therefore the 

integral cannot be zero. Thus the theorem must hold. 

Accordingly, if n is real and greater than - 1, it follows that every 

zero of J„(z) must be real. 

Theorem III. If n is real and greater than - 1, J«(0 has no 

zeros except possibly z = 0. 

For if z = cl is a zero, 

[' z{J n (ax)} a dx = l{J n '(<*-)} 2 i 

Jo 

*> that J„'(a) * 0. Thus J»(*) has no repeated zeros. 


y 
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Theorem IV. If n is real and greater than — 1, •!„(-) and J, 1 + i(*) have 
no common zeros except possibly 2 = 0. 

This follows from the formula 

.T,/0)--Jn0)= -Jn + .0)* 


92. Equations of Fuchsian Type. Equations whose coefficients 
are meromorphic in the entire plane, and which have their 
integrals regular in the vicinity of all their singularities, are 
called Equations of Fuchsian Type. 

If the singularities are a lt a 2 , a 3 , ... , a n , and infinity, the 
equation is of the form 

‘fa? = _ P n-l(~)_ dw. _ P 2n- 2 ( 2 > __ w 

dz - (2 — u^fz — «.,)... (z — a n ) dz^ (z — a 1 ) 2 (z — a.,) 2 — 

where l > n _ 1 (z) and l > 2 „- 2 ( 2 ) are polynomials of degrees n— 1 and 
2n — 2 respectively (§87). 

If infinity is not a singularity, the equation is of the form 

d * w _ P„-i(z) _ dw _ l^(z) _ 

dz 2 (z — a ,)(2 — a 2 ) ... (z — a n ) dz~ t ~(z — a l ) 2 (z — a i ) 2 ...(z — a n f ’ 


where the coefficient of the highest term hi P n -i(z) is —2 
(§83, p. 21*2). 

Theorem. The sum of the indices associated with the 
singularities a lf a 2 , ... , a,„ x , of the equation of Fuchsian Type 
is 7? — 1. 

Let P„_,(z) = Az’^ + Bz'*- 2 -!-... , 

and let \Js(z) = (z — a l )(z —a 2 ) ... (z —a„). 

Then the indicial equation for the singularity a r is 

p( p •— 1) = p4- term# independent of p. 

Y\ a r) 

Accordingly, if the roots of the indicial equation are p Y and p 2 


Pi + p« = 1 H— 

\fs{ar) 


Now, by the theory of partial fractions, 

P n-l( 2 ) _ Pn-l( a r) 

'M 2 ) (2-ar)^'(a,)* 
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Hence, integrating round a large circle which encloses cq 
a„, , a nt we have 

- 1 ( a r) _ 1 f Pn-l( 2 ) d Z = A. 

h f(a r ) 27riJ ^(*) 


since 


Limz%^ = A. 

x/r(z) 


Thus the sum of the indices at a lt a 2 , ..., «„, is ?? +A. 

Again, put z = 1/f; then the equation becomes 

Thus the indicial equation is 

/>(/>-*) = />(-2-A) + A"; 

so that Pi + Pz — — 1 — A. 

Hence the sum of the indices is to — 1. 

Corollary. If infinity is not a singularity, A =—2, and 
therefore the sum of the indices is to — 2 . 

93. Riemann’s P-function. We shall now investigate the 
conditions that the equation 

d 2 w _ P n -i(z) ^ , Pgn-aC 2 ) ^. 

dz 2 \fs(z) dz {^(z )} 2 

should be completely determined if the to + 1 singularities 
cq, a 2 , ... , a„, oo , and the corresponding indices, arc assigned. 

There are 3 to — 1 constants to be determined in the equation. 
The assigning of the singularities a x , a 2 , ... a n , oo , simply deter¬ 
mines yjs{z) and the degrees of P n _i(z) and P 2ll - 2 ( 2: )- T,1C 
ing of the 2 to + 2 indices determines only 2 to+ 1 constants, since 
the indices must satisfy the condition that their sum is n — 1. 
Thus to — 2 constants remain to be determined; so that, it 

n = 2, the equation is completely determined. 

Similarly, when infinity is not a singularity of the equation, 
there are to- 3 constants to be determined ; so that the equation 

is completely determined if to = 3. 

Consequently, in both cases, if there are three singularities, an 
if the indices are given, the equation is completely determined. 
By means of the transformation 

z — h c—bt—a 
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the equation with singularities h , k, co , can be transformed into 
an equation with singularities a, b, r. The equation can therefore 
always be put in the form 


d 2 w 


v -{ _Z_ + + 


dvj 

dz 


( l m n \_ w _ 

\z — a^~z — b^~ z — c) (z — a)(z — b)(z — c)’ 


where /+g + h = —2. 

Let the indices at a, b, c, be X and X', /x and //, v and v\ 
respectively, where X + X -f/x + yu' + r-f r == 1. Then, since the 
indicia! equation at a is 

1 +/=X + X', 1= -\\X't-b)(a-c); 

so that f— X + X' — 1. 

Similarly g = /x + fx' — 1, m= — fxfx\b — r)(b — a), 

= 'll = —vv\c — u)(c — b). 

Hence the equation can be written 

d~w /1 — X — X' 1 — fx — /x' 1 — v — A dw 

dz- \ z —a z — b z — c)dz 


XX(a — b)( a — c) /xn'(b — r)(b — a) vv'(c — u )(c — b) 


z — a 


z — b 


z — c 


* (z — a)(z-b)(z — c )~ ( ' 

Now for simplicity assume that X —X', /x — /x\ v—v\ are not 
integers ; then, if P A , P x -, P^, P M , P„, P„-, are integrals corresponding 
to the indices X, X', /x, fx , r, v\ any branch of any integral of the 
equation can be expressed in any of the forms 

CkLx + O/Pv, ^‘ M P m + 'VTV. . + <vP^. 

Riemann denotes such a function hv 


’ a, h, c, 5 
X, fx, z . ; 

[W J 


and it is called llieirunins P-functiov. If either X and X', 
/x and /x', or v and v, are interchanged, the differential equation 
remains unaltered. Likewise the three columns can be inter¬ 
changed without altering the equation. Again, if the function 
is multiplied by (z-ay(z-cy(z-b)-*->, the indices at a, b, and 
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c, become X + or and X' p — <r — p and p — cr — p,v-\- p and v ~\-p, 

while the branches of the function remain holomorphic at all 
other points, including infinity. Also the sum of the indices is 
still unity. Consequently 

, N _ . ... ) f «> b, c, 

(z - a) a (z - cy p 

(z—by+p 

Again, the transformation 

z — a c —b 
* z — b c — a 

changes a, 6, c, into 0, x , 1. When the latter three points are 
the singularities of the equation, the function is denoted by 


a, 

b , c, ' 


a, 

b, 

x, 

p, V, 2 

- = P 

X+<T, 

p — ar — p , 

X', 

P , v , J 


. X' + cr, 

p'-cr-p, 


rx, /x, z \ 

l X', p, v, l 

Also 

where K is a constant; thus 

„ rx, p, V , 1 -pfX + cr, p o p, V + P> \ 

z"(l-z)p pjx^ ^ 2 }- P {y +a ., p'-cr-p, v' + p. J 

The differential equation determined by P| ^ ^ ^ z } 1S ob “ 

tained by putting <x = 0, c = l, and making b tend to infinity; 
it can, by means of the equation \-\-\' + p + p +v + v = l > be 
put in the form 

d-w q-A-A')-(l + «/+/x')z dw 

H T7t ^ dz 

XX' — (XX' 4- pp — w')z + pp z 2 nn _ () 

z 2 ( 1 - *) 2 

In particular, the function p(j ^ 2 ) hatis ^ es 

the hypergeometric equation 

z (l-z)w"+{y-(oL+8+l)z}w'-(x8w = 0. 

Note. Since , _ n \ 

z -*(i-*)"*(*; V }, z ) = p (i-y, A y-«■-.a *)’ 

where <x = X-M + r, 0-XHV + * y-l-V + X. it Mlows that 
the P-function can always he expressed in terms of the int „ 
of the hypergeometric equation 


dz* 


2 ( 1 - 2 ) 

+ 
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The Twenty-four Integrals of the Hypergeometric Equation. 
The solutions corresponding to the indices 0, 1—y, at 2 = 0 are 

(§89). 

F(<X, (3, y, 2 ), 2 l ->F(a.— y+1. (3 yH- 1, 2-y, 2 ): 
we denote them by W/ 01 and \V./ 0) respectively. 

Alternative forms for Wj 101 and W 2 (0) are obtained as follows. 
We have 


(1 _ 2 )a+^-y 



0, a., 0, 

~y< y — <*-—(3. 


Thus 



y-&, U. + (3 — y, 
y — <*-, 0, 



(l-z)*—* F ( y -«., 

But, since the function 
2 = 0, C 2 = 0; hence 


y-/3, y, 2 ) = C 1 W 1 ‘°> + aW 2 <°» 
on the left-hand side is uniform 



(l-2)r —*F ( y —rx. y-ft, y, 2 ) = C 1 \V 1 ‘°> 

In this equation let 2 = 0 ; then 1 =C 1 . Therefore 

WW-(l- 2 )y-.^F(y-a f y — 8, y, z). 
It follows that 


W.,«» = z 1 -y(l_2)v-“-0F(l_rA, 1-/5, 2-y, Z ). 

In like manner alternative forms can be found for the regular 
integrals at infinity and 2 = 1 . 

Again, the six transformations, 

2 = f, 2=l-f, 2=l/f. * = (f-l)/f. 2= 1/(1 —6), 

when applied any number of times in any order, change the 
points 0, oc, 1, into the same three points in different orders. 
By means of these transformations new forms can therefore be 
obtained for the integrals. For example, 


W/o) 


-F(u./ 8 .y.*)-p( °' “■ °' t ) 

V1 — y. p. y — oc — /5, / 


P (l - V. V-a-A ft 0* whe,e 


“(i-frpf, 0, „ 0 ' f) 

\l-y, y-/5, /3 —V 


= C(l- 2 )-F(ot. y-/3, y. 


U 
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In this equation let 2 = 0 ; then C = l. Hence 

w i <°) = (l —z)“*f(u., y — fi, y ,^-f) 

=(i- 2 r'F(^ rM ,-i T ) 

These two expressions for W^ 0 ) are valid if R(2)<l/2. 

We have thus obtained four different forms for Wj (0) . Similarly 
four different forms can be found for W 2 ( °), W x 0), W 2 0), W A (co) , 
W 2 <°°). These twenty-four forms for the integrals of the hyper¬ 
geometric equation are: 


I. W x <°) = 


II. 

III. 


IV. 


= F(rx, /5, y, 2 ) 

= (1 — 2 ) y- °"^F(y —cx, y — /3, y, z) 
= ( 1 - 2 )-°F(oc, y-/5, y, 

= (1-z)-' 3 f(/3, y-rx, y, 


V. W<°) = 2 1 _y F(rx — y + 1, /5 — y + 1, 2 -y, 2 > 


VI. 

VII. 


VIII. 


= 2 , - y (l — 2 ) y_a_/} F(l -rx, 1 -/5, 2 — y, 2 ) 
^ 2 1 - y (l- 2 ) y - a - l F (rx-y + l, 1-/5, 2 —y, 

= 2 1 - y (l- 2 ) y -^ 1 F(/ 8 -y+l, 1 -rx, 2 y, ^)\ 


IX. WO) = 


X. 

XI. 


F(rx, /5, ac + /5 — y+1, 1 — 2 ) 

2 1 _y F(rx-y+l, /3-y+l, rx + /3-y + l, l” 2 ) 

/ _ 2 — 1 \ 


XII. 

XIII. WO) = 


XIV. 

XV. 


XVI. 


= 2 ' a F(oc, rx —y+1, cx + /5 — y+1, —) 

= 2 " p f(/ 3 , /5-y+l, rx + /3-y + l, J 

= (1 — 2 ) y_a_ ^F(y — rx, y-/5, y-ct-0+1, 1“ 2 ) 

= z 1 - y (l - z y~ a ~ p F (1 -rx, 1-/5, y rx /5+1,1 ” 2 ) 

= 2 a_y (l — 2 ) y-a_ ^F^l -rx, y-ct, y-(X-/5+l, —) 

Z )*—-*f(i -/5, y-/5, y-rx-^+l, —)’ 


XVII. W | (30 ) = 2 ' a r(rx, rx-y+1, 0.-/5+1, -) 
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XVIII. —z $ ~ y (z — \ — ft, y-/3, —/S+l. j) 

XIX. =( 2 -l)-F(a., y-/3,«.-/3+l, 

XX. = 2 1 -> (2 -ir- 1 F(a-y+U- l 8,a- ( 3+ 1 , r ^); 

XXI. W 2 <«> = 2 -/>f(/ 3, /3 —y + I, 0-oc+l, 

XXII. =2*-’’(2-lf—■^F^l-oc, y-ot., /3-a. + l,i) 

XXIII. = ( 2 -1)-*Fi ( b , y-<*, /?-«.+1, A-J 

XXIV. = 2 , -»( 2 -l)»-'*-*F(/?-y+l, 1 -<x, (8-CX.+ 1, j L). 

Relations of the form 

w r « = C 1 W 1 < f )+C 2 W 2 (< ), 

where r=l,2; s = 0, 1, oc ; ( = 0, l.oo; 

hold between the six functions W/°), \V 2 <°>, W,™ W 2 < 1 >, W x <->, 
\V 2 <®>. One of these relations is given in Example 4 of § 63, and 
the others can he found by similar methods. 


Example 1. Shew that, if y-a.-fi is not. an integer, the analytical 
continuation of F (a., /?, y, z) in the vicinity of z = 1 is 

r (y I cl) ny- ( $) F (a " <x +^-r + 1 » 1 - 2 > 

+ ~ r (f)r%) (y)(1 ~ z ) y ~ a ~ fiF (y-o-, y-p, >-«.-/?+ i, l -*). 

[Apply Ex. 4, § 63, to form III. of W/ 01 . See also App. II., (13).] 
Example 2. Show that, if f J + fJL ' + l ,+ = £ f 




94. The Associated Legendre Functions. The equation 

,, 9x dhv _ dw ( , m 2 

(1 2 ) « fe * -2 *& + { n < n + 1 >- nip }«’= 0 

is called Legendre’s Associated Equation. The integrals of this 

equation are called the Associated Legendre Functions of dearee 
n and order m. J 
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Let the substitution w = (z 2 — 1 ) inr W be made in Legendre’s 
Associated Equation; then 

<72 w r7W 

(1 — z 2 ) —2(m + l)z-^-+(n—m)(w+m+l)W = 0. 

Again, differentiating Legendre’s Equation on times, where m 
is a positive integer, we obtain 

Accordingly, if on is a positive integer, two independent solu¬ 
tions of Legendre’s Associated Equation are 


P n -( 2 ) = (2 2 -!)^ 


?d m F n (z) 


dz 


• Qn m (z) = (- l)-(2 2 -l)“ 


£d m Qn(*) 


These functions P» m (z) and Q» m (z) are known as Legendre's 
Associated Functions of the First and Second Kinds respectively. 
To make them uniform a cross-cut is taken along the real axis 

M 

from — oc to +1, and that branch of (z 2 — l) 2 is chosen which is 
real and positive when z is real and greater than 1. 

If on and n are positive integers, and on = n, 

1 rJn+m 

p„"<*)=^r,(z 2 - 1 ),m (* 2 - 1 r> <§ 5 *-p- 12 °) 

=- ( n + m ) ! —■ ( g g—iy»"F( —n+m, 71 + 7/1 + 1, m+1, ^- tt ) 

= _t»- + 7/i)l-W n +1, — n, 7/1+ 1,— 

(§ 93, Form II. of W, (0) ) 

= ( W +m >! +1 . 

77l! (71 —77l)! \2+1/ \ Z 7 

If m>7i,P n -(z) = 0. 

Similarly, if on is a positive integer, then for all values ol n, 

„ m/ , (z 2 — l) lm T(n +m+l)T(j) 1 

VJn 2 n+1 r (w + 3/2) z n+m+1 


^/w + m + 2 w + w + 1 3 1\ 

r -F( - 9 ,-9 ’ w + 2’ z 2 ' 
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2.01 


Again, let the equation 

d*W 


l W 


(1 2 ~ 2( 1 —m)z -y—-f-(rj —?><.+ 1) W = 0, 


d 


obtained from Legendre’s Associated Equation by means of the 

substitution , 

w = \z~ — l) 4 ,n \\ t 

be differentiated m times ; then 


(l -z 2 ) 


d m +nv 


_ o 


r/ m+1 W 


2? -J^T4T + w ^+1)- 


/ m W 


dz m+ - *" r/ 2 ' n + 1 1 - ' *■' dz m 


= 0 


Hence, if m and n are positive integers, and if w ~ n, two 
independent solutions of Legendres Associated Equation are 

1,1 f 1 f’ f- 

= J ... J vjzndzr, 

and Q.7’"(2) = (3 2 - l) -2 J J ••• J Q„( 2 ) 

Since the four functions P,."'( 2 ), P-"( 2 ), Q,/"(z), Q,;"*(z), satisfy 
the same equation, they cannot all be independent. The relations 
connecting them are found as follows : 


P,T W (2> = 





)•! 


mlC+l) F ( "• " + 1 ’ n, + ] ' l 2 ~) 

(n —?>iV _ 

Q,:"•<*) = r(n r^+ 1 / ) r(i> 1 

„v{ n — »« + 2 «— m + 1 3 l\ 

XF V-2-2 • n + T?) 

-_L ,'-; r(ii-«+i)r(t) 1 / 

2—^ > r>+#) F^+'l 1 


. 3 1 






y 


n + m + 2 
2 


> 7? -f- 



(71 — 771)! 
(7l + 7>l)! 


Qn W (2). 


(§93, Form II. of W, w ) 
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CH. 


EXAMPLES XIV. 

1. Shew that, for all values of n : 

(i) P»(*)- P;_ 2 C) = (27 i -l)P n _ 1 (z); 

(”) P!.(2)-2Pn-i(2) = nP„_i(e); 

(»0 Q'nO- Qn- 2 C)=(2»-l)Q„-,(z); 

(» V ) QnC)-2Q / „-l(2>=wQ n -iC). 

2. Shew that 

(i) Q.M-1 log (i±l); (ii) Q,W=|log(£±l)-i. 

[Use Ex. 1, §90.] 

3. If n is zero or a positive integer, shew that positive circuits about 
2=1 and 2 = —1 decrease and increase Q„( 2 ) respectively bjr 7M*P n (r). [Use 
Ex. 1, §90.] 


4. Use the formula of Example 1, § 90, to prove the formulae of Example 2, 
§ 90, for positive integral values of n. 

5. For all values of n> shew that 

(22 - 1) { Q n (2) Pi. (2) - P„(2) Q; (2) } = C, 

where C is a constant. [Substitute P„C) and Q„( 2 j for w in Legendre’s 
equation, multiply the two equations so obtained by Q„( 2 ) and P n (c) respec¬ 
tively, subtract, and integrate.] 


6. If n is a positive integer, shew that 


Q»« = P„( 2 )jT"_ 


dz 


7. 


i){p»(*)} 2 ' 

If n is a positive integer, prove : 

(i) {P n ( 2 )Q n _,( 2 ) - Q„( 2 )P„—.( 2 )} = 1 ; 

(ii) ?i(n + l){P n+1 ( 2 >Q„_,( 2 ) — P„_j( 2 )Q„+j( 2 )} = (2n-f 1)«. 


8. Shew that 

(i) 2J„-i(z)- wj„( 2 ) = 2 j|,( 2 )=nj n ( 2 )- 2 j n + 1 ( 2 ) J 

(ii) 2 G n _ 1 ( 2 )-nG n ( 2 ) = 2 G;( 2 ) = «G„( 2 )- 2 G nfl C)- 


9. Prove that 

(i) 2 2 J " ( 2 ) = (?i 2 - 7t - 2 2 )J„ ( 2 ) + 2 J„ + 1 ( 2 ) ; 

(ii) 2 2 G"( 2 ) = (?i 2 - 7 i -2 2 )G n (2) + 2G„ + !( 2 ). 

10. Shew that: (i) J — '• 00 'f-\( z ) = ^~ 2 cosz - 

Deduce that, when n is half an odd integer, J„( 2 ) can be expressed in 
terms of elementary functions. 


11. Shew that: 

(i) ^-{ 2 »J M ( 2 )} = 2 **J n _ 1 ( 2 ); 

CLZ 

(iii) J^{£"G„(2)}=2"G n _ I (2) ; 


(ii) ^{2-”J n (c)}=-2-"J n + ,(2); 

(iv) ^{ 2 -"G n ( 2 )}=- 2 -"G n+1 ( 2 > 
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12. Shew that 

(i) 2“ ~^,M = c^n- m {z)-c r l n . m ,,U) + ...+(- 1)"V....T. (z\ 

u Z 

(ii) 2- ^ G„ (z) = c 0 G fl _ m (c) - c,G n _ m+ ,(c) + ...+(- 1 )”'c m < i „ 4 
where r n , ... , are the coefficients in the expansion o f (l+.rr. 



Establish the expansions : 

(i) n-\(, z )~ 11 A u(0*( M + 2)-I, lt5 (2) + (H + 4).T„ +4 (c) - . ; 

(ii) !j^)=| J -(0-(^ + 2).r M ^) + (n +4 ).F m+i (0-.... 


14. Shew that J n (£) is the coefficient of £•* in tlie expansion of ^ 
in powers of £. 


15. Establish the expansions : 

(i) cos (z sin 0) = .!„(;) + 2 cos 20J 2 (;) + 2rox 4fy.J 4 ( 2 ) + ... ; 

(ii) sin(zsin 0) = 2 sin tf.!,(«) + 2 sin 3#.J 3 G)+ .... 

[In Ex. 14 put £=e*' 0 in turn.] 

16. If n is a positive integer, prove 

«J„( 2 ) = — / eosfwfy- z sin 

7 T ,'H 

[Multiply expansions (i) and (ii) of Ex. lf» by cos n# and sin nO, and add.] 

17. Shew that 

{J 0 ( 2 )P + 2{ •T,( 2 )}-+ 2 { A. i (z)\ 2 + 2{ J 3 (c)] 2 + ... ■= 1. 

[Multiply together the expansions of and e ;i nd find the 

term independent of £.] 

18. If R(?i)> -i, shew that 

j o cos (2 cos </>).sin ”"<ft <7</> = 2" E(i)Tfw + 4).T„( 2 ). 

[Expand oos( 2 cos </>) in powers of z, and evaluate the coefficients.] 

19. Solve zip" + tr = 0. 

A,is. «- 1 = 2 ij 1 ( 2 N /c), ?e 2 = £ iG,(2 N / 2 ). 

20. Solve z 2 w" — 2:w/ + 4( 2 4 — l)?c = 0. 

A ns. = z* A } (^ 2 ), ?< , 2 = 2 1 J_ j (22). 

21. Solve zJt»'' + (2?i4-l)?o' + 2 ?e = 0. 

w,*«-M w (*X = G„(*). 

22. If m, 71, are positive integers, and k<m t k<n, shew that 

(‘) /_ J T > t.(«)Pi( i ) < * = 0, m =£ h ; 

(■ i )j: i |p;w}v ! =(-i)‘|^|[4 1 . 
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23. If n is an integer, shew that 

J„(u + r)= 2 

m= —ao 

[^Equate the coefficients of £ n in i)— e ^ u (^ 

24. I f n is an integer, shew that 

G n (u + v)= £ G m (tt)J n _ m (v)- 


m=—< 


25. Deduce Gauss’s Theorem (§ 61) from the Example of § 93. 

26. Shew that, if y — — /?<0, 

Li /?, y, ,) _ iy + fl- y) r (y ) . 

while if y — f$=0, 

-r • . F(cx, fl, y, z) r<ou+j8) 


log(i-o r(«.)r(/?y 

[For the first formula apply Form II. of W/°) (§ 93) and Gauss’s Theorem : 
for the second, differentiate numerator and denominator, noting that 

£ F(et, P, y, z) =?£ F(«. + 1. /? +1, y +1, *), 

and then proceed as before.] 

27. Shew that, in the domain of the origin, every solution of Legendre’s 
Associated Equation can be put in the form 

c,(z* - d"»f(^. ».*) + cAz’ - 1- *■)• 
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CHAPTER XV. 


SOLUTION OF DIFFERENTIAL EQUATIONS BY DEFINITE 

INTEGRALS. 

95. First Method of Solution.* If Q(z) and L(z) are quadratic 
and linear functions of z respectively, and K is a constant the 

equation Q(,)«r + L (*),./ + K«,-0 

can be put in the form 

Q(z)«’" - AQ'0)«>' +— 2 -- 1 >Q„ ( 3 ) w 

-R(z)w'+(X + 1)R'(2)iu = 0, (a) 

where R(z) is linear in z. We shall confine ourselves to the case 
in which the factors of Q(z) are distinct. 

If the function J o 0<fK?-z) A+, 'ff is substituted for 
equation (a), then 


w in 


x ( x + 1 )(f-*V‘- , {Q(2)+(f-2)Q'(2)+^— ^Q"(z)} 
+ (X + l)(f-2)*{]{(2) + (f_ 2) R' (2 )) 
so that J o 0(f>{M?-*) A - , Q(O+(f-*.)*R(?)>‘f ! ?=O. 

Accordingly, if </>(£) satisfies the equation 


0 ; 


(B) 


d 


0(f)R(f)-j ? {0(f)Q(f)}, 


(c) 


equation (b) becomes 


j c fy<MS)Qxm-zndi=o. 

*Cf. Jordan, Count d'Analyse, t. in, p. 240. 
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Now, equation (c) gives 

ajW?)Q(f)} R( j) p q 

WWO 

where p and q are constants, and f—a, f— b, are factors of Q(f). 

Thus 0(OQ«)=(f - W ; 

so that 0 (D = D (f-«) p " 1 (f-^) ? ‘ 1 , 

where D is a constant. 

Accordingly, 

w = j c (f-«F'- 1 (f-6)«- 1 (f-z) A + , df 

is an integral, provided that either (f—a) p (f— 6 )^(f— 2 ) A vanishes 
at both extremities of C, or else C is a closed curve such that 
this function (or the integrand) has equal values at the initial 
and final points. 

Let P be any point of the f-plane, and let A, B, and Z, 
denote loops drawn positively from P about a, b, and z. Also 
let A, B, Z, denote the values of the integral 

taken round these loops, with M as the initial value, in each 
case, of the integrand at P. Any of the contours ABA _1 B l , 
AZA' 1 Z -1 , BZB“ 1 Z _1 , where, for instance, the first denotes the 
loops A, B, A -1 , B " \ described in succession, can be taken as path 
of integration C. For, if ABA - 1 B -1 be taken, the final value of 
the integrand is equal to its initial value multiplied by 

g2irip glniq g — 2nip g — 2rriq _ J . 

and similarly with the others. 

Let the values of the integral taken round these three contours 
be denoted by [AB], [AZ], [BZ], respectively. The value of 

[AB] can be found as follows. _ # 

The loop A gives the integral A, and brings the integrand 

back to P with the value Me 2 '*. Thus the loop B gives the 
integral e 2,rip B, and the final value of the integrand is e 2nl(j,Jrq) ^ • 
After describing the loop A -1 , the final value of the integrand 
is e 2 ^M, so that the corresponding integral is -e^A; similarly 
the integral due to the loop B -1 is B. Thus 

[AB] = (1 - e 2 -*) A - (1 - e 2 '*)B. 
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Similarly [AZ] = (1 — e 2rrix ) A — (1 — e 2n 'P) Z ; 

or [ZA] = (1 — e 2rr1 ^) Z — (1 — e 2,rix )~A ; 

and [BZ] = (1 — e 2,rix )B — (1 — e 2rr ^)Z. 

Hence (l- e 2^)[AB] -f (1 -e 2 ”P)[BZ] + (1 -e2^)[ZA] = 0; 

so that a linear relation exists between the three integrals, as is 
to be expected. Any two of these integrals, say [AZ] and [BZ], 
can be taken as the fundamental system. 

The Branch Points of the Integral. When 2 is fixed, the path 
of integration can be deformed without altering the value of the 
integral, provided that it is not made to pass over any of the 
points a, b, z. If 2 varies continuously, the integrals will also 
vary continuously, provided that the path of integration is 



Fio. 76. 


point^ 2 he " neCeSSary ' 80 as to avoid Passing through the 

1 de f cnbes a contour about a, the loops A and Z (Fig 76) 
must be deformed into loops A' and Z'.* g ' 

ZAZ-'A Z i , iS T iVaIe - t0 ZAZAlZ ' and A' to ZAZ- or 

taken along Z' and^ * a " d A ' ^ ^ ValU6S ° f the inte g rals 

Z' = Z + e***[A Z], A'= — [AZ] -f- A. 

to *1J (ii) deform Aimto^A^-def ^ d y t ? rm ZlDU> Z1 » 60 that z P ** 3 ® 6 round a 
original position. ’ eform Z 1 into Z , bo that z moves from z x into ita 
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Accordingly, [AZ] is transformed into [AZ]', where 
[ AZ]' = (1 - e 2 "*) A' - (1 - Z' 

= (1 - e 2 ^) { — [AZ]-f A} —(1 — e 2ni P) {Z + e[AZ]} 

= g 2iri (p+A)[AZ]. (D) 

Similarly [BZ] becomes [BZ]', where 

[BZJ = [BZ] + {e 2niq — l)e 2 "*[AZ]. 

Thus a. is a branch point of both integrals. Similarly it can 
be shewn that b is a branch point. Infinity is also, in general, a 
branch point; but a circuit about it can always be replaced by 
circuits about a and b. 

96. Gauss’s Equation. If in equation (a), § 95, 

Q(z) = z — z 2 , R(z) = (ot — y-f 1) — (oc — /3 + l)z, A=—cl— 1, 
then a = 0, 5 = 1, p = CL — y + 1, q = y — 

thus the equation becomes Gauss’s Equation, 

z(l —z)w"+ {y — (cl+/3+ l)z}w' — cl(3w = Q, 
and has the integral 

where C is so chosen that the initial and final values of the 
integrand are identical. 

A second integral can be obtained by interchanging a and (3, 
and a third by putting 1/f for f. The latter integral is 

Employing the notation of § 62, we can write one such integral, 

where the initial point lies on the real axis between 0 and 1, and 
the initial values of 1 and (l-f)^- 1 are real and positive. 
If z describes a closed contour enclosing z = 0 but not z=l, the 
singular point 1 /z will describe a closed contour enclosing z = 0 
and z = 1; and therefore the contour of the integral need not be 
altered. Accordingly, for values of z which lie in a simply- 
connected region enclosing z = 0, but not enclosing z = l, t e 
integral is a uniform function of z. 
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Now let | zf j <1, and choose that value of (1 - z^) a which has 
the value + 1 when 2 = 0 then 


r 


1+.0+. 1 —, 0— ) 


f'-'uV-*s 


I 


(04-, 2 + .0-.2-) 


= ± «x(°Lhik-^ + "- 1 » f ,+ - ° + -' - - ’f, -, ( ! _ { j, - , - . ,l { 

.1 = 0 J 

= ± + ( ] _ c ftr* } <! _ (v -3) } 

+ y-(3)z\ (§62) 

= ( 1 -^ ) {l_ c ^(y-«) B(/S> y _ / g)F(cc, 0, y, 2 ). 

Note. The expression given by this equation for the function 
F(oc, (3, y, z ) as a contour integral is valid for all values of z. 

Example. Prove F(o., f3, y, z) = (l -z)~ a F^ y - (3, y, 

[Replace ( by 1 - f.J 

Again, consider the integral 

where the initial point is on the straight line joining f = 0 to 
f=z, and the amplitudes of f/z and (1 — f/z) are taken to be zero 
at this point while that branch of (l-f)y-0-i is taken which 
has the value 1 when f = 0. From formula (p) of § 95 it 
follows that when z describes a closed contour about 2 = 0, the 
integral is multiplied by e~ 2wi y. 

Now let £ = zZ ; then the integral becomes 
f(0 + , 1 + , 0-.1-) 

'J Z-r(l-Z)-(l -zZyr-P-'dZ 

= -{l-c ftrf («-y)}( 1 _c- 2 "-)B(oc-y+ lf 1 -cl) 

Xz'-y F(£-y+l, QL-y+1, 2 - y, z). 

This equation gives an expression for the function 

2 i-yF( 0 C-y+l, (3 y + 1, 2-y, z), 
which is valid for all values of z. 


z l ~y 


then 


97. Legendre’s Associated Equation.* If in equation ( a ), § 95 , 
Q(z) = 1 — z 2 , R(z)= —2(n + l)z, X = — ?i — ??i — 2, 

a= — 1 , 6 = 1 , p = q=n + l ; 


*Cf. Hobson, Phil. Trans., Vol. 187. 
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thus the equation becomes 

(1 — z 2 )vf' — 2(m-hl)ztt/ + (n — m)(n + ni + \)w=O t 
and has the integral 

where C is a suitable contour of integration. Hence (§ 94) 

w = (z 2 — — l)»(f— z)-' l - m - l d£ 

is an integral of Legendre’s Associated Equation. 

The Function P„ m (z). Consider the function 

f (z+, l+,:- t l-) 

where a cross-cut is taken along the real axis in the z-plane from 
1 to — oo to make the function uniform in z, and the amplitudes 
of z—1 and z + 1 lie between — 7 r and +7r. Let A (Fig. 77), a 
point in the f-plane on the straight line joining f=l to f=z, be 
taken as initial point; and let the initial amplitudes of 1 and 
f-}-l be <f> and <f>\ where these are the angles (between ±?r) 



which the lines joining f=l and —1 to A make with t e 
positive £-axis. Also let the initial value of amp(f-z) he 
— so that amp(f— z) is zero for points on the contour 
at which f—z is a positive real quantity. Thus if z lies on the 
a-axis to the right of +1, the initial values of amp(f+l> 
amp(f — 1), and amp(f—z) are 0, 0, and — tt, respectively. 
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Now let f — 1 = (z — 1 )Z; then the initial value of amp Z is zero. 
Again 1 = 2 ^1 -f- — Z^. But when f=l, amp(f-fl) = 0 

hence amp^l -\- Z 1 Z^ is zero when Z = 0. Also 

= -Z) = e-*"(z-1)(1 -Z), 

where ainp(l — Z) is initially zero. Thus 

/Z- 4-1 \i"‘ 

qj) = J 9»g»r(» + "« + l) 

f l+,0+,1-,0-) , 

Z»(l-Z)->(l+ 2 

= ^£zh2^ m 2«g«>(n+m+i)’^ w(n — 1)... (n —r +1) 


2—1 


\)dZ 


r ! 


r = 0 

X \-2-) J Z n+r (l -Z)-"-”*-idZ 


=: ?? ( n — 1 ) • ' • ( n ~ r -H 1 ) 

r = 0 • 

x ( i i^) r(1-e2, " n - )11 - e ''' ! ' i< ’‘ + ”‘ > ) B ( 7! + "+ 1 . -n-m) 

=MYW* Sin __ r( W + u _ 

r(n + m + l>l ( 1 -m) 

X F( —71, 71+1, 1-771, 

In particular, if m = 0, 

f *+, 1 +. Z-, 1 -) 

(f 2 -l) n (f-2)-”- 1 df-2"+2 7r e««sinn7r 


so that (§ 90) 

P»(2) = 


XF(-77, 71+1, J, 1 ~)\ 


e - win 


J (*+. 1 +, 1 -) 


2"47r sin ?<7r. 

Now, if is a positive integer, then (§ 94) 


P„•»(*) «(**-. i)*»^P»(l) 

dz m 


— Trin 


r(7i-t-m-f1) 


(Z 2 -!)*"* 


2 n 47rsin 7i7T r(n+l) 

f(*+. l+,r-, 1-) 

xj (f t -l) n ((-*)- H -"‘- 1 df 

— 1 /z-{- l\4"i / | 

“r(l - m) w +l. 1-m. ~^\ 
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But this function satisfies the differential equation for all 
values of m. Hence, for all values of n and m, P„ m (z) can be 
defined by any one of the equations 

GSrK-- + 1 . 1 


v ' r (1 — m) \z — 1 / V ’ ■ ' ' 2 / 

_—_— m — n, n — m+ 1, 1 — m, — 5 -^) (§93) 

r(l— my \ J ' 

n(Ti + m) 2~ i, «g~~ jn *_ f (z+ ’ 1+, ~ z)- n ~ m - l dg. 

n(^») 47rsin / n.7r v J 

Corollary. P"'„ _ x (z) = P“(z). 

Example 1. Shew that 


j' 1 "- ,+ - "•1)—■ d(=(i- e 2 "") I '"'(C 2 - ; 

deduce that P„«-jL -Y^ 1 - <*f- 

The Function Qn TO (z). Again, consider the function 

where a cross-cut is taken along the real axis in the z-plane 
from 1 to -00 to make the function uniform in z. Let the 
origin in the f-plane be taken as initial point; and let f+1 and 
1 have initial amplitudes - 2 tt and tt respectively, so that 
they will both have amplitude zero when f is real and greater 

than 1. Also let the initial value of amp (? - z) he amp z-ir. 
Then, if | z| > 1, [z is assumed to lie outside the contour! 

w = e M»+»+i)(z*-l)l'“ 

• a a A ^ % 


iV-K > + > 


« r(n+m+i'+i)_ 1 f 

X Sr(^l)l>+W+T) 2 >.+n, + ,+ lj 
= _g<iK/*+»'‘+ l )(z 2 — l) Jm 2i sin -mr 


(-i+, +i-> 


£'(f 2 - 1W 


r(n+i>r( 2 -^) x 


- r(« + m+2r+l) ^ * ' —* ■ 

x f §fi5+i)r(»+»+ii r(n+‘^) 2 ’ (Ei ,vn 


p) (Exs. Vin. 7) 

, . i r(m+i)r(i) 

— e Mn+m+\)2i sin (nir)(z 2 — 1 ) 4 ”‘ 2 „ +m ^i 

/ w+m+2 , 1 + m + l n + h j_\ (§62, Ex. 2> 
xF V-2 2 
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Now, if m is a positive integer (§ 94), 

(**-i)*«r(»+m+i)r(4) i 

<qin m ( 2 )- 2 n+1 T(n + %) z n+t 


+ m+l 


xF (!L±^±_ 2 , »±*± 1 , »+*, t). 


But we have just shewn that this function satisfies the 
equation for all values of n and m. Hence, for all values of 
n and m, Q n m ( 2 ) can be defined by either of the equations 


O r(>i+m + i)rq) (z*- i)* 

K z ) 2n+1 rOi+:!) z n+m+ 1 


r (w.H- ii ) Z n+m+1 

p/« + ?/i + 2 n + ra-f1 

X *V 2 ’ 2 


> » + -*. ^ 2 ) 


g—vr(n+m+l) 
2 n+1 


r(» + m+ 1) 


(z 2 — l)* m 


2 n+1 2isinn7r r(tt+l) 

Corollary. By applying the formula (§ 93) 

F («-> y> D = ( 1 _ y-/ 3 » y» f)» 

we obtain the relation 


_Q,"(g) Qn m (z) 

r(?i+m+l) r(n-m+l) # 

A Second Expansion for Q n m (z). Consider the function 
, , f(*+. - 1 +.*-. - 1 -) 

( 2 2 _ 1)ini j (f 2 -l ) ' t (C-z)- n - ,n - 1 d^ 

There are two cases to consider, according as I(z) is positive 
or negative. 

Let A (Fig. 78), the initial point, be on the straight line 
joining £= I to £ = z, and let this line make an angle 0 
with the positive f-axis. Also let the initial values of 
am p(£+l) and amp(£ — z) be 0 and —( 7 r — 0 ) respectively. 
Then if f+I=(z+l)Z, the initial value of amp Z is zero. Also 
f ~ 2 = ( 2 +l)(Z — l),so that the initial value of amp(Z — 1) is — 7r. 

Again, since 1=—2^1 -and since, when f = — 1 , 

am P(£—1) has the value 7 r in the first case, and the value —tt 
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in the second case, f — 1 has the value 2e xn (l — when I( 2 ) 

is positive, and the value 2e~ xn (\ — Z^ when I(z) is negative. 




Hence the given function lias the value 

c +nui ^ 2 n e in( - H + m + ^ 

I (i+.o+. 1 -. 0 -) 1 

Z”(l-Z)" n " m (1 — 

T(n+1) (z- IV" 

- e nwi±nni 2 n 4)7r sin titt r(w + m+1) f (T^O ^+ lJ 

mm % 


P z T dZ 


x 


f( — n, n+1, 1—m, pp)- 


(§ 96 ), 


according as I(z) is positive or negative. 

Now let L, M, N, be the values of j(f 2 -l)”(f-z) ^ 

taken round loops from f-0 about -1, 1. «. respectively 1 the 
initial value of amp(f-l) will be r or - x accord.ng as I(«) 
positive or negative. Then (§ 95). 

= N(l-e 2n ’ r< )-M{l-e- 2 ( m+n+1),r, } J 
(*+. - 1 + - 1 ->^ 2 _ iy(g— z )- n - m - l d£ 

= N(1 -e 2nwi ) — L{1 — e~ 2(”»+"+ 1 > ,r, } ; 


r 

r 




(-i+. +i-) 


z)- n - ,M - 1 tZf=L —M. 
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Denote the integral in the last equation by W x ; the initial 
value of amp (£ 2 — l) n in this integral is ± mr, according as I(z) 
is positive or negative. Again, let W 2 denote the integral 

1+ * + (£ 2 — l) n (£ — z)~ n ~ m ~ 'clg, in which the initial values of 

amp(£+1) and amp(f—1) are — 2 tt and tt respectively; then 
amp(f 2 — l) n is — mr initially. Hence 

e nni \V 2 = e* nni Wj; 

so that 

according as I(z) is positive or negative. 

But 


(L —M){1 — « _2,r(,n+ " ;< } = | ( + + * 1 (f 2 “ l) w (? — 


Hence, since 

p — t*r(n+m-f I) 

Q« m (2)=- 


-J 


(*+. -l + , 


(f*-l )"(f-2)- n 


- n - m - 1 


■it- 


1 r(n+m+l) 


it follows that 

Q n m (z) = 


2 n+1 2isina7r JL'(ra+l) 

1 


(z 2 - l)»“W a , 


7T 


~(ln) n + l » 1_w > 


1+2 




2 sin (m + n ) tt I' (1 — m) 

F ( “ n > n + l > 1—m, 

z — 1 \J 

+ 

according as I (z) is positive or negative. 

CoroxjLiahy. From the equation 

Q ""W- r(n-m+!) ^"W> <P- 263 ) 

it follows that 


O ~ _!>:w) r (m + n+l) 
( ' 2f(m+ 1) 


X - 


eTnrf ^iTT)"” P (- n ’ re + 1 - 1 +™- 1 o 2 


+V n + 1 > 1 + m »~2 2 

Example 2. Shew that 

p n ( 2) {Q: (2) sin (m + n)7T sin (n -m)*). 


.(B) 
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98. Second Method of Solution. Differential equations of 
the type 

(az -f* a')w" + (bz + b')w + (cz 4- c')w = 0 (A) 

can be integrated as follows: 

Substitute w = ^<t>(£)e&d£ in e( l uation ( A )i then 
Hence, if ) satisfies the equation 

(a'f 2 + 6'f + O *(f ) = ! + «>f+c)0(f )}• 

equation (B) becomes ^0(£)^£ = O, 

where 0(f) = 0(f)« f ‘( a f 2 + 6 f +c )- Also ec l uation ( c) & ives 


(c) 




J af*+t<+c 


.1 




Thus J QiO&'dg is a solution of equation (a), provided C is so 
chosen that 0(z) regains its initial value at the final point. 

99. Bessel’s Equation. In Bessel’s Equation (§ 91) put w = z n W; 


then 


2 ^W + (2 . + 1 )^ + zW = °. 


This is an equation of the type considered in the previous 
section. Accordingly, since, in this case, 

f (2n+lK 

W = J o ^(f 2 + l)"-Mf 

is an integral, provided 0(c) or e*(f+ D” + ‘ regains its initial 

b, it, . -**» or B«.r. Equation i. 


w 


= z»J *df. 


where C is a suitable contour 
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Expression for J n (z). Consider the integral 


■(-i+. +i-) 


where the initial point lies on the £-axis between —1 and -f-1. 
Let the initial amplitudes of f+1 and f— 1 be —27r and it 
respectively, so that each of them has zero amplitude at the 
point where f crosses the f-axis to the right of f = 1. Then 


+i-) 


* (izV +>-> 

““(P-i W- iy-*ds 

* = Q v ' J 


-2 r 


r(% +1 ) 


Hence 


= - 2t cos ’(« + i) " 1 ) r r( 2r + 1) m+^+ 1) 

(Exs. VIII. 7) 

= — 2icos7J7T v /7rr(n + i)(^) J„(2), (§62, Ex. 2) 
r(i-7i)U/ Jn( 


J " (2) = 2^ (|)«r ,+ ' +1 - -1 r 

Corollary. If R(™ + £)>0, 

J " (2) =r(WTT)(DT r< 1 - 
= m)r\n +h 0 l^°’* sin2n + d +- 

Example. Prove 

100. The Modified Bessel Functions. The substitution 2 = if 
transforms Bessel’s Equation (§91) into Bessel's Transformed 
Equation jz... j W) 

f2 ? + fS-^ 2+ f 2 ^=°> 

of which two solutions are 


and 


K„(f) = i-G n (i{) = {!_„(£) - !„(£)}. 


n+2v 



268 


FUNCTIONS OF A COMPLEX VARIABLE [ch. xv 


These are the Modified Bessel Functions of the First and Second 
Kinds of order n. 

If n is a positive integer, I_ n (f) =In(?)> while, from the 
formula for G n (z) on page 240, 


n -1 


K„(f) = (-i)" + 1 ln(f){log(M)+y}+4S(-i)’ 


(n — v — 


v=0 

OO 1 / 

id) <*(■)+♦<“+'». 




-n+ 2v 


where 0 ( v ) = 1 f £ + £ +... + - and <p ( 0 ) = 0 . 

In particular 

K« (f) = - l„(f) {log (if)+y }+£ pp (£fV W- 

The verification of the following formulae is left to the 
student. The argument f of the functions is omitted. 

^I n / = wl n +^I n +i ^ —wl n +£I n _i> 

2I„ / = I n -i + In+i> Iq = ^i> 


K_„ = K„, fK„' = «K„-fK n+1 = 
2K n '= — K „ +1 —K n _j, K 0 '=-K 1( 


2 n 


jjtf-K,)- -f-K n+1 , ^(f"K„)= -fK*.,, 

^K„ = K„ +1 —K„_j, = 

Integral Expressions for I n (z). From the formula for J„(z) 
on page 267 it follows that, if the initial point lies on the 

£-axis between — 1 and 1, and amp (£+1) an d am P (£"“ ^ ave 
initial values — 27r and 7 r, 


i r(i-») 


I "( 2 ) = ^^- Z ( Z 2)"J 


«f(-l+, +1-) 


e ±*(p-l 


1 +1 -> cosh (sf j 

27T v/tT \2/ J 


COROLLARY. If R (^ + £) > 0, 


r /-x _!_f-Vr e±*(l-£ 2 ) n_ *d£ 

~r(l)r(n + £) V 2 / J _! 



§ 100 ] 


INTEGRAL EXPRESSIONS FOR K n (z) 


209 


Integral Expressions for K n (z). In the formula at the foot 
of page 266 replace z by iz ; then 



c 


is a solution of Bessel’s Transformed Equation, provided that 
0(f) = e _zf (f 2 - l) n+i regains its initial value at the final point 
of C. 

In the first place, assume that z is real and positive. Let C 
be the contour of Fig. 79, with initial and final points at positive 
infinity on the £-axis, and passing in the positive direction 



round f = - 1 : the initial value of amp (f 2 - 1) is taken to be 
zero, and C is drawn so that, at all points on it, | f | > 1. The 
integral is a solution of Bessel’s Transformed Equation since 
0(£) vanishes at the initial and final points. 

Now in the integral expand (f 2 - 1)"-* in descending powers 
of £, and integrate term by term ; thus 


CO 

w = z n ^P j {— 1) 
*=0 


r(rc+£) 




J. 




-2*- 



= * -n S ( - V" - 1 >r(2n - 2x), 

by the formula on page 143. But (Ex. 2, p. 145), 

F(2w - 2v) = 2^-2*--T(n- v)T(n - v + £)/ s / 7 r ; 

hence 


w = z~ n T(n +(e iKin — 1) 2 2n - V - 




2v 


= (e 4 "” -1)2- ^(n + J) Tr->T(n)T( 1 - n)I_„(z) 

= i(e“"+e™)2' v W(n + i)L„( 2 ). 
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Now assume that R (n + £) > 0, and let C be deformed into 
the contour of Fig. 80; then the integrals round the circles 



© 


O^xV + i 


FlQ. 80. 


bend to zero with the radii of the circles. Since amp (f 2 — 1) is 
zero initially, the value of (£ 2 — l) n_ * on the £-axis to the right 
of f=l is (£ 2 -l) n-i ; as f describes the semi-circle about 1, 
amp (f —> 1) increases by 7r, so that, on the f-axis between 1 and 
_1, (f 2 _i)n-i has the value as f passes 

round the circle about - 1, amp(f+ 1) increases by 2tt, so that 
the value of becomes (l-^ 2 )"-*^—*>; similarly, 

after f has passed round the lower half of the circle about 1, 
the value of (f 2 - 1)"-* is (f 2 - l) n -»e"*<—Accordingly 

w = (e iinn - 1) z n J* e ~* (g 2 - 1 ) n - 1 * d£ 

+ i ( e i7rn + e* iirn )z n J e * (1 — f 2 )” "* 

_( e 4i*m_ l) zn | (^ 2 —l) n_} d^ 

+ i(e 3i ’ rn 4-e <Tr ")2V7 r *r(rt-f i)I„( 2 ). (p. 268, Cor.) 

On comparing this with (a) above it is seen that 

Now let £=tj+l i then 

K » (z) = fc&F) 1(2+ " lr ' iAh 

Again, let tj — ^/z ; then 

*.<■>- V(£) nraj«-©<-‘ (*■ + £ r ‘ 


2z/ r(n + -J) 

This formula may be replaced by the formula 


V( 


n-J 


(c) 


making 
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£-axis an angle \p- such that — \ir < \Js < Since the 

functions on both sides of the equation are holomorphic for 
i/>-- 7 r<amp 2 <^ + 7 r, z=f=0, the formula holds for all points 
in that region, provided only that R(n +J)>0. 


101. The Asymptotic Expansions of the Bessel Functions. 
The asymptotic expansion for K n (z) will first be established, 
and from it the corresponding expansions for the other Bessel 
Functions will be deduced. 

From Appendix I., Note 7, it follows that 

(1 + 2 ) m = V_r(m + 1)_/ 

where R *'= i\rlm+iL) 2 j/ (i - o-( ‘ + dt, 

provided that (1 +zt) does not vanish for any value of t between 
0 and 1 . The numbers z and m may be real or complex, and 
that branch of (1 -\-zt) m is taken which has the value 1 when 
2 = 0 . 

Now in formula (c) of § 100 this condition holds for 

{l + f /(2 z)}, 

where amp f = \Js, provided that — tt < ^ — amp 2 < tt-, or, what 
is the same thing, yj,- tt < amp 2 < V' + tt, and z=f= 0 ; thus, if 
R (” + £)> 0 , 

(2) = V(&) f(n+T) e ’ 

I 4n2 ~ 12 1 (4» 1 »-l»)(4«»- 3») , 

V\2 z) \ U 82 + 2! (Sz) 2 


K 


where 
R.= 


( 82 ) 

( 4m. 2 — I 2 ) (4m 2 -3 2 ) ... {4m 2 - ( 2 s - 3) 2 } 

(5 — 1 )! ( 82) 8 - 1 




+ R,K (a) 


J/ - * + - ^ J>( 1 - o- 1 (i+1) 

If R(«) > 0, amp t=\J/, - Itt < ^ < $ir, it is easy to show that 

jf e-f{ x ~ 1 dt = J o e-t( t - 1 d( = r( 2 ). 


n-i-t 


dt . 
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Here put f = X (cos \fs + i sin \Js ), so that X is real and positive; 
then 

1 


R »l = 


s ! r(w + ^ — 5 ) (2z) 


-•IE 


e -xcos^ | (Xe^) n -* + * |dX 


dt. 


The series in (a), if regarded as an infinite series, is divergent. 
It will be shewn, however, that, by making | z | large enough, 
R, can be made as small as we please ; so that the expansion 

is asymptotic. 

Let z = p (cos tf> + i sin <p), so that 

2z 

Consider first the case in which -j7r^V r -0 = i <7r • 8ince 

COS (\fs — <p) 2 ^ 0 , 

^ cos (^ —0) = 1. 


1 + ^ = 1 


+ ^ {cos {\}s - <f>) 4- i sin {yfr - <f>)}. 

Ip 


l+£ 

^2z 


^1 + 


2 P 


Choose s so large that .$ + £ > R(w); then, iin OL+ip, 

/ tt\ n ~ I 

( i+ fc) 


i+£ 

+ 2 z 


- xP 


where x 1 9 the amphtude of l + $/(2z). But 

-i'r^x = i 7r '* 

therefore 

(■ 4 )" 




Also, since — \ir < V' < i 71 "* 

| (e‘*) n-i+, | ^ e*' 1 * 1 . 

Hence 

IT > 1 -_ 1 _ ,1 e - Xco, *\’- i+ ’<fa 

l K ’l < ls!r(n + i-s)(2z)’lJ 0 

X f 1 a(l- 0 * _1 * e ' 1 '" 

Jo 

r(a.+£+s) _/ cos i—fix. 

~ls!r(n + }-s)(2z) , l'‘ ,.. nM . 0 

In particular, if » is real, so that a. = n,P- 0, an 1 
so that can he chosen to be zero, then, provided that 

the modulus of the remainder is less than the modulus of the 
succeeding term. 
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Again, consider the cases 

— 7T < '4'— <P ~~~ i 7r » \ 1T ='f' ~~ <fr ^ IT > 

then lt ft I //..X* , , ^,* 2 * 2 \ 

1 + 2i| = Vl 1+ 7 cos VJ 

= /> y[sin 2 (x/r-0)4-|cos(x^-0)P^} ] 

^ I sin (x/,-0)|. 

Thus, if s-f£ > R(n), 

( 1 + 2z) * ’ ’ I < e ”'* '/I sin W" ~ *) 

Accordingly, if s 4- \ > oc, where n = oc +1/3, 

id r(a. + ^ + <s) 

1 5 ‘^A; s!r(n + 4-5)(22)- ’ 

where & = (cos ^r)«+*+*e-»i0i if — £tt = \Js — <p^^n t and 

k = | sin(x/^—^>) |* + * - a (cos ■v/^) a+ * +, e _ *’ r| ^ 1 

if — 7T <C \Js — <f> = — \lT Or %7T = \fs— (f> < 7T. 

As lies between — Jtt and |7r, while \Js — <p lies between — n- 
and 7 r, it follows that the asymptotic expansion holds for 
— |7r < amp z < ^ 7T. 

Since K_„(z) = K n (z), the expansion also holds when R(n) is 
negative. 

Corollary. If - f tt < amp z < f tt, 

H.“ Kn(z) /{V(£) e_ '} =1 ’ 

so that, if — ^7r ^ amp z ^ J7r, K n (z) vanishes at infinity. 
Asymptotic Expansion of G„ (z). Since 


G n (z) = e-*"’ r< K n (e-P"z), 

the asymptotic expansion, valid for — 7 r < amp z < 27 t, is 


/(4n 2 -l 2 ) (4n 2 — l 2 ) (4n 2 — 3 2 ) (4n 2 — 5 2 ) 

l H 82 3! ( 8 z ) 3 

Asymptotic Expansion of J n (z). Since 


•••}]• 


7riJ n ( 2 ) = G n (z) - e ,n ’ r G n (ze* v ), 

the asymptotic expansion, valid for — 7 r < amp z < tt, is 

,T„M = /fAUi _ (4n 2 — l 2 )(4n 2 — 3 2 ) 1 / tt tittN 

VvTTZ/t 1 2 ! ( 8 z ) 2 +...|cos^z —-——J 


~ V© sin G-f - 


717T \ 

2 ' ’ 


s 
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Also, since J n (z) = e ,, *’ ^ J n (^e - * ,I ), an expansion, valid for 
0 < amp z < 27r, is 


) / 7T , 717T\ 

cos ^ z+ _ + _j 


- fe "’V 1 '(4) ( 4 4r- • • ■} sin ( z +i+^) • 

Corollary. The difference between two consecutive zeros 
of J n (:r) tends to the limit xasa: tends to infinity. 

For the asymptotic expansions of I n (z) see Misc. Exs. I., 154. 

Example. Prove 

Lin. \ 2 , «-*”*’= f 

«—» 4 {J!(»«,«)}- ./0 

where k is positive, and the quantities wt, are the zeros of the function J 0 (ma) 
regarded as a function of m. 

Since C 0 (7na)J 0 , (//ia) —J 0 (?na)G 0 (ma)=——, (cf. p. 241) 


G 0 (m,a) mt aJ Q{m,a) m,aJ j (m,a) 


Now /* 

Jc Jo(«0 d t 


ST. J 0 ( Ht ‘°) 



Fio. 83. 


where C (Fig. 83) denotes a closed curve which crosses the x-axia at the 
origin and at an infinitely distant point between two zeros of J 0 (*«). a,1( f th ® 
summation extends to all positive values of m t . Therefore, since J 0 ( 2a ) is a 


e-W. 


even function of z , 

f G „(««> J Z -4 . f ,1 , ( ”‘‘ - r 4 

} c J 0 (za) 7 a 2 lJi(™*“)r 

T . /G,(«»)l =0, if 1(0 >0, 

But t J7(2«)J =iri, if I(0<°- 


Hence 
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EXAMPLES XV. 


1. ]fR(j8)>0, R(y-£)>0, shew that 

f o y-/3)F(<*, /?. 

CJse this formula to prove Gauss’s Theorem (page 144). 

2. If to is a positive integer, shew that 

p "" ( 2 )= £tt^ " ,+ " + '■ m + ' r) ; 

II(h-to) 


deduce that 


Pn m (0 = 


ICC*). 


II (» + /») 

3. If 7/i is a positive integer, shew that 

P m/.\ 1 1 (w + TO + 1) (" — 1 ) im / “ + * , + , />2 1 1 ,jr 

1 ” r(n+l) 2 " ./ IJ f 

[Use Ex. 1, § 97.] 

4. Use Ex. 1, §97, to prove that, if m and « are integers such that 

n^O, in zZ. - w, 

(f 2 - 1 r«-o-—‘rft 

where C is a closed curve enclosing £=«. 

5. Establish the formulae : 

(i) P” + ,( 2 )==P"( 3 ) + (^-l)4(« + m)P"-‘(.-) ; 

(ii) P;_,(:) = eP:(0-(.- ! - 1 ) ! ("-o + ijpj-’w ! 

(iii) (ti — m + 1) PJV.M - (2« + 1 )n*r(.-) + (n + »i) P"_, ( 2 )= 0. 

[Apply the method of partial integration to the definite integral form 
for P,«”*(*).] 

6. Shew that the formulae of the previous example also hold for Q„ m (r). 

7. If \z i < 1, shew that 

- r (—)rQ) 

= *=F(« + l )-9 01,-1 v 2 / \£> 

r(—i--) 

x < 1 - F + 1 m ~" 1 

r(’ ,± ” +2 )r(D 


0,. m (2)=C 


' zA 

• o’ / 


+ e Tin»i 2 m 


r ) 


according as I (z) r^O. 

[Use Exs. VIII. 20, and Ex. 2, §62.] 

8. Prove that P„( 2 ) = ^ tan (Q,.(z) - 
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9. Prove that 

[Use the second expression given in §97 for Q£*(z).] 
10. Prove that 

™=f{^TI){ P " W 'I si “ ™ 

[Use Ex. 9 and Ex. 2 of § 97.] 


11. Shew that 

(i) P n "*( -z) = e*"«Y „ m (z) -J sin (n + m)w Q„ m (z), 

(ii) Qn m (-z)= -e±""Q,. m (4 

according as I( 2 )< 0 . 


12. Shew that, if' z | > 1, 

m sin(n + m)7r r(n + wi+l) 

” ' ' 2 n + l coamr r(w + jf)r(£) 

(z 2 -\y m ^fn + m + 2 n + m +1 „ ,3 1\ 
x^prrsrr -—- -— * ” + 2’?; 

i g** 

T{n-m+l)r(f) 


5— ?> 


[Use Ex. 2, § 97.] 

13. Shew that, if | z | < 1, 


p / ra + m-f 1 \ 

«» -1 +2 j ^vj 

m+2 


p^ n + m + 2 ^ 


+ «T m ' < 2" , sin / .fi \ /i "\ 

V > / r(?^±i)r(D 


. O .Mn, Ti'/« + W + 2 771 -tt + l 3 

x(z 2 -l)*"*zF^- - -,-2-* 2 / 

according as l(z)<0* 

14. Shew that 

Jn(z) = 2 N / 7r cos?i7rr(7i + i) 


1 _f-vr i+,+i (f 2 -i)"“* co 8 ( 2 0 rf ^ 

ru+i) \ 2 / J V!> 



If R(n + l)>O t shew that 

1 

(i) Jn(z)- r (j)r(n + J) 

(ii) Jn(z) = r( j )r(7t + j) 




MISCELLANEOUS EXAMPLES I. 


1. Shew that 

zx+zt j* + |*i-s,| 8 =2{J* 1 |* + |*,|*}, 

and give a geometrical interpretation of this equation. 

2. If n is a positive integer, prove that 

(i) z 2n - a- n = (z 2 - a 2 ) (z 2 - 2az cos ^ + a 2 )... jz 2 - 2 az cos ^ + a 2 } i 

(ii) z 2n — 2 a n z H cos 0 + a 2n = (^z 2 — 2az cos ^ + a 2 ^ 

a 2 } 


x (* - 2a* cos +.»)... { *’ - to. C os 0 + ^-'^ + 


3. Prove that, if the points z x , z. lf z it are the vertices of an equilateral 

triangle, z t + g t + ^2 = + + 2 ^,. 

4. If z n 2 2 , z 3 > are ^ ,e vertices of an isosceles triangle, right-angled 
at the vertex z 2 , prove that 

z, 2 + 2z 2 2 + z 3 2 = 2 z 2 (2, -f 2 3 ). 

5. If ( z l —2 2)( 2 / — Z 2) = ( Z 2 —z 3)( z 2 — Z 3) = ( Z 3 —z l)( z 3 ~ 2 l0) 

shew that the triangles whose vertices are 2 ,, r 2 , 2 3 , and 2 ,', 2 2 ', z 3 ', are equi¬ 
lateral. 


6. Similar triangles QRL, RPM, PQN, are described on the sides of the 
triangle PQR. Shew that the centroids of triangles PQR and LMN are 
coincident. 


7. If a,, a 2 , a 3 , and 6,, b 2 , b 3 , are the vertices of two triangles which are 
directly similar, shew that any three points which divide the line joining 
the pairs of points a,, 6, ; a 2l b ,,; a 3 , 6 3 ; in the same ratio, form a third 
similar triangle. 

8. If the lines joining z 2 and 2 3 , z 3 and 2 ,, 2 , and z 3 , are divided in the 
same ratio r at z x \ 2 ./, z 3 ' y respectively, and if the triangles whose vertices are 
2 i> 2 2 » 2 3 > and 2 |', 2 j', 2 3 ', are similar, shew that either r= 1 or else both triangles 
are equilateral. 

9. Let ABCD be a parallelogram of which AC is a diagonal, and let 
ABX, DCY, ACZ, be similar triangles. Prove that triangle XYZ is similar 
to each of them. 

10. OCAD, OEBF, are circles, where O, A, B, C, D, E, F, are the points 
(0, 0), (2, 0), (6, 0), (1, 1), (1, -1), (3, 3), (3, -3), respectively. If 
w = n/{(1 -z)(4-z)}, and if w=2 when 2 = 0, find the values of w at A when 
z moves from O to A (i) along OCA, (ii) along ODA ; find also the values of 
to at B when 2 moves from O to B (i) along OEB, (ii) along OFB. 

A ns. -*V2, «V2, - v /(10), -V(1QX 
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11. Shew that the equation w = \{z z~ l ) y where z=reP determines a 
transformation which carries over circles, r = constant, and straight lines, 
6= constant, into confocal ellipses and hyperbolas respectively. Sketch the 
system of confocals. If P is any point within the circle |z|=l, shew that 
there is a point Q outside that circle which is carried over into the same 
point of the w-plane as P is transformed into. 

12. If w=a(z — c)/(z + c), where a and c are real and positive, shew that 
the interior of the circle \z\ = c in the 2 -plane corresponds to that half of the 
i^-plane which lies to the left of the imaginary axis. 

13. If io= 1 / 2 , and if the point z describes that part of the line 4y = 3(.r —2) 
which lies in the first quadrant, find the path described by the point tc. 
Shew on the same diagram the path described by w when z describes that 
part of the line 4y + 3(.r —2) = 0 which lies in the fourth quadrant. Indicate 
in each case the direction of motion. 

.dns. Those parts of the circles 6 m 2 -4-6v 2 =3m±4v which lie in the fourth 
and first quadrants respectively. 

14. Shew that the transformation w=4/(z+l) 2 transforms the circle 
|z| = l into the parabola -y 2 =4(l— u), and that the interior of the circle 
corresponds to the exterior of the parabola. 

15. Shew that all the roots of z 5 -^* 2 + 2 + 3 = 0 are in absolute value less 
than 1'6. 

[Cf. the proof of the Theorem of § 10.] 

16. If a and b are real and positive, shew that the equation z* f, + az + b= 0 
has 2 p roots to the right, and 2 p to the left, of the imaginary axis. If b is 
negative, shew that 2ja+l roots lie to the right, and 2p-l to the left, of 
the imaginary axis. 

17. If a and b are real, shew that the equation z 4 *- 1 + <*2 + 6=0 has Ip or 
2p— 1 roots to the right of the y-axis, according as b is positive or negative. 

18. Prove that: (i) Lim (sec 2 - tan 2>=0 ; 

/'2irz + ir\ ( 2 ttz + tt \ 

COS (- Q-) Sin ( 3 ) , 

<«>£? Sin 2 T 2 — < 1U > sin— --*■ 


19. Shew that sin 2j + tsinh 2y .... , , ■ ^ sin 2j-t'sinh2y 

(i) tan(*+i»= cosh 2y + C os'2T ; <“>«*(■*+•*> cosh 2y - cos 2x 

20 If 2 tends to infinity along a straight line through the origin, shew 
that Lim tan 2 = ± i, according as the line lies above or below the real axis. 

21 If w = cosh z , shew that the whole w-plane corresponds to any strip of 
the z-plane of breadth » bounded by lines parallel to tho -r-axis. Also shew 
that, to the lines a = constant, y=constant, correspond the confocal ellipses 

and hyperbolas, y o r 2 ^ _u 2 _ v2 _ i 


cosh 2 * sinhtx 


cos-y ain'y 
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22. If w=\og{(z-a)/(z-!>)), show that tho lines u = constant correspond 
to a coaxal system of circles whose limiting points are a and l, while the 
lines v= constant correspond to the orthogonal system. 

23. If z=ctanh(Trw), shew that the lines u = u Q correspond to the coaxal 

circles {x - c coth (27r i/ 0 ) } 2 +y 2 = c 2 cosech 2 (27ru 0 ), 

and the lines v=v 0 to the orthogonal system of coaxal circles. 

24. If the sequence z x , z., t z 3 ,..., is convergent, shew that the sequence 

z,+z 2 z,+z 2 + z 3 

»' 2 ’ 3 ’ 

converges to tho same limit. 

25. If the sequences z,, z 2 , z 3 , ..., and z,\ z 2 ', z 3 \ ..., converge to the limits 
z and z' respectively, shew that the sequence w lt ir 3 ,..., where 

»<r„ = (2,z„' + z./ n _ 1 +... +Z n Z,')/7l, 
converges to the limit zz'. 

26. Integrate z a-1 Log z/( 1 + z), where 0 < o < 1. round the contour of 
Fig. 38, and prove that 

1 lo£T X 

— i -— dx = -7r a cot(7ra) cosec (ira). 

1 +x 

27. Prove that 


5 1 — r cos 2 0 

cos 20 -f 


I —— 

Jo 1-2 r 


r 5 K'cos 0 l+ 1 ^co8 t 2e + r» l,,g8ine</e 


£logL + r , if 
4 ° 4 ’ 


— log ——, if r < 1 or r > 1 

U b 1 + r 


Deduce that log(cos 6)<id = logfsin $)</&= ~ log I. 

[Integrate »ound the contour of Fig. 33, and 


put .v= tan 0.] 

28. If — 2 < a < 2, prove that 

20 




.4 sin 

Deduce that, if - 2 < a < 2, 
n 


I sin 20(tan $) a d$= l~ sin 20(cot 0) a d6 = —~ - 

•'o Jo 2 sin-lair 

[Integrate yyj 2 round the contour of Fig. 37.] 
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29. By integrating *°g(L+WO an( j log(l_+_M/£) w h ere r an< | 8 are rea i 

r — iz r+iz 

and positive, prove that 

L io «( i+ ?)^ =,rio e( i+ ;)= 2 i tan ~ i (5) 

30. By integrating log^l ** ^ and log ^1 + Z —^ , where r and * 

are real and positive, prove that 

W p /, lo s( 1 + 5 )^^ =_,rtan_, G)’ 

(ii)p / o tan- , (i)^=Jlog(l+^)- 

31. If a, c, and m are real quantities such that wi^O, c>0, shew that 

r a \nm{x-a) dx = v / 1 _g ( c cos wia - a sin wui)}» 

' ' J-ao x— a x 2 + c 2 a 2 + c-\ c -1 

p /" cos7n(jr —a) dx _ 7re -(a cos wia + c sin ma). 

^ .r^ + c 2- c(a- + c-r 


32. Shew that, if a and b are real, and ni^n^O, 

sin m(x — a) sin 7i(x—b) j r i _ 8in«(a — ft) 

jr — 6 ‘ a-6 


/ 


x —a 


33. Prove that 


/. 


sin or , 1 

dx—- - 


o <r a ' x +l 


2a 4 sinh 


34. If O^r < 1, shew that 

■2w 


f. 


d6 


27r 


1 — 2r cos 0 + r 2 1 — r 


2 


35. Shew that 2,r ° r °* accordin 8 as | a | < 1 or | a | > 1. 

36. Shew that, if | a„| ^ 1 for all values of n, the equation 

0=1 + a l z + a % z 1 +... 

cannot have a root whose modulus is less than J. Also shew that the only 
Le in which it can have a root is when «„= (—>• 2 > 3 - > 

37. Shew that, if R(*) < h 


38. If | 2 | <1, shew that 


1 _ ^ V 2"/_L_ 

(T+7+^?"3„to W3 

39. Shew that 

(i) Lim {(1+cos ir2)/tan 2 7T2 


1 • n 2(n±l)5_!h±ico S ?&i^ r }- 

— 8111 - Q 3 -/ 


_ . 1 -COs(l -COS*) t 

}=£; ( u >^‘-? *' 
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40. Shew that, if 1 2 1 < 1 or | z, > 1, the series 

2 ° - z~ n ~ l 


CO 


f (z n +zr n )(z n+1 + 2 - n ~') 
has the sum z/{(z- l)(z 2 +1)}- 

41. Prove that (i) | cos 2 1 ^cosh 1 2 |, (ii) | sin z\ sinh \z\. 
[Use the Taylor's Series for cos 2 and sin 2 .] 

42. If \z\> l, shew that 

’ .2,4, 1 

+ •> , 1" + .4 1 1 ■+"••• 


z+1 z 2 +l z *+1 


2-1 


43. Shew that the series 

2 ( 2 - 1) z{z- l)U-2) 

1 " 2 + —2l-3! + “* 

is convergent if R( 2 )> 0 , divergent if R(:)<0. 

44. Shew that the series 

is convergent for all values of 2 except 0, — 1, — 2, — 3, ... . 

45. Shew that, for points interior to the circle 3.r- + 3// 2 + 2x — 1 =0, 


1 . 22 42 2 

*1“ / < \ •* I 


+ ••• = 


1 


1 - 3 ^ 

46. Prove that, if \z \ < 1, and the principal value of ton” 1 ; is taken, 

log(l + 2 2 ). tan _1 2 = 2{ J(1 + i)* 3 ~ 1(1 + .} + J + 1)^+ •••J* 

47. If 1 z\ < 1, shew that 


+ 


22 2 32 s 


-2 


-3 


+ 


•_L _ __U 

r^ + ”*"(T37p + (i-2 2 ) 2+ (i-z 3 ) 2+ ”** 


1 — 2 ' 1 — 2 2 

48. If a. is neither zero nor a multiple of 27r, shew that 

cosh 2 — cos a. 


1 — cos a. 


49. Shew that 
sin 


- H{ 1+ (2h7t + o«.) 2 }’ 


50. Shew that 

+ 2; 


(i) 


COS 2 


4 " 


1+ sin z 7 t + 2z w x Ahihr* — (jr + 2r) 2 * 
(ii) l+sin£=~(jr+2r>*XI{l ^ 

51. Shew that the series 


1 - 


1 


1 1 

+ x “ ~—:— + • •• 


1+r 2 2+2 3 3+2 


represents a meromorphic function with simple poles at the points —1. —2, 

"3,... 
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—a 


62. If a is positive, shew that 

f” cos ax . tre f 2 . 

Jo 0+^y tdr 16 ( a +3a + 3 )- 

53. Shew that 

< 1 - 2 ) (1 + J 2 )(l - £ 2 ) (1 + $ 2 ) - ... = cos (} irz) - sin (Jttz). 

54. Prove that (i) TV (lA 

sin 7rc c _ao \ n — cj 


,.. N , sin 2 7T2 fi 2 2 \ 

(u > '-ssrSl'-M/' 


65. Shew that 


(n — c ) 2 
sin 3.’ 


ft A 

_» l (wr+z) 2 ) sin z 


56. Shew that I e- ,c< " e cos(z sin 6)dO = ^ — f —~ dx. 

JO A Jo X 

--cm. *1 . ^ 1 7r si nh(7rx v /2) + si nCirxJV) 

57. Shew that 2 ^T+^~^~j2 cosh (irxj'2) - cos{ttx*J2) 


1__7r sinh(27ry) 


58. Prove that (»+.r) 2 +y 2 y cosh(27ry) —cos(27tx) 

59. Calculate the residues of the function (1 +z i )~ n ~ 1 , and shew that 

/'* dx 1.3.5....(2/i-l) 

J-»(l+.r 2 ) n+1_ 2.4.6....(2 ti) v ' 

r® dx 7r 

60. Shew that .1 (l+^ = 32' 

61. Shew that, if in ^0, a> 0, 

f° sin wur j 7T 7re -ma , 2\ 

Jo J(^+S5? rfj:= 2?-^-V m+ 5/ 

62. If - 1 < R( 2 > < 3, shew that 

r_£_ ^ = _e(lz£l. 

.'o (l+a:*) 2 4 cos(1tt2) 

63. If n is a positive integer, shew that 

/•Of Oot> 

/ ^“^cos^/fl — sin 6)d6 = — p 
./0 ^ • 

64. If \r\< 1, shew that 

cos 2 30 


fn 


_M_ 7r ( 1 ~ r ' f - r2 ) 

2rcos20 + ?* 2 1—r 


65. Shew that / c 1 ) 2 ^ 2 +f) = ” 2 ’ 

where C denotes the circumference of the circle x 2 +y 2 -2x-2y = 0 descn 
positively. 

66. If n is a positive integer, prove that 

P„ (cos 6) = g rp { cos 110 + 1. (2n =7) COS(n " 2) ^ 

1.3 n(n-l) _ cos ( /t -4)0 + ...)- 

+ IT2(2n-l)(2n-3) J 
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[Expand both sides of the equation 

(i - 2 ^ cos e+c-r h =o- £‘T*o - 

in powers of and equate the coefficients of £ n .] 

67. Tf « is zero or a positive integer, shew that 

(i> p,..„<o)=o, (n) i\.(o)=( -1)- 1 ; (2 ( ' 2 "/> • 

68. Shew that 

p„( - i)= p 0 ( - 1 ). r,„o)+ p, (-.}). i\„-, ( h ) +... + P,„ (- 1 ). 1 V J). 

[Exjjand both sides of the equation 

(1 + c- + t*r 1 =(1 + C + CT h (1 - <+ CT h , 

and equate the coefficients of £ c ".] 

69. OB is one diagonal of a square OABC which has the side OA on the 
x-axis and the side OC on the y-axis ; through D(2a, 2«), the mid-point of 
OB, lines are drawn parallel to OA and OC so as to divide OABC into four 
equal squares with sides of length 2 a. If w is given by the series 


_16 “ " 1 
W it* „ti «=i (2m - 1 )(2#t - 1 


. (2m — 1 )77\r . (2?i—l)7rv 

- sin -=—-— sin - _ - 

) 2a 2 a 


prove that 

(i) 70 = 0 along each side of the four squares; 

(ii) 70=1 within each of the two squares about the diagonal ODB ; 

(iii) 70 = —1 within each of the squares about the diagonal ADC. 

70. Integrate (1 —e~ t )/z round the contour consisting of the positive .<• and 
y-axes and a quadrant of an infinite circle, and shew that 

(0 (!-«) — = - dx\ 

^ Jo 


.r 


/••v / sin »r m 77* 

( 11 ) / - a.v = —• 

v y Jo .v 2 


71. If b and r are positive, and a is real, prove that 


«/. 
< i! > f 


gaco.txcosfasin b.r) SjL L =Z 

0 '.r-2 + r 2 2 ’ 


gUC<*6x s i n ( a gj n i x ) xdx (ea'-tr _ ^ 

I r- 2 


72. Shew that, if a.> 0, ?n>0, — l<r<l, 

/j\ /■" J _sin 2 out 

Jo m* + x 3 1 — 2/• < 


77 dx = 


«• 


cos 2a-r + r 2 2 (e 20 "* — r) * 


(ii) I 


sin our 


- </.r = 


7re am 


o + X 2 1 — 2r cos 2our + r 2 2(l+r)(e 2ai 

* 1 x..x z e ia * 


-r) 


integrate (i)-^_^_, <ii) 


e *ai 

1 - ■ J 
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73. Shew that the root of the equation z = £+v?e* which has the value £ 
when w = 0 is given by « - 

provided | w | < | e ~ G~ 1 1. 


74. If 2 = f+esin 2 , shew that, for small values of e, 

(0 ^(»inf) 2 + ^ (sin£)»+..., 

e e 2 d 

(ii) sinz = sin £+—, sin £cos £+^-j ^.(sin 2 £cos £)+.... 

75. If 2 = £+«» m * 1 , where £=£0, and if that root of the equation is taken 
which has the value £ when w= 0, shew that 

w n (mn + n — 1)! 


io K *=io g £+2;n Hi 

provided | w \ < | ?>i m (m +l) -m_, £ - ” 




76. If n is a positive integer, shew that 

(i) P n 'C) = (2n -1) P n _ 1 ( 2 ) + (2n - 5 )P n _ 3 ( 2 ) + (2n - 9 )P n _ 6 ( 2 )+..., 

(ii) ~P,*(z) = (2n - 3)(2n — 1. l)P n _ 2 ( 2 ) + (2« - 7)(4>i - 2.3)P n _ 4 (*> 

+ (2 n - 1 l)(6/i - 3.5 )P m _ c (2)+ ... • 

77. If n is a positive integer, shew that the n zeros of P„( 2 ) are all real 
and lie between ± 1 . 

[Apply Rolle’s Theorem to (j: 2 -l) n and its derivatives.] 

78. Shew that, if n is zero or a positive integer, and if K(£)>0, 


jj cosh <t(-z)-iF n 0)dz=J2^± r[ e 


— (2rl4-l)£ 


79. If | r <1, shew that 

/t . /) o COS +*\s o 

( 1 ) rcos 0 —r-— g - \-r ^ 


00320 , cos 3$ _ __ _ j log(l + 2rco« 0 + r*), 


(ii) rsin 0 — r 3 —^-h 


sin 26 . , sin 30 .( r sing \ 

--can \ l+rcos ()J 


d)' 


3 \ 1 + r cos 

where the principal value of the inverse tangent .3 taken. 

80. Prove that, if 0 < 0 < 7r, 

cos 0 +1 cos 3 0 +1 cos 5 0 +... = | log(cot £ 0). 

81. Prove that 

(i) cos 0 cosa. + icos20cos2a. + £cos30cos3a.+ ... 

= -1 log {4(cos 0 - cos cl ) 2 1 , 

(ii) cos 0cosa.-l cos 2 0 cos 2 a. + $ cos 3 0 cos 3a. - ... 

= 1 log { 4(cos 0 + cos a.)-}, 

unless one of the quantities 0-a. and 0 + a. is an even multiple of tt in case 
^i) or an odd multiple of tt in case (ii)« 
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82. Shew that, if 0 ft— 2?r, 

(i) cosft + ^2COs2ft4-^cos3ft+... = T 1 5(3ft 3 -67rft + 2 ir 2 ), 

(ii) sin ft + ^3 sin 2 ft + sin 3ft + ... = ^ ( ft 3 - 3 tt ft 2 + 2 tt 2 ft). 


83. If 0~~ ft^Tr, shew that 

... cos 4 ft cos 6ft . cos 8ft 
0 ) 


+ 


+ ... = cos 2 ft 


-(!-*)« 


sin 2 ft 


1.2 ' 2.3 3.4 

+ sin 2 ft log(4 sin 2 ft), 

(ii) ?^+?^+ ? ^+...=»in 20 -(n-- 2 e)»in^ 

1.22.00.4 

— sin ft cos ft log(4 sin*ft). 

84. If n is a positive integer, and if \z\<. 1, shew that 

z 


l(n + l) + 2(» + 2)' r 3(7i + 3) 

-3»{ (1 -‘‘ ,l *«< 1 -*) + (* + f + S + - + $)}- 

Deduce that 

l(n+l) + 2(17T2)' f 3(« + 3) + "‘ = n ( 1+ 2 + 3 +- ” + n)' 
85. If 0 — ft _ 7 r, shew that 


2 2 


+ 


.3 

4 * 


+ ... 


sin ft sin 3ft sin oft 


8 0 (--^) = - 1 3 - + - 33 - + 


I ... . 


86 . If — 7 t /2 — ft — 7 r/ 2 , shew that 


rrft / 7 T 2 ft 2 ^ . ^ sin l 


3ft + sin oft 


5« 


87. If — tt /2 < 6 — 7 t/ 2 , shew that 

cos 3ft cos 5ft cos 7ft 
1.3.5 3.5.7 + 5.7.9 


. = ' cos’-ft — A cos ft. 

O 


88 . Shew that the series 


® e~ in ‘ 


n = l n- 

represents a continuous function in the part of the 2 -plane for which 
and that the function is holomorphic at all points below the real 

axis. 


1 2 ( 

89. Prove that v = - + —-( COS 7TX — 

O 7T* \ 


COS 27 TX . COS 37TJ 


2 3 


+ 


3 attx \ 

& —) 


represents a series of equal and similar parabolic arcs standing in contact 
along the .r-axis. 

90. Prove that J 2 


7T 


,=-« n=—oo (7n 2 + a 2 )(7i 2 + 6 2 ) ab 

91. If — 1 C R(a.) < 1, shew that 

r sinhour dx , . (* ,, .1 

"coahj" ^ = °gc°t{4 (-1 “**■)}* 


= — r cotli 7 ra coth 7 t 6 . 
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Deduce that, if A. ia real, 

f 


sin A_r dx _ 

—--= 2 tan 

cosh x x 


-( 


tanh 


7tA 


) 


v . , 3 , ST ...+^ rr -i 1 °g«) = 1 °g2 + i y . 


92. Prove that Lim (1 + ^ + l4- ... 

V 3 5 

93. Shew that 

(i) | n( 4 »«-ir 21 ” 62 " 1 ’ < !i > 

94. Shew that 

[Use the identity (e* —l) -1 — 2(c 2 *— l) -1 = («*+!)“*.] 


95. Prove that 


r x^-'dx 

Jo sinh.r 


2 2w — 1 
2 n 


B-7T 2 ". 


[Shew that e -«_ e -a*+... + (- l)"-> c -"“ = -where C is the 
contour of Fig. 58, and use Ex. 94.] 

** A 4% 

Z | < 2 IT. 


96. Shew that (i) ^cot^ = l — ® 1 2l“® 2 4l — ® 3 0l — ••• * — 27r 

z 


.... , f 2 \ B, z 2 B 2 2 4 , B, 

("> log \2ein(i»)l 2 2! + 4 4! + 6 6! + , '‘' 

97. Prove that (i) jj {(l _i)ei}= e r- , ) (ii)_n(^j)-| 


98. If R(>t)>C)> shew that 


I ^ (cos 6) n ~ 1 cos ( a tan 6) cos (n + 1) 0 d6 
Jo 

n . . . . . / 


= j *(cos 6)"~ l sin (a tan 0)sin («•+ 1)0d0 


jra" e 


_ n(n) 2 * 

[Use Exs. VIII. 6.] 

99. Shew that *(*)-*<y)= f (^+J+l 

100. Shew that, if m is a positive integer, 

101. Shew that 

(i) .1, 

102. Prove, by using the equation ^ 

_j_=2 f «-* _ *^+.- - «- - ir-x+ps j. 

cosh .r t 


(ii) ^'(0) = ^» (iii)^'(-i)=T* 
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that, if R(e)> - 1, 


^= H* (V)* (V) }•■ 


103. 


104. 


Shew that, if R(z)> — 1 and R(»)>1, 

= 1 r e ~ n £i at. 

(z+l) n + C + 2) n + (2 + 3) n F(»).'o *f-\ 

If R(a)>0, shew that 

ro)r(a) l,l-« 1 (1-«)(2-«) 1 . 

— - - = ■ H * . —r~T ~ ■ • • • 


P(2 + a) 2 1 ! 2+1 


2 ! 


2 + 2 


105. Shew that, if R(2)> — 1, 

+« + v-f {rh-ern^ur 


106. Shew that, if R(n)>l, 


I cos (X-<fr)(cos </>)** d<f> = n ^i_ f.f f o cos (/•<£) (cos <py 2 d<f>. 

If n is zero or a positive integer, prove, l>y considering the cases n even 
and n odd separately, that 

. ( — l)”«!8in{(n + *)^} 

/ cos(/*:<f>)(co 3 cf>) n dd> = . - . 1 t -. -r- , 7- ■ v * 

Deduce that, if n is zero or a positive integer, 


>n 4 -1 


7T 


f cos (X<f»)(co 3 </>)" d<f> = - 7 ’ 1 . . 


107. Evaluate I* %/zdz, w 

J ZO 


rri &nj 

vhere 2 0 = ae 4 , £=ae 4 ,and the path of integra¬ 
tion is a semi-circle of centre the origin and radius a described positively. 
Also find the values of the integrals which have * 0 as initial point, and 
whose paths are : (i) a complete circumference of the circle ; (ii) two cir¬ 
cumferences ; (iii) three circumferences. What is the shortest non-zero 
path from z 0 along the circumference which makes the integral zero ? 

. / / 2 » U wi . 

An*. -W3£a*i (i) -$a*(l+<?3 j, (ii) + e 3 ), (iii) 0; three- 

fourths of a circumference. 


dx 


wr F ( t ‘’ !)• 


108. Prove that / —- - 

.'o N /<(1 +-r s )(l+jKr a )} 

109. Shew that all elliptic integrals j R(j, N /X)t£r, where R(.r, y) is 

rational in x and y, and X is a cubic in x with no repeated factors, can be 
expressed in terms of integrals of the three types 

f-^ _ d V f y d .V f dy 

J y/W ~ 9~9 3 ) y J >/(4y 3 -g 2 y-g s )’ J (y - a) N /(4y» - g,y - g 3 )‘ 
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110. Establish the identity 

1 PM P'Oo)-P , *" 1, Oo) 

1 PM fM-P^M 


1 PM p'0*)-P (n ' ,, 0») 

-(_ nm ( n-1,1. 2 » w i +* +-‘-t 2 ") g <r !^:M > 

where the product is taken for all integral values of A and /x from 0 tojij 
with the restriction A</z. 

111. Shew that 


P'0 0 

P*00 — 

P ln) W 

P"(y) 

p"' 00". 

p("+ l *(tt) 


p {n) (w) 


^(2n-l)( w ) 




112. Shew that 


2f(2«)-4 

... . ,(r(it + v)(r(u-t))(r(tt + u))ir(it-«)) 

113. Shew that |/(«)-6-- 

where p(v)=(-fego)^i P( w )= — Wz9ift‘ 

114. Prove that 

f _ du — -L. (log^i±^-2«fw}+C. 

J P(u)-p(v) <P (v) \ °or(u-y) ) 

115. The function £>(v) has a real period 2 oji and an imaginary period 2to 2 , 

where <o 2 = ^log a and b being real and positive, and such that a <b. 

Shew that, if 2 = g>(^Uog|), the annulus in the f‘P lane bounded by the 

circles |f| = a and |£| = 6 and a barrier along the positive real axis, corre¬ 
sponds to the entire s-plane. Shew also that only one point of the annulus 
corresponds to each point of the 2-plane. 

116. Prove that ._ , * 

v 10, 

sn (u -f- v) - sn (« - v) = j- ^ log ^ { ) - 


T • 1 — cn (1 - cn v) 1 

117. Shew that Lim--= g- 

118. If six of the nine points in which the cubic = ‘ ^ 

by a second cubic lie on a conic, shew that the other three points lie on 

straight line. 

119. If a conic passes through four fixed points on the cubic 

y- =4X 3 - - y 3 > 

shew that the straight line joining the two variable points of mtereec >o 
passes through a fixed point on the cubic. 
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2 HO 


120. Solve the equation w" -\-<tz-w = O. 


.1 ns 


'■'. = ’-3=4 


^ + 


a 


3.4.7.8 


a , o 

«^=«-,f7!/ + 4757?7r ~ " 


121. Solve the equation w" 4- 2r«'' 4- w — O. 


, 1 , 1.7, 

.I ns. //•, = 1 “ 3 -,‘ ‘ - 


1.7. 1 3 


— ~ u - 4 - 

I - ■ • • • * 


9! 


1 


3 . 3.0 - 3.9. 1 f» . 

, r — . . r _ 1 _ r • _ 4 - 

u i— 1 .1 * 4 ‘ 7 1 IO! ' + ■" ’ 


1 : 4 : 

1 „ ;» 


1 . 


;r. 


— _ -2 _ _ ^ . _• ‘ 
2 !' 6 ! 8 : 


5.11 „ . 11 .17 „ 


11 : 


4 - 


122 . If n is a positive integer, shew that all the zeros of l\,(:) arc 
simple zeros. 

[By differentiating Legendre’s Equation it can be shewn that if l\,C) has 
a zero of the second order, ~ P n (j) = 0 for all positive integral values of /•. | 

123. Find that integral of the equation 

2ztr" + 3ic — 2w = 0 

which has the value unity when : = 0. 


A ns. u ( 2«V*)- 

JL / Z 


)■ 


Find regular integrals in the neighbourhood of z = 0 for the equations of 
Examples 124-128. 

124. Az-w" + 4zuf — (2 + l)ir = 0 . 

’I"** ' ( ' l=Z *( 1 + 2~4 + 2.4 2 .6 + 274*.r,sT8 + 

** = *1 log*4-4*'*{l- 4" 2o(l + l)-75»-J^(^ + f + §) ••••}* 

125. w" - (z 2 + 4 z)w + 4 ic = U. 

Ans. ?c, =z 4 e t , »r 2 = »r, log z + '2z-Z- + Z 3 - 2 (7 + 1 1 4- ••• + 1 Y 

1 ft : \ 1 2 v. / 

126 . ;-(i + l)<c — z 2 io +^( 3 -+ l)w = 0. .1 its. ir l =z^ i ir 2 = z^ log -4-;*. 

127. 2z-(2 — z)7p — 2(4 — z)w +(3 — z')w=0. Ans. vr, = 2 -, w 2 = {z — 

128. 4-(l-;)?p 4 - 2(52 — 4)k>' + (6 — 9j)?c = 0. -1 ns. ?r, = 2 3 , ?r, = tr, log z + 2 2 . 

129. If n is zero or a positive integer, shew that 

Z) (-2)-r(«4-l) 

dz u * 1 (r-*_l)n+l 

130. Shew that, for all values of 71 , 

<‘> wP 'n+.(0 + (»+l)P;_ 1 C) = (2«4-l)zP' n (ir), 

(ii ) ,<( £.+i <*) + <* + !)<£_,(*) = (2* 4- 1)2Q^(2). 

U. T. „ 
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131. Shew that, for all values of n, 

(i) (1 - z>)Y' n (z) = nY n -,(z) - nzP n (z), 

(ii) (1 -z 2 )~P’ n _ l (z) + iiP n (z)-7izI > n - 1 (z) = O t 

(iii) (1 - z~) Q„ (z) = nQn-, (*) - nzQ n (*), 

(iv) (1 -2 2 )Q' n _i(2) + wQ».(^) -nzQ n -i(z) = 0. 

132. If n is zero or a positive integer, shew that 

Q„( 2 )=JP„( 2 ) log (*± \ ) - 

where W n _!(r) is a polynomial of degree n — 1. 

[in E, I, § 90, write <*.<0-1 £ 

133. With the notation of Example 132, shew that 

<*> - p ->W + 5^T) P -» (2)+ • • ■' 

[Substitute the expression obtained for Q«(z) in Ex. 132 in Legendres 
Equation, put W„_ 1 (z) = a 1 P n - 1 ( Z ) + a 3 P n - 3 (z)+, and use Example 76.] 

134. Shew that 

n _ . , mP w (z) P^-i (z)-nP m (z) P w -i(« )-(- n)zP MPM . 

I P»(*)Pn(*)*“—- (m — n)(m + n+ 1) 

deduce that, if m and n are positive integers, both odd or both even, 

p»(OP«W*-o, 

while if tn is an even and n an odd integer, 

[ P.(0P.(»)*-( - 1)*"*”+" 2 ._; — 


m Ire! ^ 

(m-n)(m + n-M)(^ l) ! ) 

[Cf. proof of Exs. XIV. 5, and use Ex. 131.] 

135. If mi and n are integers such that n^O, shew that 

Pn W— 2 n n~ c/2' , - m 


136. Prove that, if R(n)>B(^)> L 

— r( w — m) \ 2/ Jo 

and deduce the results : 


z " I Vj _ u-) n ~lco9zu du, where R(w+i)^0 

n r(n+i)J 0 


(i) J "( 2 ) = ^2 

(ii ) a iEi = J 0 ( 2 sin 0)sin 

[Expand J m (zu) in powers of u, and integrate.] 
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137. Solve the equation zto"+ (n + \)v/— w = 0. 

A ns. w l = z~^ J„(2i\Jz) y tr., = z~**G n (2i\'z). 

138. Shew that, if n is an odd positive integer, 

n - 3 n 

~ { J n (z) + ( - 1 pJ, (z) 1 = £ ( - 1 ) r “'(» - 2 r + 1 ) J„_ 2r ♦ i (z). 

2 r= 1 

[Use the formula — J .»(*) = J n -iO) + Jn + iO)-] 


139. if n is an integer, shew that 

•M‘)==ir. f 

7T J Jo 


e~ ,: cor. <f> coa Jlt f t r/0. 


[In Exs. XIV., 14, put £ = e te , and 0 = <f>- 7 r/2.] 


140. Prove that 


cc 


* a -2 Y(2w)*J,•»(*)• 

t.=l 

cc 

[Differentiate the equation 2«J..(*)£" with regard to £, multiply 

— ao 

by £, differentiate again, and put £= 1.] 

141. Prove that (i) cosx = J 0 (.r) —2J a (j) + 2J 4 (.r)—... ; 

(ii) sin .r = 2J,(.r) - 2J 3 (x) + 2.T 5 (.r) - .... 

[In Exs. XIV., 14 , put £=*.] 

142. Shew that (i) J ? (r)= -cosrj ; 

(ii) {*in*(-j|-l)-jco8z} ; 


(*“) J ^>= - V(l) { 


COS 2 


■+■ sin 


in 2 j ; 


(iv) J_a( 2 )=^/(-|) |cos 2 (-^-l)+?sin 2 }. 

143. Shew that 

o) G i w=V(£) < ‘‘ : (ii) g -*w=''V(£)*“- 

144. Shew that, if ja is a positive integer, 


(i) 2 —M,. + „(2)=(-2y> 

d p 


d p 


d(z<) 


{z- n J n (z)} ; 


(ii) 2'—J„_ p (2) = 2^^p{2"J n (2)}; 


(iii) r“ n_p G n+p (2) = ( — 2) p 




<*(**)■ 


^2-"G n (2) J 


(iv) 2 '-^(;„_p(r) = T7 ^-U"G,( 2 )|. 


[Use Exb. XIV., 11.] 


A* 2 )- 
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145. If n is a positive integer, shew that 

(ii) «—*».*,<»)-<—« )"V(l) (t) ; 

(iii) r-"J,.(z)=(-2)”'iS«JoW 


d(z>y 

146. Prove that 

T f T ,-x_ v (- 0 ^ _ U(m + n + 2 V ) /« 

JbWJ,W „t 0 n(m + v)n(w+v)’ n(v)n(m + n + v)V2/ 

( 2\ m + n +2^ # . 

-J in the product is 

f(y+i)r(m+y+i)r(« + ij F ^- 1 '’ 

and apply Gauss’s Theorem.] 

147. Shew that, if n is zero or a positive integer, 

— f J„( 2 Z COS </>) COS (! </)) tfc/> = Jn+fc (z) Jt.-fcQ. 

7Tjo 2 2 

[Expand J„(2zcos<£) in powers of cos</>, and use Examples 106 and 146.] 

148. If .r and u are real, prove that - 

£ J l (™) (Lv =h 

[Use the relation ^ — — uJ,(.tm).] 

149. If is real, and R(w)>£, prove that 

r?n(*) Or- 1 - 

[Use Exs. XIV., 11.] 

150. If a and b are positive constants, prove that 


r dx 
sin (ax)J 0 (kr) — = 




sin -, ^g^, if 


v. 

[Put J 0 (fc^) = i fcos(fcrc„s (EXS. XIV., 18), and change the o.der 

of integration.] 

151. If R(b ± id) ^ 0, shew that 

_f J o(“) = J(a*TV) 

rPut J„(<nr)=- f* cos(aj:coa</>)d</>, and change the order of integration; 
or, expand J 0 («> in P»™"> ° f *. a " d inte ^te tern, by tern, (of. Bromw.c ,, 
Infinite Series , § 176, B).] 
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152. Shew that, if R(*2«-f 1)>0, and R(5 + jV/)>0, 


(i) / .1 „(ajr) 

.'o 

(ii) f J„(«-r) 
.'o 


</.r = 


P(m + X) C2'0" 


- 6, .r n + 1 d.c = 


2 F(n+:i) b(‘ 2 a)' 


n /t r (rt- + f» 2 )"+« 

[For (i) use the substitution given in Exs. XIV., IS, for J n (a.r), and change 
the order of integration ; after the first integration expand (b + iucuh ' 

in powers of cos </>, and integrate again; or, expand J n (ajr) in powers of .r, 
and integrate term by term. For (ii), differentiate (i) with regard to />.] 

1 ,*» 

153. Prove that -/ *"*“»**> cos (// sin </>) (/<)> = •Tn{\A* r2 + . # / S )! • 

TT.'O 

(Expand cos(ysi n<f>) in powers of sin </>, and apply §99, Cor., Example 
145, (iii), and Taylor’s Theorem.] 

154. Show that I n (z) has the following asymptotic expansions : 

i„ -A—.t- {i + 4 4r^’ + • ■ •} 


1 J, 4n 2 
+ K /(2rr2) C \ 1 1! 


4n 2 — l 2 (4n* - 1 2 )(4« 2 -3*) 


+ 


8 z ’ 2 ! (8z)“ 

where - p7r < amp z < Att, anti 

( 4n 2 — l 2 (4n 2 — 1 : 

\ 1 l!8z + 2! (8z) 2 


-} 


T . 1 4 n 2 — l 2 . ( 4 n 2 — 1 2 )( 4»< 2 — 3 2 ) 

" ( '' , “ v /( 27 rz) C 


-...} 


+ C M.. + 4 '» \ c -« ( 1 + 4 -'~ ~ J 2 4 - l 

+ C n /(2ttz) C \ 1+ 1 ! 8z + ‘/’ 


where - < amp z < Stt. 
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APPENDIX I. 


NOTES. 

Note 1. Conditions that a function should be holomorphic 
expressed in terms of polar coordinates. [See p. 29.] 

Let (^-) and (~£r) denote the respective values of ^ 

when 6 and r are constant; they are then functions of r and 6 
alone. Now, if w is holomorphic. 


dw 


and 


_ (dw\ _ ( dw dr\ _ 'dw (dr\ 
dz ~\dz /0 \dr dz) e dr \dz)f 


dw 


dw (d0\ 
dO \dz)r 


_ (dw\ _ (dw d0\ _ 
dz \dz )r \d0 dz ) r 

But, since z = r(cos 0 + isin0), 

( d0\ 

dz)r' 


Hence 


I 

(I) .oc, 8 - i 


Therefore 


Thus 


^ = ^’(co30-i 8 in0)=-^(cos0-isine) 

dz dr v r dU 

d(u + iv) _ i o(u + iv ) . 
dr ~ r d6 ’ 


and, when the real and imaginary parts are equated, the equations 

du_ldv dv^ ldu ( A / ) 

dr~r dO’ dr r d6 

are obtained. 

Note 2. Limit of a quotient. The theorem given in the corol¬ 
lary on page 30 can be deduced directly from the definition of a 

derivative. 
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If f(z) and <f>{z) are holomorphic, the former having a zero 
and the latter a simple zero at z lt 



Note 3. Residue at a multiple pole. I if ( 2 ) is holomorphic at 
£, the residue at f of f(z)/{z - f)» +l , where n is a positive integer, 
is/ (n> (f)/n!. For, since 

0 n ■ 

/<">(£)/n! is the coefficient of 1/(2 - f) in f{z)/(z - f) n+1 . This 
result is helpful in evaluating residues at multiple poles. 


:<* cos x „ 

Example. Shew that l . 2 , 1 \ 4 = 8 &~ e ~ • 

. 0 v 1 ; 

Integrate e*‘l(z 2 + l) 4 round the contour of Fig. 33. The residue at 1 , 
the only pole within the contour, is 

1 r d 3 e * 2 “j e~ l r i 3 12i* ( 60 i 120 ~| 

3 ! Ldz 3 (2 + i)*J 2 = i ~ ~ 6 ~ l (z + 1)« (2 + i) 6 + (2 + »*)• (2 + 1 ) 7 J z -» 

c-»/ 1 6 15 15\ 37c" 1 

“FT \1C + 16 + I6’ t ’ 16/ 96t * 


Note 4. Zero values of an infinite product. [Seep. 107.] In 
the definition of a convergent infinite product IIuv, given on 
page 107, it was assumed that no factor w r had the value zero. 
It is possible that a finite number of these factors may have 
the value zero. The product is still convergent if it converges 
when these factors are removed. The product has then the 
value zero. 


Note 5. Remainder in the asymptotic expansion of log T(z). 
The function J n (z) on page 149 should not be confused with 
the Bessel Function J„(z). 


Note 6 . Elliptic Integrals. Integrals of the type 

dx 


Li 


, (X</3<y <$ y 


(x -cl)(x- /3) (x - y) {x - S)} 
can be reduced to normal form (p. 173) by the substitution 

_ x — an adjacent root 




x — the next root 
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If x lies between /3 and y, these are the adjacent roots. If (2 
is the adjacent root chosen, cl is the next root ; if y is chosen, 
S is the next root. If x lies between y and <5, 


X-y 


or y = 


S-x 


X-CL 

I ~ 

Example . Shew that 

_ dx _*r\ 

^{(5-x) (4-*)(*-2) (a;-1)} 5 V 3 ’2 ) 


c 


= F (i’I) 


[Apply the transformations y =(x - 2)/{x - 1), 3y =2t 2 .] 


Note 7. The Remainder in Maclaurin's Expansion.* A 
formula for the remainder in Maclaurin’s Expansion which is 
often found useful will be here established. If f{z) is holo- 


morphic, 



{zt)dt =f(z) -/(0), 


and therefore 




Now integrate by parts and get 

/(z)=/( o)+n[- ( i- <) /' ( *‘ ) ^+ri £ (1 -t)zf-(zt)dt 
=/(0)+f|/'(0) + f, £2 (1 - t)J"(zt) dt 

=/(0)+^/'(0) + J[-(i-W"(^)J 


2 2 C1 
+ 2 ~‘ 


f \l-t) 2 zf’"{zt)dt 
• Jo 


-tmzQdL 
! Jo 


=/(°) + Yi ^(0) + h f (0) + 3 

By proceeding in this way, or applying the method of induc¬ 
tion, it can now be shewn that 


s ~ l z n 


where 


/(*>= 2 h / <n ’<°>+ R » 

n=0 /c ' ’ 

R *r s( i-o*-7w- 

s ! Jo 


* Maclaurin’s Expansion is Taylor s Expansion (page 82) with a 0. 
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APPENDIX II. 

THE HYPERGEOMETRIC FUNCTION. 


§ 1. The four forms of the function. If 

R(/3)>0, R(y-0)>O, M< 1, 

B(/3,y-/3)F(oc, ft, y , 2 ) = JV''(1 - A) r '(1 -z\)-*d\. (1) 

This can easily be verified by expanding (1 - zA)“ a in powers 
of 2 and integrating term by term. 

Now in (I) put X = 1 -t ; then the integral becomes 


so that 


-z + zt)- a dt 
Jo 

= (1 - 0 s ‘*( 1 -JZTi 1 

= (1 - z)- a B(y -ft, 0)F(a., y-ft, y, ( ) ; 
, ft, y, z) = (l -z)- a F(«x, y-ft, y, ^j) ■ 


F(a. 


where - x < amp (1 - z)< tt. The restrictions on (3 and y can 
now be removed. (An alternative procedure is suggested in the 
example on page 259.) 

In the last equation interchange oc. and /3 ; then 

F(rx, (3, y, 2)=(1 -z)-* f(/3, y -«•» y» y) • 

Hence 

f(<x, y -(8, y, -* L ) = (1 -zr-PF^, y - «■, y, 8 ® J • 


Here replace /3 by y - (3' and 2 by z'/(z' - 1) ; thus 


F(«-, ft', y, ~) = {l — z') Y_a_ ^ F(y — (3’, y y, 
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It follows that 

F(a, ft, y, z) = (1 - zY F(y - a, y - ft, y, z) (2) 

= (1 - z)-“F^a, y - y, (3) 

= (l- 2 )-^F^,y-a,y,^ T ). (4) 

These are the four forms of the function given on page 248. 
The series in (3) and (4) converge for R(z)<J. To make the 
function uniform a cross-cut is taken along the z-axes from 
+ 1 to + oo . 

§ 2* Relations between the integrals of the hyper geometric 
equation. Some of these relations have been already obtained 
(Ex. 4, p. 151 ; Ex. 20, p. 156 ; Ex. 1, p. 249). In the following 
discussion the notation is that of pages 248, 249. Consider the 
integrals 

/( Z , f) dt, B s Hz, 0 df, 


*-J 


( 1+.2 + , 1 — 


f ( 0+,2 + ,0-,z-) 

/(*, S) d Z> 

where f(z, f) = ? a ' v (l " 0 y ’''H* ~ 0 

The initial point is on the real axis between 0 and 1, and 
amp f and amp(l-f) are initially zero. In the 2 -plane a 
cross-cut is taken along the real axis from - oo to + <», and 
the amplitudes of 2 , - z, 2 - 1 and 1 - 2 have their principal 

values : initially amp (z - f) has its principal value. 

In A the initial point can be transferred to a point on the 
line joining 1 and 2 without altering the value of the integral. 

Then, initially, 

amp (1 - f) = amp (1 -z), amp (z - f) =amp (z - 1), 
and amp f has its principal value. Now put f=l-Z; then 
initially Z lies on the line joining 0 and 1 - z, amp Z - amp v 1 z), 

and amp(l -Z) has its principal value. Also 

z-{= -( 1 -z-Z), 

where, initially, amp(l-z-Z)=amp(l-z). When Z->0, 
^->1, and this equation becomes z - 1 = But 


amp 


6 = 3 - 


±n, 


* For an alternative method see Exs. 54, 55, pp. 385, 38G. 
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according as I ( 2 ) Hg Hence 

(2 - f) =e ±in {l -z-Z), 


according as I ( 2 ) ^ 0. 
It follows that 


A=-e^j l0+-<1 " 2> + '°'' < ' !H Z> » '(i-Z ) 1 »(l-*-Z)-dZ. 

In this integral put Z = (1 - 2 ) f ; then 


A= -c Tiwo (l -2)>- a " p 

I (0 + ,l+,0-,l-) 

=c =Fi,ra (i -zy- a - fi 


-(1 --2)f} a Y d£ 


^ jd + .Of.l-.O-)^ ^_ J(1 _ f) - a{1 _ (1 _ 2 )f}a -v^ 

when the direction of integration along the contour is reversed. 
Initially £ lies on the real axis between 0 and 1, amp(f) and 
amp(l-f) are zero, and amp (1 - (I - z)f} has its principal 
value. Hence, from the formula at the top of page 259, 

A = e Tina {l - e 2ni < y ~ P) }{1 - e~ Znia ) B (y — /3, 1 -oc) W 2 (1) , 

where W 2 (1 > has its first form as given on page 248. 

Again, in B expand (2 - f) “ a in descending powers of 2 ; then 

B = {1 - e 2tr * (a-Y) }{1 - e 2nily -/}) }B(a. - y + 1, y - /3)W 1 ( ® ) . 

In C transfer the initial point to a point between 0 and 
then, initially, amp f = amp 2 , amp (2 - f) = amp 2 , and amp ( 1 - 0 
has its principal value. Now put £ = 2 Z, so that initially 
ampZ =0, amp (I — Z) = 0, and amp (1 - 2 Z) has its principal 
value. If now (1 — zZ) Y- ^ _1 is expanded in powers of 2 , it is 

found that 

C= -{1 -e 2Tr *< a - Y) }(l - e _2,n ' a )B (oc. - y + 1, 1 -a.)W 2 (0) . 
Next, let 



with the same initial conditions as before. Then 

A=M(1 - e -2nia) _ N{1 -e 2 "'^-^}, 
B=M{1 _ g 2 >n<a-v)} _ L{1 - e 2wi{y 
C=L(I -c- 2w, ' a ) -N{1 — e 2,ri(a_Y) }. 
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A{1 - e 2 iri<a->)} _ B(1 — e~ 2wia ) - C{1 _ e 2*i<v-«} = 0 . 

In this equation replace A, B and C by the values found 
above; thus 

e^B(y-A 1 -oc) W 2 (1) - B(oc — y +1, y -/3) W/®) 

+ B(oc-y + l, 1 - oc) W 2 <°> = 0. (5) 

In this equation interchange cc and f3 ; then 

e : F> T t^B(y — OL, 1 — (3) W 2 (1) — B(/3 — y + 1, y — Oc) W 2 (x)) 

+ B(/3-y+l, 1-/3)W 2 «» = 0. (6) 

In (5) and (6) replace oc, /3, y by oc - y + 1, (3 - y + 1, 2 - y 
respectively and multiply by z 1-v ; thus 

e T>rt(a-V + l)B(y -OC, I - (3) W 2 (1) - B(0C, 1-/3) Wj (x) 

+ B(y-oc, cc)W 1 (0 > = 0, (7) 

e^-w-r+DB( y -/3, l-aJW^-B^, l-cc)W 2 <°°> 

+ B(y-/3,/3)W 1 «» = 0. (8) 

In (5) and (6) replace a., (3, y by 1 - oc, 1-/3, 2 - y respectively 
and multiply by z 1-Y (l - z) y - a ~P ; then 

e"F»rt(i- a)B(oc, ,8- y + 1) Wj< l > - e T-«v-«-»B(y - oc, /3 - y + 1)W 2 (X > 

4- B(oc, y - a) W 1 (0) = 0, (9) 

e T*«i - «B(/3, oc - y + 1)- «B(y - /3, oc - y + 1 )W 1 <®> 

+ B(/3,y-/3)W 1 «» = 0, (10) 

since amp {(z - 1)/(1 -z)} = ± tt, according as I (z) ^ 0. 

In (5) and (6) replace oc, /3, y by y - oc, y -/3, y respectively 

and multiply by (1 - z) y ~ a " ^ ; then 

e T*t( Y - «>B(/3, oc - y + I) Wj (1 > - ' a ~» B( I - oc, 0) W 2 <®> 

-f B(1 — oc, oc — y + 1) W 2 (0) = 0, (11) 

e T»«r - *> B(oc, 8 - y + 1) Wj (1 > - e =**«y ~ *>B( 1 - (3, oc) W 1 <-> 

+ B(1 -£, /3-y + 1)W 2 (0) = °. (12) 

By means of equations (5) to (12) any of the integrals can 
be expressed in terms of the two integrals at one of the other 
singularities of the equation. 

For example, to express W/°> in terms of and W 2 , 

multiply (8) by 1/B (8, 1 — oc) and (9) by 

e ±ni(y -a-*)/B(y - oc, 8 - y + 1)> 
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and subtract; the resulting coefficients of W 2 (1) , W, (l > and 
W, (0) are respectively 

. ri(T r(y - g )r(i-q + ffl = _ e± „,«, - ,., R in < «■ *0-- -± : 

- e± ( ” r ( i^^8+y)ro3) 

r( y -/3)r(i - a + ^rK + ^-y) 

x r(/3) “ 

,, r(rx)r(I -O- + 0) _ e± .uv-,,>*}!LlY. 

e± ,(r “ s> F(y - <Z) r^IT/S^y + 1) 

r(oc)P(l — (X. + /3)r(y — <L — fi) 

X r(y-tt) 

and 

r( y --<*■+& _ e± .i(»—» n^ ) r(i r «.+^ 

r( y )r(i - a.) r(y)i (/3-y + i) 

= _ e± ., T - n rwrMifflyJ) 

1 (y) 

_ e T"i(> - p> sin (X.7T + e* n,a sin (y — P)7r 
- -^ 

.. .. sinfv - a. - 0)7T n«.)r(l -«. + /3)r(y-/3) 

— _— pj ----— I''/ \ * 


7r 


r(y) 


Hence 

«.«- *.'» ■ * “ S| 

§ 3. The Asymptotic Expansion of the hypergeometric function 
for large values of y. In formula (1) expand (1 -z\) by the 
method of Appendix I., Note 7. Then 

(!-2 X)- b 

. CL CL (CL +!)...« . 0L(0L + 1) ( ,X - + _?__)/»>)»-! 

= i+ T \ zX+ ( 2 x) 2 +...+ -^-_ T)! < 2A > 

+ «.(q+ 1) ... (tt.+3 - 1 ) (. ? X)»[ 1 e(l _<)*-l(l 

-s! Jo 

On integrating term by term it is found that 

R 1 .oc.^ q(q + 1 )^ + 1 ) ?2 + 

F(q, /3, y, 2 ) = 1 + Y7y Z + "TT2Ty(y + 0 + "* 

q(g + 1)... (a. + s — 2)/3(/3 + 1)... (/ 3 + s — - )^-i + ? 

(5 — 1 )!y (y + 1 )... (y ■+■ $ — 2) 


where 


R 


f V*+«-i(l -Xp-^-Mxf s{ 1 -0* _1 (1 -< 2 X) 

s = T,_ . *13_Jo___ 

1 B(/3+s, y-0) 


- a - 8 


dt 


, (14) 
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T s+ i being the (s-f-l)th term in the hypergeometric series. 
This expansion holds for all values of z which are not real and 
greater than or equal to 1 ; i.e. throughout the z-plane with a 
cross-cut along the ar-axis from + 1 to -f oo . If z were real and 
greater than or equal to 1, (1 -tzX) would vanish for certain 
values of t and X, and the integral would be divergent for 
sufficiently large values of s. 

Hence, in the above region, 




[%(! - ty- 1 dt f 1 

J n J n 


x^^-^i -xr -^- 1 

(1 -A2) a + < 


d\ 


B(/3 + s, y — (3) 

Let M be the greatest value of | (1 -JXz) _a- '| for 0 
0 ^ X ^ 1, oc, s and z being fixed. Then, if /3 = a + ir, y- 


= p+ iO, 


|R.I<|T a+1 |- 


Mp5(l -J) ,-1 efrj* 1 X ff+ * _1 (l -\) p ~ a ~ 1 d\ 


= I T 


3 + 1 


= I T 


5 + 1 


M 


M 


|B(/3 + s,y-/3)| 
B(<r +s, p — <t) 

B(/3 + s, y -/?) I 


r(<r+s) r (p — a) 

r(/3+*)| r( P + s) 


F(y 4- s ) 

r(y-/3) 


But (p. 150, Ex. 2), if amp y = x an( * I X I <i 7r » 


T - r(p-o-) 

Lim r T7 . - { 

y-f co T(p +«S) 


Hy+s) 

r (y ■ P) 


T(p-a)p ^ g ! Tjy+s) 

1 (p+s) r (y — (3) yP +a 

I v 0+s I 

= Lim 1 y g+a = (sec x) a+s e_XT * 

V —► oo P 


fp+* 


k a+5 


But this expression is finite if | x I < i 7r * Hence, if 
amp y | < Jtt, | R s | = | T a+1 1 x a quantity which remains finite 

when | y | —+co. 

But when | y | ^-oo, T a+1 ^0. Thus the series is asymptotic in y 
for | amp y | < £tt, even for values of z for which it is not 

convergent.* 

Note. If oc, (3, y are real and z is real and negative, and if 
oc + s > 0, then M = 1 and | R« | < | T a+1 1. 

* For an extension of this theorem to other values of amp ( 7 ) see Proc. 
Edin. Math. Soc., Vol. 42, (1923), p. 84. 



ipp. hi, 5 II 


appendix III. 


THE LEGENDRE FUNCTIONS. 

§ 1. The Asymptotic Expansions. Formulae which are 

asymptotic in n for certain values of the arguments of the 

functions will be established in this section. 

From the formula for Q n m (z) in the corollary on page 2G5 it 

follows that 

/\ 7T r( — 71 + 771) 1 

Q?n->(2) = 2s i n ( n _ | _ m ) 7r _ n~?n) F(1 +m) 

Jz- l\* m ' 1-z A 


( r — 1 m / 1 

1 —^ j Fy - n, n + 1, 1 - 


_(i^ 1 i j im F(-n, 72 + 1, 1+m,-^-") 


2 

1 + z 


But 


7T 


r( - w + 7«) _ 


r(» + 7« +1) 


2 sin (71 + 77l)7T T( - 72 - 772) 2 sill (72 - 772 )tt U(72 - 772 + 1 ) 

Hence 


7T COS 72 7T r(7?+ 772 + l) 






since (p. 262) 


p-m/_\ _ 1 _1 

n • } r(772 + nV 2 +i 


where amp (z — 1) and amp (z + 1) are zero when z is real ard 
greater than 1, and the function is made uniform by a cross-cut 
along the a:-axis from — go to + 1. 

Therefore 

Q™„_l(z) - Q n m (z) =COS 717T r(772 + 72 + 1)F(772 - 72)P" m (z). (2) 
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But, since (p. 263) 

O w-U r(n+m + l)r(j) (z 2 -l)*”» 

Vn w- 2 n + 1 r( 7 l + f) 2 n + m + l 


f( 


n + m + 2 n + m + 1 


< 3) 


amp z being zero when z is real and greater than 1, and the 
function being made uniform by a cross-cut along the x-axis 
from - co to 1, it follows that 

( 2 2_ !)-il»p-m( 2 ) 

2 n T(4) sec mr 

~ 1 ( -W + £)r(m+7l+ 1 ) 2 -n+m 

-~/-7l+771 + 1 -71+711 l 1\ 

x ^ \-2- >- 2 -» - ^ + £ ’ 2 2/ 

2 ~n-ip(^) sec 72 , 77 - 

~ r(n + -|)l (m -7i)z n+m+1 

- r ,/7i + 77i + 2 71+ 771 + 1 .3 1\ 

x ^- - -,- 2 - > 71 + 2 ’ z*/ 

2»r(7i + j)rg) 

7rP(?n +71 + 1 ) 2 - n+m 




2-n-ir(-n-j)m ) 

Trr(77l - 7l)z n+m+1 

-^/W+771 + 2 7i + m + 1 3 1\ 

xF(- 2 - ’-2-’ w + 2’zV 


2- m r(7i + -:)z n - m 

r /m + n + l) r"(m+« + 2' 


xF( 


-71+771+1 

2 


71+771 1 J_\ 

-o-’ *“ w + 2’ **/ 


2- m r( -7i - j)z 


— n—m—1 


r(^)r( 


771 — 71+1 


\ Z / \ ^ ' 

t-, /72 + 771 + 2 71+771 + 1 3 1 \ 

x F - 2 -’-2-* W + 2 ’ z 2 / 

by the duplication formula for the Gamma Function <p. 145). 
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Hence 


Pn' m (z) = 


2 ~ m (z 2 - \ )* m z 

r(m + 1) 


n —m 


r(w + ^)r(m + l) /m-n + l m - n JL 1\ 

p^7/i + n 4-1^ p \ 2 ’ 2 ’2 ’ 2 2 / 


xU 


n -n -£)r(m+ 1) 


m-n + l 


) r ( 


in - n\ z 2n+1 


f( 


m + n+1 m + n + 2 


3 1\ 
’ U + 2 ’ 2 2 / 


and therefore, by Ex. 1, page 249, near 2=1, 

_ 2 ~ m (2 2 ~ 1 )* m 2"- w y ( m-n + l m-n l\ 

r(m + l) \ 2 ’ 2 ’ + ’ z *)' 

On comparing this with (1) it is seen that, near 2 = 1, 


(4) 


F(-n, n +1, tti + 1, — 2 ~) 


2 + l\ m _ — n + 1 m-n 




■ m+i > 1 


Here put 2 = ^/^(f 2 - 1), so that 

I±f = ?±v/(£zi) izf- -f + ^f 2 -!) 1 _ I _1 

2 2 v /(f 2 -l) ’ 2 2 v / (£ 2 — 1), ’ 

and replace mby n + | and n by - m - Then 

F ( l - + m - —m *+? 

\2 ’ 2 ’ + 2’ 2 s /(f2-l) / 

l 2 v /(f 2 -l) / W({*-1)/ 

T? /'m + n + 2 m +?i + l 3 1\ 

\ 2 ’ 2 ’ W + 2 ’ p/ 

On comparing this formula with (3), it is seen that 

Q " m(z) =V{27 (^t> - ^ - 1 »’ ,+ ‘ E tct L1 

xF(i + m, *-«, »+*, ~ 2 j^~ I) ). 


(5) 


ILF. 
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From Appendix II., § 3, it follows that, if | amp n \ <\-k, this 
series is asymptotic in n when it is not convergent. The only 
points at which this is not the case are those at which the 
argument { -z + J(z 2 - l)}/{2J(z 2 - 1)} of the function is real 
and greater than 1. If the function is made uniform by a 
cross-cut along the real axis from — co to + 1, the amplitudes 
of z y z-l and 2 + 1 being taken as zero for z real and greater 
than 1, there is no point in the region at which the argument is 
real and greater than 1 

If now 2 passes once round the point 1 in the negative 
direction, a new branch of the function is obtained. Denote 
this by Q n m (z, + 1 - ); then 

Q n "(2, +1 -)=* >tV V { 2^-1 - ) }<* w (22 - 

xF(l + m, -1 — 7 n, n + ■£, 2j{z 2 — 1) 

In this case the argument of the hypergeometric function is 
real and greater than 1 when 2 is on the real axis to the right 

of 1 or to the left of — 1. 

Now, from Ex. 10, page 276, 


Qn m (z) = 2 


7T 


sin mir 


/p m(z) r(n + m + l) p ) 

r(n-m + l) n K 


7T 


2 sin mir 


( 1 ... n + 1 , 1 - m, 1 - 2 

I F(1 —m)^z — 1/ 


m) 

T(n + m + 1) 


) 


r(7i-m + i) r(i+w)\2 + 
Hence 

Qn rn ( Z > + _ 2 Sin 77177 

e mni / 2 + 1 \^ m 


+ 1+w,i 2 2 


x 


r (i^n)K^x) <- n ' n 


+ 1, 1 - 771 , 


1-2 


) 


_ T(n+m + 1) e~ mri -n.n+l.H-", V) 

ril+m)\2+l/ x 


T{n-7n + l) r(l+m) 
and therefore 


Qn m 


( Z 


f + 1 - ) - e~" ,ni Q n m ( z ) =t7rPn rn ( Z )‘ 


( 6 ) 
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It follows that 

t -^ . . . . c* ni V{n + m + 1 ) 

P n -(z)_e nt — 1)} r(» + -3) 

x -+m, ?, — 7?2, n 4- 2^/(2 2 — 1) ) 

+ e -d-m)lW{ 2 + s /( 2 2 _ J)>n + i 

L x F (' + i -w, n + 0 , 2 2^;fry) J 


rv) 


This is the asymptotic expansion of P n m (z) for large values 
of n. 

The formula ( 1 ) gives the asymptotic expansion of P, 7 m (z) 
when m is large. The corresponding formula for Q n m (z) is that 
given in the corollary on page 265. 


§ 2. Ferrers' Associated Legendre Function. When z is real 
and - 1 <z< 1 , 

m^T) ( r^f F( - n, „ + 1, 1 - m. 1 - *), 

according as z is on the upper or lower side of the cross-cut 
along the z-axis. In order to obtain a solution of Legendre’s 
Associated Equation which will always be real if ?n> n and 2 
are real and — 1 <z< 1, the Ferrers' Associated Legendre 
Function 


T ""' (z) ~r(l -m)(l -z) F ( -H,n + 1, 1 -m, (8) 

is introduced. The amplitudes of (1+z) and (1 — 2 ) are zero 
when 2 = 0 , and the function is made uniform by cross-cuts 
along the x-axis from —go to —1 and from 4-1 to 4 - *>. The 
two functions are connected by the relations 

T n m (2)=e±i^'P n w (2), (9) 

according as I ( 2 ) ^ 0. The more useful form of ( 8 ) is 


Tn m (=) = 


1 


(rdD* F (-«.» + i .m + i, i^). 


X (W+ 1) 


( 8 ') 
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When m is a positive integer it follows from the formulae of 


pages 250, 251, that 


T„ m (z) = ( - 1 )”•( 1 - z 2 )* m ^ P„(z), 

(10) 

T-”-(z) = (l -z 2 )-»”•££ ... £p„(z)(<fc)”-. 

(11) 

and T„-”(z)-(-ir^ + ™ + j;T n -( Z ). 

(12) 

The formula 


(1 -z 2 ) tm T,;"(z) = r ^ r) £ P„(f)(f -z)— 1 ^ 

(13) 


holds if R(m)>0, 2 being any point in the z-plane with cross¬ 
cuts along the real axis from - 00 to - 1 and from + 1 to + 00 ; 
it is assumed that amp (f — z) =amp (1 — z), and that 


— 7 r < amp (1 — z) < 71-. 

To prove (13) consider the integral 

where z is confined to the same region as before, R(m)>0, 

and amp(l -f) = amp(f -z)=amp( 1 -z). Then, 1 

f =1 _ (1 — z)\, the integral becomes 

— N (1 - z) m+r [ 1 X r (I — X) m-1 d\, 
l(77l) V Jo 


and consequently 

1 P n tvit— zi m_I dt =_ —(i — z ) m+r ‘ (* 4 > 

P(^)L ( ? T(m + r + 1)' 

Now the expression on the right of (13) is equal to 

rj5r>£ F ("”'” +1 ' 1 - ^ «-*)"'* 

and this, on being integrated term by term with the help of 


(14), becomes 

(*-*)” F f- 

r(m + l) v 

from which, on comparing 


n, n + 1, m 4-1, 2 ~/ 9 

it with (S'), (13) is obtained. 
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When z = cos 0 it follows from (9) and (7) that 

_ . 1 r(a + m+l) 

T„ m (cos 0) = J(2tt sin 0) _ r(n + |) 

e d •m)j»i-(n + iWF(j +m , h-m, n + l, 
x / e i0 

+ e -(i-m)lW + (n+|)0fF^ +w> J -rn, TO + S, 2t - sin ^ 

where O<0 <tt. The series converge if ' a 7r< 0< £tt ; for the 
other values of 0 they are asymptotic in n. 

On applying (9) to the second formula for P n m (z) on page 262 
it is found that 

T """ (2) = 2" t\m H) F (” ! - «• m + » + l < m + l < • < 16 > 

It should be noted that T n m (z), T n Tn (-z), T~"*(z), T""*(-z) 
are all solutions of Legendre’s Associated Equation, so that, 
for non-integral values of n, complete solutions are given by 

AT n m ( 2 ) + BT„ m ( — z) and CT.-(z) +DT-"( -z), 

where A, B, C, D are arbitrary constants. 

The formula 



T n m (z) = 


r (m — n)r(m + n -f 1) 

7T 


x {sin m7rT“ m ( -z) - sin ?i7rT" m (z)} (17) 

can be established by applying the formula of Example 1, 
page 249, to T“ m ( -z). 


§ 3. Expressions for Legendre Functions in terms of Legendre 
Functions of integral degree. It will now be shewn that, if m is 
zero or a positive integer, and if 

« 7r < TrTr, J vr <$'< ••-7T, 0 + 0'<7T, 

T n m (cos 0)T^ m (cos 0') 

sin 7i7r ® ,. ( 1 1 \ 

- - 1)P (.,T-p - n +> + l ) T ” m(C03 «)Tr(oosfl'). (18) 

Consider the integral 

_L f T^cos 0)Tf m (cos 0') tt , t 
27riJ f-n sin<f 7 r*> 
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taken round a circle | £ | =p + i» where p is a positive integer, 
and let p-^ oo . From (16) and (12) it is clear that the integrand 
is holomorphic except at the zeros of the denominator, and 
from (15) it can be deduced that the integral tends to zero when 
p-> oo, provided that 6 + 0'<tt. On evaluating the residues 
and noting that, from (8), 

T n m (z) =T? n _ I (z), (19) 


we derive the formula (18). 

Similarly, from the integral 

1 fTj"*(cOS#) 7T 

2-Tri J t-n 




£ -n sin £tt 

where m is zero or a positive integer and £7 r <6 < J-7r, it can 
be deduced that 


sin utt 


2 (-i) p (^-^in) T ^ co30) ’ (20) 


T„ m (cos 0) ^ ^ y ' \ n -p n +p + 

and, in particular, when ra = 0, that * 

sin n 7r 


P n (cos 6) = 


V(-l )’(— 11 -—L- T ) P„(cos 6). (21) 

Z-r Q v ’ \n-p n+p + V 

On referring to (15) it is seen that the series in (21) is abso¬ 
lutely convergent for 0< 6< 7r, while the series obtained by 
differentiating with regard to d is conditionally convergent in 

that range. 


§ 4. The Recurrence Formulae. The formula 

(n + l)P n+ i(z) “ ( 2n + l)zP»(«) + nP n _ 1 ( 2)=0 (22) 

was established for positive integral values of n on page 102, 
and the formula 

zP' n (z)-P' n -!(z)=ttP n (z) (23) 

on page 124. On differentiating (22), and eliminating zP „(z) 
from the resulting equation by means of (23), we obtain the 

formula /nA . 

P'n +1 (Z) - - 1 ( 2 ) = + 1 ) P " (2) ' <24 


Another formula 

P'n +1 (2) - zP'n (*) = (n + 1):p„ (2) 

is derived by subtracting (23) from (24). 

* By employing the asymptotic expansions for (15) it can 
(18), (20) and (21) hold for O<0<>r, 0 < 8 '< 0 + 0 < 



be shewn that 
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Formula (21), in the form 


p.w '- p - „ p .«’ 


7r 


p n + p 

can be employed to prove that these recurrence formulae hold 
also when n is not an integer. In (21) z is subject to the con¬ 
dition but, once the recurrence formulae have 

been established for that range, the restriction can be removed. 
For example, if n is not an integer, 

(n + l)P, 1+1 (z) - (2 n + l):P n ( 2 ) +nP n _ 1 (z) 


= sm n7r ^ ^ ^ 


p^O 


71 + 1 


2n + 1 




. * * 


sin nir y 

7T 


p=0 


n + 1 - p 

n + 1 

-z-. 

71 - p 71 - 1 - p 

2 n + 1 

71 

n+l+p+l 'n+p +1 n- 

1+P+l 

-1) P 

P 

2j> + I p+1 ' 


n - p + 1 

n — p n - p - 1 

pm) 

p + 1 

_ jj>_+ 1 z __p 

n + p + 2 

rc + p + 1 71 + p 



P.(*> 


P = 0 


7T 


1 


^{(p + l)P p+1 (z) - (2 p + l)zP p ( 2 ) +i3P,_ 1 (2)j 
L + n+p4-l ^ Pp - l(2) " {2p + l ) zT> >& + (P + l)Pp + i(*)} 


= 0, 


so that (22) holds for all values of n. 

Similarly 

P'„ +1 (z) - P'„ _, (z) - (2n + 1) P„ (Z) 

= ? l^ Z r » ( _ 1)p 


p = 0 


-^TT^ ^ P '.W ■+ ;r^, P',W - ^ P,W 


I 




^ P- ' (z) ~ il p + l p '^> + P,(*) j 
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sm ”7r 2 ( — !) 


7T 


P = o 




Sin 717T 

7T 


oo 


£(-i)’ 

P = 0 

|— 1 


n—p 


{Y' p+l (z) - P 1 (*) - (2p + l)P p (z)> 


+ 


1 


I_ w + p + 


T { -P f ,- 1 W + P',+1 W - (2p + l)P p (z)}J 


= 0, 


and therefore (24) holds for all values of n. The other recur¬ 
rence formulae can be deduced from (22) and (24). 

In order to derive the recurrence formulae for the Associated 
Legendre Functions, use is made of formula (13). Thus, from 
(24), if R(ra)> - 1, 

r5^D J>'.« <f>riiTifr- *««->-« 

ffl+1 

= (2n + 1)(1 — z 2 ) 2 T*( 2 ). 

The expression on the left, on being integrated by parts, 
becomes, if R(m) > 0, 

= - (1 - z 2 )»"T;R(z) + (1 - z 2 )i m T n -_ m ,(z). 

Hence, if R(m) > 0, 

T-” (z) - T-£(z) = (2« + l)V(l - z 2 )T„-”-‘( 2 )- ( 26 > 

Again, from (22) and (13), if R(m)>0, 

(1 - z*)* m {{n + 1 )Tn+i(z) + wT-ri(z)} 

=(2*+1) p^-)£f p ,(f)(f - *) m - 1 
= (2n + 1) £ P.(f )«f ■- ■*)“ + 2 (f ■- z ^- 1 ) 

= (2 n + l)m(l - 2 2)“T-"-'(z) + (2n + l)z(l - 
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Therefore 

(n + l)T-^( Z )+ 7 iT n --( 2 ) = ( 2 n + 1 W (1 - z*)T;r—»(*) 

+ (2n + l) 2 T-«( 2 ). 

On eliminating T~ m-, (z) by means of (26), we deduce the 
formula 

(n+m+ 1 )T(z) - (2n + l)zT~ m (z) + (n - m)T^,(z) = 0 , (27) 
where R(m) >0. 

Now let (13) be applied to the differential equation 

d 


dt 


{(1 -f 2 )P'n(?»= -n(n + l)P„(f). 


Then, if R(m) > - 1 , 


r (m 


m-fl 

2 


= -n(n + 1 )( 1 - 2 2 ) 58 T“—>( 2 ). 

The left-hand side of this equation, on being integrated by 
parts, becomes, if R(m)>0, 

= - r^T) £ p 'n(f )« 1 - * 2 > - -*)-<?- - *)— 1 df. 

On being again integrated by parts, this takes the form, for 
R(m) >1, 

r(m) L Pn(f) 

X {( 1 - z 2 ) (m - i ) - 2zm(f - 2 ) - (m + 1 ) (f - z) 2 }(f - z )"»- 2 df 

m 4-1 

= (l-z 2 ) 2 T n -"+'(z)-2 m z(l-j 2 ))-»T-"'(z) 

m + 1 

- m(7n + 1)(1 - z 2 ) 2 Tr m_, ( 2 ). 
Hence, if R(m)>l, " K) 

s /(l - 2 *)T--+'(z) - 2mzT~ m (z) 

+ (n-m)(n+m + l) s /(l- z 2 )T; m ~'{z) = 0 . (28) 

Again, if (26) multiplied by - (n - m)(n + m + 1 ), (27) multiplied 

by 2 m, and (28) multiplied by - ( 2 n + 1 ) are added, the formula 

(n+m)(n + m + 1 )T-£(z) ~(n~m){n-m + 1)T~™ (z) 

= ( 2 n + l) v /(l _ 2 2 )t-«+. (2 ). ( 29 ) 


where R(m)>l, is obtained. 
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Next, between (26) and (27) eliminate T^i(«) and T B "(z) 
in turn, and so obtain the formulae, for R(wi) >0, 

T^-i(z) - zT^ m (z) = (n + m + 1)7(1 - z 2 )T» n - l (z), (30) 

zT~ m (z) -T;? 1 (z) = (n-m)J(l -z*)T; m -'(z). (31) 

Similarly, by eliminating T~+i(z) and T~”(z) in turn from 
(27) and (29), it can be shewn that, for R(m)> 1, 

(w + ra)zT" m (z) - (n-m)T~^(z) =J(1 -z 2 )T^ m+ 1 (z), (32) 

(n + m + 1)T-£(z) - (n - m + l)zT n -(z) =J(l - z*)T; m +'(z). (33) 

The restrictions on m in these formulae can be removed 
either by applying the method of analytical continuation or by 
employing in place of (14) and (13) the contour integral 

formulae 





2mnr 


n r(r+l) .. 

I'(m + r + 1 ) 


mfr 


where R(r) > - 1, and initially 



amp(l — f) = amp (f - z) = amp (1 -z), 

and 

(e 2mW_ 1)(1 + < 35 > 

The contour of integration starts from 1, passes round z in the 
positive direction, and returns to 1 ; z is restricted to the same 

region as in (13) and (14), and - tt< amp(lFormulae 

(34) and (35) hold for all values of m. . 

The recurrence formulae for P„ m (z) and Q» m (z) are given m 

Examples 87 and 88 of Miscellaneous Examples II. 


§ 5. The Addition Theorems. The formula 

P,(*)=P,(f)P.(f) + 2 ±cos««T,-(f)T;-(f'). (36) 

771 — 1 

where p is a positive integer, and 

z = _ V ( 1 _ £*) V( 1 - D c° s <P> 
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can be established by the method of induction. Assume that 
it holds for the values 0 , 1 , 2 , ... , p of p ; then, from ( 22 ), 

(P + l)P P+ i(=) = (2/> + lDPp(z) - 7>IVi(z) 

= (2p+ OUT-V (1 - 0 \/(l-ncos 0 } 

X {P„(v)Pp(n + 2 >; T^CClT-nn cos m<f>) 

m I 

-p{P»-i(f)Pp-.(n + 2 ^ ! T;:'- l (i> T ,:-"' 1 (r) cos »,./-}■ 

m - 1 

The coefficient of cos w 0 in this expression is 

(2p + l)^2T^(C)Tr(n 

-(2 P +\)V(i-?)V(i-D 

x {Tr , (f)T,:- +, (n+T,*? +i (f)T--'( 0 } 

- 2pT;‘.,(f)T;-(f'). 

On applying (27), (26) and (29), this, multiplied by (2p + 1), 
is seen to be equal to 

2 {{p ~m + l)T” +1 (f) + (p + wi)T* ,(f)> 

x {(P + ^ + l)T^T,(f f ) + (/>- m) T;r,(0> 

+{Tr+,(f)-T-. 1 (f)} 

X {(p + m)(p -f m + l)Tp^(f') - Cp-w)(^-m + 

+ UP - ™)(P -m + l)T ; ? + 1 (f) -(p + m)(p + m + l)T?_,(f)} 

x {T,7 + -,(n -T--.(f')} - 2 p{ 2 p + l)T^,(f)T,;",(£■) 

= T™ + ,(f)T;r,(D{2(p - m + l)(j> + m + 1) 

+ (P + m) (p + m + 1 ) + (p - rn)(p - m + 1 )} 

= (2 V + 1)(P + l)2T" +1 (f)Tp”,(f'). 

The term independent of <p, multiplied by (2 p + 1 ), is 

( 2 p + l) 2 ffP p (f)P p (n 

-( 2 p + l)V(l -r*)T 1 ,(flT p - , (f') 

-P(2P+l)P»-l(DPr-l<n 

={(? + 1 > p » + i(f> +pp,-i«)K(p+i)p P+1 (n +pp„_ 1 (n> 

+{ P (p +i)p B+I (fj - P (p +liPp-jifii'p.^if-) - p B _,(n} 

-*<%»+i)p,_ l( flp,_ l( f) 

= (p + l)( 2 p + l)P p+ 1 (f)P p+I (f). 
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Thus the expansion holds for P p+ 1 (z) if it holds for P 0 (z), 
Pi(z), , P p (z). But it holds for P 0 (z) and P 1 (z) i since 

Pi (^)=f<r-va- f 2 ) v(i - n cos 0 

= P 1 (f)P 1 (n + 2 cos 0 T x l ({)T {Hn- 

Hence it holds for all positive integral values of p. 

The more general formula 

p„( 2 ) = P„(f)P„(f) + 2 2 cos T. m (f)T.-(T). (37) 

m = 1 

where z = f' - y/( 1 - f 2 ) V ( 1 - f 2 ) cos 

which holds when n is not an integer, (f> has any real value, and 


GrfXfcPIo. 


or, in particular, if R(f)>0, R(f / )>0, can be deduced from 

(36) by means of (21) and (18). 

For, from (21), assuming that f, f' and z are real, positive 

and less than £, we get 

P .<» S < - ■)■ feb - p -«= 


sin nir 


v = 0 


and, on substituting from (36) for P p (z), and changing the 
order of summation, we obtain 

P.W -=?? £<-■>■ fcV p -® p -<° 


Sin TOT 


2 sin 7i7r ^ t \ n ( 1 A _^ 

--- ^cosm^^" 1 ) n+p + v 

Wl —1 pm m M / & v m — ni / 


-r-— -/ \ n -p n+p+ 1/ 

” = 1 X Tr(f)T,-"(n- 

Hence, by applying (18), we derive the formula (37). 

From ( 8 ') and (12) it follows that, when m is large, the 
coefficient of 2 cos mf in (37) is approximately equal to 

, ... r(»-mi + ij _ i _ (L4) im (LzTf m 

( 1] r(»-m+l)(r(m+l)) 2 Vl + f/ VI +£' 

_ r(n + m + l)r ( m -n) ginnw; 

-( _1 ) {r(m+l )} 2 1 *■ vl + f 7 V1 + t 

and this, by example 2, page 150, is approximately equal to 

1 sin mr /l — I - 
m tt \l + £/ '1 +S’' 

Hence the series converges absolutely and the expansion o 
for the values of f, f and <p stated above. 


holds 
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By means of (9) formula (37) may be put in the form 

P„(2) = P»(f)P»(n + 2 S cos ^0Pn m (f)P» "(f'). 08) 

m 1 

where z = ff' + V (£ 2 ~ OsAf 2 ~ l) cos <£> 

and f, f 7 and 0 are subject to the same restrictions as before. 

In order to deduce the addition theorem for Q n m (z) from (38) 
the formula 

= 2 li n(h0ifr ^ n ’ iP '"U - P.-( - *». (39) 

according as I ( 2 )^ 0 , is required. It can be derived by a 
comparison of the first formula for Q n m (z) on page 265 with 
formula ( 1 ). 

Now assume that n is not an integer, and take £ and £ real 
and such that 0 < f< £*< 1 , so that 

It will be assumed that f, f 7 and 

all lie on the upper edge of the cross-cut from - oo to 1. Then 
if the variable £ passes round +1 in the negative direction 
from its initial position on the upper edge of the cross-cut to 
the position - £ on the lower edge of the cross-cut, the ampli¬ 
tudes of £ and V(! - f 2 ) both decrease by it ; and consequently 
amp z also decreases by tt. Thus 2 moves from its original 
position to the point - z on the lower edge of the cross-cut. 
In order to ensure that 2 will pass round + 1 , g may be chosen 
so that 1 - f 7 is small ; then 2 is approximately equal to f, 
and when f passes round +1 by a path passing well to the 
right of + 1,2 also passes round + 1 in the same direction. 
Now, from (39) and (38), 




7T 


2 sin n 7 T 


— 


‘{Pn(?)P«(0 + 2 2 COS *710 P n m (f)P" m (f')} 


m = 1 
CO 


I “ (P»( - £)P«(f) + 2 ^cos TO 0 P n m ( - f)P^"(f)} 


m —1 
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so that 

Q„(z) = Q n (f)Pn(n + 2 S(-l)"*co S m 0 Q t ,»(f)P-”(r), (40) 

m = 1 

where z = tf +J(t? - l)v/(r 2 - l ) cos 0 - 

The series converges absolutely and represents the function 
if 0 has any real value, 



and f and are made to vary from their original positions in 
such a way that z does not cross the cross-cut. 

The theorem can now be extended to integral values of n 
by considerations of continuity. 


§ 6. The functions P“£ n (z) and T m £ n (z) when n is zero or a positive 
integer. Proceeding as in Example 2, page 102, it can be shown that, 
if I A | is small 

(l-2 2 A + A»)-“^ = ( - rr ^ 5 ^ 1 {l + ( T TAf.-T') ’ 

so that the coefficient of h n on the right is 
r( 2 m + n+ 1)^ / -n, 2 m + n + 1 # 1-z 


r(2m'+ l)n! * V m+ 1 2 


) 


r(i)r(2m + n+ 1) n+z\- m ^ fm + n+l,-m-n 

T(m + £)r(m+l)2 2m 7T! V 2 / \ m+1 

Hence, from formulae (1), page 303 and (8 ), page 307, 
( 2 2_l)jm T(*) * 


1 -z 
2 


)• 


(1-2 zh + h 2 ) m+ i 2 m r (m + 
(1-z 2 )!” 1 _ T(i) 


^ r( 2 m + n+ 1) T3—m 

T)S*”- nl - Pm+ " () ’ 

2 / n =o 


00 


_ V A" r(2m + n+ —’ T^ n ( 2 ). 


(41) 


(42) 


(l-2zA + A 2 ) m+ * 2 m r(m+i)^ 0 " n! 

The Extended Rodrigues' Formula. If n is zero or a positive integer, 

T -m M „ < - »>"(1 *L {(1 - z 1 )"*"). («« 

A m+n' z ' 2 m+n r(m + n+ 1) dz n 

This can be verified by putting 

(1 - z 2 ) m+n = 2 m+n (l — z) m+n {l - (1 — 2 )/ 2 } m+n » 

expanding the last factor in powers of (1 - .). and differentiating « times, 
noting that 


'p — tn 
1 w + 


»( 2 > = 


1 


r(m+ 1 ) 


fl -z\* m F /m + n+ 1 ,-m-n ; 1_(44) 

\l+z/ V m+1 2 
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APPENDIX IV. 


FOURIER INTEGRALS.* 

§ 1. Fourier's Integral Theorem. This theorem may be 
stated as follows. 

If, for all real values of 


J=/(A), 


( 1 ) 


where - = p <iq~-\- ^ then 


j 


- X 


e-“'/(X)dX = p r * >(r) ' V<r<q. 

I 0 , r<p or r>q . 


( 2 ) 


It is assumed in the proof that all the functions considered 
are holomorphic, and all the integrals convergent. 


Let 


1 = 


Then 


f J- *'f(\)d\ = J” ^ e - d\ ^e'^(p)dp. 

= j e- d\ [ rff + fV dx f df, 

JC I Jo Jc 2 

where C, and C 2 are contours from p to q in the f-plane (Fig. 81 a) 
below and above the £-axis respectively. (Ifp = - qo or q= + 00 
the contour approaches the £-axis asymptotically.) In both 
integrals R(iA£)< 0. If now the order of integration be altered, 




d\ + 




e iMS-r) 


f f <M£) If <b(t) „ 




Fio. 816 . 

• For other Fourier Intograls see Proc. Roy. Soc. Edin.. Vol. 5], pp. 1 16 . 126 . 



320 


FUNCTIONS OF A COMPLEX VARIABLE Lapp, iv 


where C is a closed contour between p and q (Fig. 816). Hence 


f 2 x£(r), p <r <q, 

1 \ 0 , r <p or r> q 


Conversely, if 




<r <q, 

<p or r>q, 


(3) 


then, for all real values of X, 


f <f>(p) dp =/(X) 

JP 


(4) 


For 


KJ JL 

I = | e ix > (p{p) dp = — f 

T ' 


Jl) 

where C a and 
q = co . 

Thus 


e - ip(i - *> dp 


c ' J-oo 

- Jci - 

C 2 are the curves of Fig. 81<z, with p 

1 =h U (0 ■ ** ^ )dp+ tu^\- 

2iri J Cl f - A ^ 2ttI Jc, f - A 

2tti Jc C — A 

C being a closed contour about f = X. 

Example. If R (/x + v) > 1 , shew that 

i* ( (2cos \t\ 

[• e d $ __=J r(p + i"lT 

)-' 0 r(p+$)r{v-£) \ o . 1^1 

where t is any real number. 

Deduce that, if t is real, 


oo and 


<ir, 
1 1 1 > 


f® d£ 

J-oo y y -t 


-( 


2cos£« \ i( » +y \mr-riJ..+JJ{2cos±t(x t e +2/*c* li )}]» 


if _ r < t < 7T; for other values of t the integral is 


zero. 
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In particular, shew that 

| (x)3 v - t(x) d£ = 2-r). [Ramanujan.] 

[Apply Fourier's Integral Theorem to Cauchy’s formula 

[*" (cos 0)» + - - 2 e i0( -» ~ * + 2« d0 =--. 

2» + ''- 2 r( / x + $)r(v -£) 

(See Ex. 46, p. 75, or Miscellaneous Exs. II., 95.)] 

§ 2. The Fourier-Bessel Integral Theorem. This theorem may 
be stated as follows. If R(m) > - 1 and 


then 


fW = f </>(p)J n (^p)pdp, O^peq—cc , 

Jp 

[7(X)J.(Xr)X dX = {+ (r) ’ P< r< -9’ 

Jo l 0, 0 < r <p or r > q 


(5) 


( 6 ) 


Here again it is assumed that in the proof the functions are 
holomorphic and the integrals convergent. 

For the proof the following theorem, due to Lommel, is 
required. 

If U n (z) and V n (z) are Bessel Functions of order n> 


(* 2 - M 2 ) f n {\x)V n (txx) dx 


For, since 


=[u,,(Xx) M xV' Il ( M x) - V„( m x)XxU'„(Xx)T. 

-J a 


(?) 


^2 7 

X *d^ V " (Xz) +x Tx U »( X;,: ) + (* 2 * 2 - « 2 )U„(Xx) = 0 

and V +X dx Y *^ X) + ^** 2 - ” 2 )Vn^) = 0 , 

on multiplying these equations by V n ( M a:)/x and U„(X:r)/x 
respectively, and subtracting, we find that 

~ [* U.(Xx) - U„(Xx)^V„ (A1 x)}] 

+ (X 2 - M 2 )^U n (Xa;) V n ( M a;) = 0. 

When this is integrated, (7) is obtained. 


M.F. 
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If now I (/j.) > 0, X is real, and n is not an integer, it follows 
from (7) that 


(X 2 - ^ 2 ) xJ n (\x)G n (fxx)dx 


7T 


2 sin nir 


["j, l (Xx)AtxJ , _ n (Ai^) - J_ n (At*)A*J'n(Wl 

L -J*=o 


7T 


r ©• 


. M 7 __ 

2 sin Ti7r Lr(w + 1)1'( - n) T( - n + 1) T(w) J 


0 “ 


( 8 ) 


while, if I(aO< 0, 


(X 2 - At 2 ) f zJ n (Xx)G n (/*a;e i,T ) dx = (^) 

Jo r 1 


- inn 


(9) 


These formulae also hold when n is zero or a positive integer. 
This may be verified directly, or deduced by noting that the 
functions in (8) and (9) are continuous with regard to n. 
Hence, from (5), 

I=J7(X)J«(Xr)X dX = J o J n (\r)\ dXjV(p)J»(M/> d P 

= pJ n (Xr)X dX F *(p) i (G n (Xp) - e^G„(Xpc-)} /> dp 
Jo Jp 71-1 

= —. f J n (Xr)Xdxf (p{p)O n (\p)pdp 

7TlJo Jp 

- e —^ I* J n (Xr)Xdxf (p{p)G n (\pe xn )pdp 
"Ft Jo Jp 


=-.i‘ 0(f)f^r j -( xr ) G " (xf)x<ix 

7Tl J C* JO 

' f 0(f)f^rJ„(Xr)G n (Afc-)X<ZX 

7T^ JCi JO 


by (8) and (9), and with the notation of Fig. 81. Thus 

'r\ n 2f_ _df_ 

+ r f-r 


1 = 


_/ 0 W. P<r<q 

~~ I 0, 0 <r<p or r> q 
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Note. Formulae (8) and (9) do not hold at the end points 
of C 2 and C 2 . This difficulty can, however, be got over as 
follows. Let C\ and C' 2 be contours obtained from C, and C 2 
by cutting off small parts at both ends. Then the integrals 
along C x and C 2 are the limits of the integrals along C\ and C' 2 
when the parts cut off tend to zero. 

Example. If n > - 1, m - n > 0, prove that 


where 

and deduce that 


/> w d - p 2 )™-"- 1 

- n) ’ 


_ r 2 \m—n—l 


f r n (l -r 2 y 

j X dx _ | i p 


, 0 < r < 1, 


0 


[Sonine.] 

, r > 1 . 

fin the first integral expand J n (Ap) in powers of p, and integrate 
term by term.] 

§3. Boundary Cases. In the theorem of § I, if r—p or q, formula (2) 
become* * 


Let 


Then 


P i e-* Ar /(A)(/A. = 7T0(r). 

— ac 

r x i y 

J = P \ e—i*r d A \ e ,A P dp. 

• — * J p 

J = Lim l c-iAr(e*A« —e<Ap)~ 

M— x M i A 


= Lim ( M 

M—*oo M A 

so that, if r=p or q , J = 7 r. 

Again, let 

I=P| = P | r f/A | e**pd>(p)dp. 

Then p 

I = |_ e-tArrfAl e*Ap {</>(p) — </>(/-)} -t- </>(r) J. 

• ® J p 

As in § I, noting that {</>(£) -</»(r)}/(f- r) is holomorphic at r, we see that 
the value of the integral is zero. Thus the result follows. 

The corresponding result for the theorem of § 2 will be found in Misc. Exs 
Ilia., 125. 

* Even if the integrals (~F(x)dx and (^F(x)dx are non-convergent, it 
may be that the limit Lim F (x) dx is a definite number. This number is then 
the Principal Value of the integral j^F(x) dx, and is denoted by P j°° /( x ) dx. 
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1. ABCD is a square described in the anticlockwise direction on 
the Argand Diagram. If z lt z 2 , z 3 , z 4 are the complex numbers repre¬ 
sented by A, B, C, D respectively, shew that 

2 z a =( 1 +i)z x + (1 -t')z 3 , 2z 4 = ( 1 -i)z x + (1 + t)z 3 . 

2. If the points O, P,, P 2 , P 3 lie in order on the circumference of a 
circle, prove that 

amp{zi( 2 3 -z 2 )}=amp{z 3 (z l -z 1 )}, 

where z lt z a , z 3 are the complex numbers represented by P x , P lf P 3 
respectively. 

Deduce that 

I Z 1 I I Z 3 ~ Z 2 I + I Z 3 I I 2 2 _Z 1 I = I Z 2 I I Z 3 ~ Z l I* 

and interpret this result geometrically. [J. Hyslop.J 

3. The points A(l, 0), B(2, 2), C(0, 1) are the vertices of a triangle 
in the z-plane, and the figure is transformed by the substitution to =■!/«• 
Draw in the z-plane the triangle ABC and in the t^-plane the figure into 
which the triangle is transformed. Indicate the path of w that corre¬ 
sponds to the path of z when z describes the perimeter of the triangle. 

[The points A'(l, 0), B'(i, -*), C'(0, - 1) in the w -plane correspond 

to A, B, C respectively. Those arcs A'B', B'C', C'A' of the circles 

u 2 + v 2 -u - \v = 0 , u 2 +v 2 + +v = 0 , u 2 +v 2 -u +v =0, which do not 

pass through the origin correspond to AB, BC, CA respectively.] 

4 Jf «; 3 =z 3 + 1 , where z = 0 and w = 1 initially, find the value of w 

(i) after z has described the circle whose centre is 2 and radius 2 in the 

positive direction and (ii) after z has subsequently described the circle 

whose centre is - 2 and radius 2 in the positive direction. 

Ana. (i) exp( 4 t 7 r/ 3 ), (u) I- 

5. If w=u+iv, where u and v are real functions of the polar co¬ 
ordinates r and 8 , and if 

u =r(cos 8 log r - 8 sin 8), 

find w, assuming that it is holomorphic, and express it in terms of z. 

Ana. tv =z log z +tC, where C is real. 


6. If x + iy — tan (u + iv) 9 shew that 

_ sin 2u 
x ~~ cosh 2v + cos 2u ’ 


y= 


tan 2u = 


2x 


1 - x* - y* ' 

Deduce the general value of tan _1 (* +ty). 


tanh 2v = 


s inh 2v 

cosh 2v + cos 2u * 

2 y 

1 +x 2 +y i * 
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7. If tv—\ogz, prove that to the equiangular spiral r=e tfcot * 
(</> constant) in the z-plane corresponds a straight line through the 
origin in the tt»-plane. 

8. If w =log{z + k + J(z* - z)), where k is real and positive and 
amp (z 2 -z) =0 when z is real and greater than 1, shew that, as z passes 
along the real axis from + co to - co , passing above the singularities 
at 1, 0 and - k 2 /(2k + 1 ), tv passes along the real axis from + oo to 
log(l+fc), then round an oval curve approximating to a semicircle 
above the real axis to log k, then along the real axis to - oo , and then 
along the line w=iir from - oo + iV to + oo +iir. 


9. If tv— cosh z, shew that to the straight line x — constant there 
corresponds in the ui-plane an ellipse with foci at the points ± 1 ; and 
that for points on this ellipse the functions |tv dz\J(tv 2 — 1 )| are constant. 

(tv ± v /(u> 2 - 1) =coshz ±sinh z= e ±r .] 

10. Evaluate the curvilinear integrals 

(c. * dx - \cf dy - 

where C, is that part of the circle x 2 + y 2 =a* which lies to the right of 
the y- axis, described in the positive direction, and C 2 is the curve 
y = sin x from x = 0 to x =tt. A ns. - ^a 2 , -i(e» + l). 

11. Find the residues of <logz) 2 /(z 2 + 1) at i and - i, the amplitude 
of z lying between -t r and tt, and the logaritlim having its principal 

Value * Ans. JtV 2 , -ItV 2 . 

12. Find all the residues of z»e'i‘/( 1 + z), where n is a positive integer. 

Ans. ( - l)”e -1 at - 1, ( - D"« {e~ 2 - ! ^ + ... - ( _ l)n i.} at 0 . 

(- , ," +I {l- 1 l + ^--+ ( - 1 )"^} at oo. 

13. If a and 6 are real and positive, and if n is a positive integer, 
prove that 


cos n<f> d<f> 7TI 


( w cos n 

Jo - ib 


:n 


{ 


\/(a* + 6 2 ) - a^ n 


}■ 


cos</> y/(a* +6*) l 6 

[Integrate z n /(bz* +2 iaz -f b) round the circle | z | = 1.] 

14. By integrating ««•/(**+,* + 1)f where ago, round a suitable 
contour, prove that 

(*• cosaxdx _ jr / a -\ 

Jo x* +x 2 + 1 ^3 2 os V2"3j* 


15. Prove 


that (* 
JO 


* cos 2x , 

- dx = 


cosh x 


2 cosh7r’ 

16 By integrating «<«**/< 1 +z>). where .40, - 1 < 6 < 1 round a 
suitable contour, prove that round a 


Jo cos I™ ~ l b *) = Lre-a 
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17. Prove that f e*°*Q(z) dz-+0 as R-voo if (i) a > 0, (ii) Q(z) is 

• fl 


jc 

holomorphic for j z \ > k > 0, 0^ampz^7r, (iii) as z->-oo , Q(z)-»-0 
uniformly with respect to ampz for 0 — amp z^ir. (iv) C denotes an arc 
of the upper half of the circle | z | = R. 

18. Integrate z a ~ l e ibz , where 0 < a < 1, b > 0, round a convenient 
contour to shew that the values of the integrals 

00 

JO 

g - br Bin 9 ^ - 1 s i n ( a Q + cos 0) dr t 


( e -&r9in 6 r°~ 1 cos (ad +br cos 6) dr, 
Jo 

L 

where are independent of the value of 6. 

19. Prove that f (-— . * — = log 2. 

Jo\* sinhx/ x ° 

f x COS 7 rxdx 7r 
In "N 


20. Shew that , . . , . 

Jo 1 - 4x 2 4 

21. If a is real, shew that 

* 1 - cos ax 


\ 


dx = log cosh ( hair ). 


Jo x sinhx 

22. Shew that the residue of /(z)/<£(z) at a, where/(z) and <f>(z) are 
holomorphic, </>(z) has a double zero at a, and f(a) is not zero, is 

23. Prove that, if a > 0, 

( °° x sin ax -r , . 

o (z?+lj* dx= TG e {a +a) - 

, f® log X dx 7T 

24. Prove that | 0 (i*TT? = " 4 - 

and deduce that j (x 2 + \^°^> xdx ~ 4 ' 

25. Evaluate the integral of e*z -3 taken round the circle | z | = L and 
shew that 


I 


e cos 0 cos (sin 0 - 26) d0 = 


26. Prove that, if 0 < a < 2, 

f« x° -1 dx 7r( 1 -a) 

Jo (x+1) 2- sin ira 

27. By integrating cot zl{z((-z)) round a large circle, show that 

1 ^ 2 
cotf=* + 7*3VW!' 

b n = l 5 

28. Shew that, if m and n are positive integers. 

(i) P n (cos20)=P 2 „(cos0)P o (cos0) -P 2n _,(cos 0)Pj(cos 0) 

+ P 2n _ 2 (cos 0)P,(cos 6) - ... + Po(cos d)P. n ( co3 0) ' 
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(ii) P n (cos mO) =l'P ri (cos 0,)P rz (cos 0 2 ) ... P rm (cos 0 m ), 
where 0 S = 0 + 2(5 - 1 )v/ni, a = 1,2 .m, 

and r X i r 2 , ... , r m may take any of the values 0, 1,2, ... , (mu), the 
summation including all cases in which r, -f r 2 -f ... + r m =mn. 

[For (i) employ the identity 

(1 - 2z 2 cos 20 + z 4 ) - - = (1 -2z cos 0 + z 2 ) — ^ (1 -f 2z cos 0 + z 2 ) - ^.] 

29. If | 2 | < 1, — 1 —.ft — 1, show that 

® / z n+2 z n \ 

^(1 - 2,u +=*) = 2s U, -T 3 - 2» “1) 

n 0 

and deduce that 


-sinj<?= S (2,31 P " (COS6h " = «="• 


n = 0 


COs4^- 2 (2n - 1)(2n+3) ( n n P„(COS^), 7T— W —77. 


30. If n is a positive integer, shew that 


(sin 0) n P n (sin 0) — ( - 1) r r , >£[ r) , (cos fl) r P r ( C o8 g). 


r = 0 


Put P 


r (cos 0) = - ( (cos 0 + i sin $ cos <f>) r d<l ~I . 

7T ,'o J 


31. If n is a positive integer, shew that 

tr 

C(1 - k sin 2 (ft ) n d<f> = 7 [ F ( A, 1, k), 

JO ^ 

and deduce that 

P n (cos 0) = e ine F( - n. A, 1, 1 -e" 2 *). 

32. Shew that 

(2« + 1)(1 -n*)P' n (,i) =n(/t + 1 ){Ph.^/x) - P n+1 (/x)}. 

33. If n is a positive integer and 0 < «. < 1, prove that the integral 

r_p. wh .v(ks)- 

has the value 

2^n 108 V(rrS) (P ”+ i(a - ) - p "-‘ (a -» -^rrr, p «<°-> 

if n is odd, but vanishes if n is even. [R. p. Gillespie.] 

34. Prove that, if | 2 | < 1 , - Att < amp z < Att. 

1 1 2 z 3 z 6 

2i g \I -iz) 1 3 + 5 • 

Mark the points A(l), P(z), Q(iz), R( -iz) on a diagram, and shew that 

a mp (J-r^) = QAR. 

Hence prove that, if - Jtt < 0 < Att, 

-cos 0- 1 cos2( ? cos AO cos (50 
4 2 1.3 3.5o.7 


i log V(rrS) <p "+‘ 
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35. Shew that the sum of the series 

00 


( xW 2x ln+ * \ (x 2x*\ , (x* 2 t*\ 

0 ^ n + 1 2n + 3 ^ Vl 3 / \ 2 5/ + ’** 


has a finite discontinuity at x = 1. 

If 1*1 < 1, 


S(a;) = — log(1 -x) +log j—-^ +2x=2x -log(l +x). 

But S(l)=(l -§)+(£-f)+ ...=2(£-^+*-£ + ...) =2-21og2. 

Thus, when x-*-l t S(x)->-2 - log 2, which is not equal to S(l). 

Abel’s Theorem does not apply in this case, as the series is not 
arranged in ascending powers of x. 

36. If n is a positive integer, prove that 
1 1 


1 

—i + 


+ 


+ .. • 


n* * (n + l) 3 ' (n+2) 3 

1 

2n 3 n ' n 

where R r =(- l) r -5Fflj* 
and 


- — * + | ( 1 \r-l ^r ■ p 

+ n 6 + ^7 ••• + V - A) -^rr-.+n, 


y 


2 r+l 


(e2"i/ - l)(n 3 + 2 / 2 ) 3 

td | ^ Br+l 
K r I < n 2r+3- 


n 3r+1 
{(r + 1 )n* +ry 2 )dy. 


r» 


[Integrate ir cot 7rz/z 3 roimd the rectangle bounded by x—n, indented 
at n, x =m + h, where m is an integer greater than n, y — ±k, and let m 
and . Note that 

coth iry = 1 +2/ (e2*v - 1).] 

37. If the numbers E 0 , E„ E 2 , ... (Euler’s Numbers) are defined by 
the series 


00 


00 


secx = l +2 E n x 3n /(2n)! or sech x = 1 + ^ ( - l) n E n x 3n /(2n)!, E 0 -l. 

n=1 n=1 

where \ x \ <. shew that 

, _ cos (2a.y)dy . . ^ . .... „ ..... f* 3 y tn dy 

(i) secha.-2 cosh7r2/ ,\a-\<hir, (n)E n -4 ) 0 e nv+e-"v‘ 

[Integrate 7 re -2az sec ttz, where a. > 0, round the rectangle bounded by 
x — o, x—n, y = ±R, and let first R and then n-*-oo .] 


38. Prove that 


^ = 1 -£+£-••• + ( - J ) n 1 2n — 1 


1 


where 


( - 1 ) n r E 0 E, 

+ — 2 \2n (2n)» ‘ (2n) 8 

R _ 1 f®_2/ 

^k- n 2 k+i) 0 (n*+y 2 




E 


2*+2 


dy 


(2n) 3 * +1 
^ E* +1 


} + ( - l) n+4+1 R*, 


'HenM-e-nr) 2(2n) 3 *+ 3 

[Integrate tt/(2z cos-rrz) round the rectangle bounded by x=0 in¬ 
dented at z =0, x =n, y = ±R, and let R-*-°° . Thus 

| = 1 - i+ ...+( - l) n_1 27Tn + ( " 1 )n L (n 2 +y 2 )(e"V + e-*v7 
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In the integral put 

» _i y* ., _ l)k £L +( _ i,*+i_^_, 

VL*+y % ~n~ n* + **' + »> ,i**+i + < 1} n«+ l (n» + t/») 

and apply (ii) of Ex. 37.] 

39. By taking « = 5, fc = 7 in Ex. 38, shew that the value of tt lies 
between 3*1415924 and 3*1415928. 

[The following are the first ten Euler numbers : 

E 0 = E j = 1, E 2 = 5, E 3 =61, E 4 = 1385, E* =50521, E # =2702766. 
E 7 = 199360981, E 8 = 19391512145, E e =2404879675441.] 

40. Prove that, if R( 2 ) > 0, 

... f® e*‘f d£ 2 ttc~ 1 


'^)* +l r(2 + o 


(ii) (cos 6)*-' cos {( 2 + 1) 6 - tan 6}d$= 

[Cf. Ex. 1, p. 143.] 

41. If - $7r < 1(a) < %-rr and c is real and positive, shew that 

(i) ( + *r( -2)c- as d2=27rt exp( -e"»), 

J -c-xi 

(ii) pt* r(iy) e iav dy = 2tt {exp ( -e“°) -*}. 

J — X 

[Cf. Ex. 3, page 151.] 

42. If n is a positive integer and m any number such that R(m) > - 1. 
shew that 


l 


x m P n {x)dx 


1 T(m + 1) 


( 


m - n + 1 


2 n+1 T(m - n 4* 1) p ^m+n_+3 


L_ 

) 2 m+l r^ 


n /7t .r(m + 1) 


rn - n+2 


) r ( 


m+ n+H. 

2 ; 


[If R(m) > n, employ Rodrigues’ Formula, and integrate by parts. 
For other values of m apply the method of analytical continuation.] 

( * tfz 

—tt\ - rrr> th© mosfc general value of tv, and shew 

ovO ~ z ; 

that 2 is a doubly periodic function of tv. Determine the periods and 
state the most general value of tv when 2 = 1, the initial value of the 
integrand being unity. Reduce the integral to Legendre’s normal 
form, and compare the results obtained by the two methods. 

[If I is the integral along a straight line from 0 to 2 , 

w = 2mK + 2ntK + ( - 1 ) m + n I, 

where m and n are integers and K =-L F^, £) - Shew that 

s =cn{ s /2(jy - K)}.] 
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44. Prove that 


i 0N /{(l + 2x - 2x 2 )(l +2x -3x 2 )} ~^ F ( > 2 3 » *!)• 

45. By means of the substitution s 3 x 2 = x 2 + 2x +4, shew that 

dx 3 f® ds 


\ 


o {x(x 2 + 2x + 4)} 2 / 3 2.1, V(4« 3 -3) 


46. If 


=L 


dx 


V5 + 2x 3 - x 2 + 2x + 1) 


and 

prove that 


B 


=f; 


1+V5 

V5 


dx 


V{(5-x 2 )(l+3x 2 )}’ 


A — 2B —- f* _ — _ 

2 Jo v 'd -|isin 2 0’ 

where sin a. = 2/^/5. 

Apply Landen’s Transformation to shew that 


dd 


dd 


and hence shew that A = 


47. Prove that 


__ 

Jo v'(l -l$sin 2 0) 5 Jo V(1 -&sin 2 0)’ 

MM)- 


dx 


Jo {(4x - x 2 )(4 -x 2 )} 


=|f Q, 


48. Shew that 


(i) ('jrr^)=j2 F (j2- 0- 


(ii) 


Wd -»*) 

' 2 : dx 


V 2 

=If 


JxV(^-l) n /2 W2 


V 2 


where x =sec d> 


49. If x > a. > fi > y, shew that 

dx 


CO 


F(A, d). 


where 


)» \d(* -o.)(x-/3)(x -y)} N /(a.-y) 

*=V(l^)’ 8ine= V(^)- 

[Put x - y = (a. - y 

50. Prove that 

Jo (1 +I*)J = ' /2 • F (jz ’ 2 ) = Jo (IT**)* ■ 

fApply the transformations 1 + x*=d - A 2 ) -2 , 1 -x*=(l - A 2 ) 2 .] 
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51. Provo that 

W = 2{({V) ~ + f< “ + 

(ii) (£(u +a) + £(u +b) -2£(u) - {(a) - {(MU 

=g>(u + a) +p(u + b) +4p(u) +3 p(a) +3 p(b), 

where p'(6) = -$>'{a), p(b) #(?(a). 

52. If, with the same conditions as in Ex. 51, (ii), 

n-(u + a)<r (u +h) g -u{£(a) + f(fr» 


<£(“) = 


<r*(u) 


shew that 


d L+£l/ct>(u) = <*(u) + 3 P(a) + 3p(6>. 


53. If 12 is one of the primitive periods of ft>(u), and 

a.=p(*«), ol'=P'(J 12), a."=p"(Jf2), ... . 
shew that 12«_(c*.')* =(o.")*. 

[Sinceu = $12 gives a point of inflection on the curve x =tp(u), y = £>'(u), 
x'y"-x"y'=0 at the point, or = <«.")*• But p'"(u) = 12p(u)p'(u); 

hence a.'" = 12olol'.] 


54. Shew that the elliptic function 

4 >( u )= 12olol' p(tt) + a."p'(tt) +o- / u. ,/ - 12ol*ol / 
has a triple zero at -$12. The notation is that of Ex. 53. 

[<*>( -$12 +e) = 120.0.' (a. + $«."«* - ...) + «."( - a.' + ol"< - 

+ a.'a." - 12a*a/=2(a.')*-*-"« # - 12 ul(o/)V + V 


+ • • • ) 
+ . • • , 


since 

a." = 12(00* + 120LO.", a.’ =36«/a." + 144«.*«/, a." = 144{8uL(a/) a + cl*ol"}. 

As the only pole is of order 3, and cannot vanish.) 


55. With the notation of Exs. 53, 54. prove that * 

(i) cl -p(u + $12) = 2o.'<x." {(■>(«) -ol}/c/>(u), 

(ii) a/ +V V(u + $12) = 2ol'ol"(P» -cl'}/<*>(“)• 

[(i) When i* = - $12 + c, the principal part at the pole of the l.h.s. is 
- 1 /«*. Now the numerator of the r.h.s. 

= 2ol , ol"( -ol' € + Jol"« s2 -...)= - 2(«/) 2 ol' / £ + 12ol(ol')V + ... , 

and consequently the principal part at the pole is - l/c 3 . Thus the two 
sides only differ by a constant. When u =0 both sides vanish, so that 
the constant is zero, (ii) can be established in the same way.] 

56. Shew that 


(>) P'(«)p / (2 u) +p"(u)p(2u) =p(u)p"(u) - {p'(u)}», 

(ii) plv) -plu +v)= 

P"( 1 ’)P(«) + P»P'(*) + {£>»}* -P(v)p"(r)’ 


* D. G. Taylor, Proc. Edin. Math. Soc., Vol. 39, 1921. pp. 63-67. 
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57. Shew that, if =snu , s 2 = snv, etc., 

(i) 1 - k^s^s^ =Cj 2 + s x 2 d 2 2 = c 2 2 + s t *d 1 * 9 

x (snudnv + snv dnu \ 2 _ 1 -cn(u+v) 

\ cnu+cnv ) ~ 1 + cn(u +v)' 


58. Prove that 

1 


(i) 


+ 


(«) [ 


sn(u-v) sn(u+v) 

K du _cnudnu 
:u sn 2 u~ snu 


21c 2 snu cnv dnv 
dn 2 v - dnhi * 


+ E(u) -u + K -E, 


snucnu 


..... f ** du 1 , snv 

tm) oT^i = F> {u - E( “’>-l— 


dnu 

where E(u) = E(&, <f>), sin <b=snu, E (u) = \ dn 2 udu. 

Jo 

59. Shew that the following function of u 

snu cnu dnu — snv cnv dnv snu cnu dnu — snw cnw dnw 
sn 2 u — sn 2 v sn 2 u - snhv 

has periods 2K and 2tK' ; and prove that it has two simple non- 
congruenb zeros at u = iK' and u — iK/ —v—w. 


60 


. If u +iv =cn(x + ix, where u, v and x are real, shew that 


u — 


2cn 2 [ 


-a) 


1 


1 +cn 


•(**)’ 


V = - 


~ cn4 ( X -^2 ) 


1 +cn 4 


(- *) 


Let w=cn(z, and let O, A, B, C be the points 0, K-tK, 2K, 

K + iK respectively in the z-plane. Shew that, as z passes round tne 
square OABC, w moves in the anticlockwise direction round the circle 
in the u;-plane whose centre is the origin and radius unity. 

61. Solve the equation 

zw" + (1 - m - z)w' - iv = 0 

(i) when m is not an integer, (ii) when m=0, (iii) when m is a positive 
integer, (iv) when m is a negative integer. 

[(i) and (iv) w x =z m e*, w t = \ +y^i + (l -m)(2 -m) +m ” ’ 

(ii) w x =e r , w 2 =e s log z- Tl y-gjlj + 2J~— ’ 

(jii) w 1 =z m e t , tv 2 = z m e z logz + ( — 1 ) m_1 (m - 1)! 

x {* + (m - 1 )(m -~2) ~ -” + ( " lr ' 1 (m- Hi) 

- zm {ni + r!(i + l) + s(i + l + 5) + -}] 
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62. If n is zero or a positive integer, shew that 

(i) ( (a cos 0 +6 sin 0) 2n+1 dO =0, 

J - 

(ii) | (acos 0 + 6sin 0) 2n dO = 2B(n + JM aS +6*) n - 
Deduce that 

J 0 K/(z a - y*)} = - T cv ««« cos (z sin 0) c/0. 

7T JO 

63. If R(n) > - 1, shew that 

J n {x)dx = J n+ ,(x) + 

*If»+3( x ) + Jn+6( x ) + • 

[N. W. McLachlan.J 

[Use the formula 2J n '(x) = J n _i(*) - J n+ i(^).] 

64. Shew that, if v + v' = \. 


j 


*>. 1. 

f «• 

p, p *, "j 

p- 

'o. 

0, r, z = P - 


l'. V, v /z [ 

1 


i, 

U 



where p is one of the imaginary cube roots of unity. 


65. Shew that, if x >■ 1 and m is a positive integer, 

Qo m (x) = h(m - l)!hc 2 - l)* m {(x - l)" m ~(x+ l)* m }. 

If | r | < 1, prove that 

00 m 

A log (1 + 2r cos <f> + r 2 ) = ( _ \ )m-i r _ coa m< f >t 

m -1 m 

and deduce that, if x > y > 1, 

{xy 4-1 +>/(x 2 - lR/( j/ 2 - 1) cos d>\ ^ , a m 

il0g (- |» t .) I.) - -)= Sf-lP-weosm*. 

m = 1 


i hr f*»-l+^*-l)J(?/*-l)cos^ ^ , „„ ,6" 

* 8 v Jli'-lHy + l)-/= A ( - ,r m C08m< ^ 


where 


m -1 


a=j( (x - l) (y-" \ b= Ji&±mL:-J}\ 

y\(x + l)(y + l)I ’ ° V\(x-l)(y + l)/* 


Hence shew that, if 


z-xy+<J(x 2 - l) K /(y 2 - 1 ) cos <f> , x > y > 1, 

X 

Qo(2) = Qo( x )P o ( 0) + 2 y; ( - l) m Q o m ( x )P o -m (0) COS m<f>. 

Ttl — 1 

[See Exs. XIV., 2 (i).] 

66. If | z | > 1, R(n) > - 1, shew that 


n () 2 n +* r(n+l) IO-*•*)"(*-A.)-»-»»-»dA.. 
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67. Prove that., if \z— 1 | > 2, 


c\ m/-,\ _ F(ft + 1 )r(n+m + 1) / 2 y»+7z-l\*m 
Q " (2) - 2T(2n+2) - [—1) Vz+1/ 

xF^n + l, n - m + 1, 2n + 2, j~J) • 

Deduce that, if | z + 1 | > 2, 

r> m/,\_F(n+ l)r(n + m+ 1 ) / 2 \ n + 1 fz + 1 \i*n 

Qn ( } 2T(2^T2) UttJ \z^~l) 

xF^n+1, n-m+1, 2n+ 2, 

[In the first contour integral for Q n m (z) (p. 263) put 

C ~z =e~ in {(z - 1) - (£ - 1)}, 

and expand in descending powers of z - 1. To obtain the second formula 
apply App. II., (4).] 

68. Shew that, if a > 0, 6^0, 

(i) \\-^J Q {J(bx))dx=\e~ ia t 

J 00 2 ; 2 

o x«J 0 (x) cos -fydx =t sin *=f0, 

J oo 2^2 

xJ 0 (x)sin-^-dx=f cos \t, t±0. 
o At 


69. Prove that 

(i) x =2{J 1 (x) + 3J 3 (x) + 5J*(x) + 

(ii) x cosx =2{Jj(x) - 3 2 J 3 (x) + 5 2 J 6 (x) - ...}, 

(iii) e? coa9 =J 0 (x) +2 cos ^I 1 (x) +2 cos 26 I 3 (x) + ... . 

70. Prove the formulae 

(i) j m+ „ +l( A)= r ^ TT) (^ +1 [>*»(! -.n.(A^.)^ 

where R(m) > - 1, R(n)> - 1, 

(ii) (1 -e 2im ")d - e 2inn ) J m+n+ !(A) 

where the initial point lies on the x-axis between 0 and 1, and initially 
amp z = 0, amp (1 - z) = 0. 

71. By integrating J 0 (zt) cosec ttz, where t is real and 0<|<|< ,r ' 
round a large circle in the z-plane, shew that 

X? 

i+ 2 < - l) m Jo(”*0=0. 

m — 1 


MISCELLANEOUS EXAMPLES II. 


335 


G m (bz) 


72. By integrating the function 

J«, W O* +* *)! _ m _, 

(2 2 +t 3 )* n 

where b > a > 0, R(n +2) > Ii(m) > 0, round u suitable contour in tho 
z-plane, shew that 


"j„, <M 

.'0 


J n [« v '(x*+**)} 


(x 2 +t 2 ) in 

73. Prove that, in the domain of 2 = 1, 


x m_1 dx = 


2^-T(m) J n (a0 


b m 


n 


_ v 2 _m (z* - l)* m ,'m - n m+n + 1 . . 

r(mfl) H 2- 2 .m + l. !-«•> 


[Apply form IV. of W,<°> (page 248) to App. III., (4).] 

74. Shew that 
T n -™(z) = 2~ m ( 1 -2*)* m 

F(A) y / m - rt m + »i + 1 1 

± n ± 2) r ^-,. + | | 


( 


m 


2 


+ 


n -$) 


) 


2 ’ 


1L±J 1 z *\ ' 

2 • r ) 


zl'( 


m+n+2 m — n + 1 3 


rr( m+ 2 ” + l )" v 2 

[Apply Ex. 1, p. 249, to Ex. 73.] 


• l -) 


75. If R(z) > 0, 2 =£ 1, show that 

p, » m(z ) = 2~- r(rn + 71 + l)( c c^I_ m (CV(2 s - 1 d(. 

where the contour C begins at - ao on the £axis, passes positively 
round the origin, and returns to - a> on tho £-axis and amp£ = - 7 r 
initially. 

[If R(z) >0,R{zi ^/(z 2 - 1)} >0, since the product of the two quantities 
is 1 and their sum is 2z. Expand I_ m (£v/(c* - 1)) in ascending powers 
of (, integrate term by term, using Ex. 1, p. 143, and apply formula (4) 
of Appendix III.] 


76. If R(z) > 0, z=h 1, shew that, with the notation of Ex. 75, 

Qn m («) =2¥i r(m +n + l)| c «*Km(CV(= 2 - D) C~ n ~'d^ 

[Use Ex. 10, p. 276.] 

77. If R(z) > 1, shew that, with the notation of Ex. 75. 

(i) Q " m(2)= ~ s m (m +ti)7r “ 1),m L <z In + l(0r-*df, 


ui) p„ ■ m w= 5 i;V(l) ( * ,_1) " , *i c e<iK »+»(or m -‘ rf c- 

[For (ii) use Ex. 2, p. 265.] 
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78. Prove that 


... . . ,-,/1+n 1 -n 3 . „ \ , ^ - , 

(i) sin na; = n sinxF(—^—, - 2 2 > sm x )* ~b r = x =b r > 

(ii) cosrur =fQ, - i, sin*x), -br = z=frr, 


(iii) sin nx =nsina;cosrrF^l + ^, 1 sin 2 a^, - far < x < 

(iv) cos nx = cos xF^» ~~ 2 ~> sin 2 a;\ - < a; < £ 71 -. 


, sin 2 a^, - far < a; < £tt. 


[In the equation + n z y = 0 put w=sin 2 x. This leads to the 

equation u(l “ M )^“+i n2 2/ = °» of which 

_/n n 1 \ , jL-./l+n 1-n 3 \ 

F V2’-2'2' M ) and uiF (-T-’^-»2' M J 

are solutions. Compare these with the solutions sin na: and cos nx of 
the original equation, and get (i) and (ii). (iii) and (iv) are derived by 
differentiating or applying App. II. (2).] 


79. Prove that, if | sinh x | < 1, 

(i) sinh nx —n sinh xF ^* |» -sinh 2 a^, 

(ii) cosh nx = F^ g, -sinh 2 x^, 

(iii) sinh nx = n sinh x cosh xF ^ 1 + 1 - g* 7j’ “ sm h ,a: )» 

(iv) cosh nx = cosh xF ^, g. -sinh 2 x^. 


80. Prove that, if n > 0, x > 0, 

(i) e-~ = ( 2 cosh*)-”FQ, 1 +n, 

(ii) e -n * = (2 cosh x)~ n tanh xF^ 1 + ^» 1 + n > co 3 h^ )' 

If R(x) > 0 and | cosh a: | > 1, these formulae hold for all values of n. 
The region so defined includes the positive real axis. 

Deduce that, if sinh a: > 1, 

(iii) e—= ( 2 sinhx)-FQ, 1+n, - - 3 ^} 

(iv) e~ nx =(2 sinh x) - ** coth a: F ^ 1 + ^, » l+ n » “ s inh*r)' 

[Apply App. II., (3) to (i) and (ii) to obtain (iii) and (iv).] 

81. [The Mehler-Dirichlet Formula.] Shew that, if m> -\,O<0 <*’ 

(sin 0) m T„“™(cos 6) = r[m+ \ )J{2w ) („ cos (”+«<#>< cos 4 > - cos 0T'»<*<(>. 

[Expand cos(re + £)<£ by means of Ex. 78, (iv), with (2n+ 1) in placo 
of n and £</> in place of x. Then put sin i<£ = x* sin $0, and in gr 
term by term.] 
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82. If m > - \Js > 0, shew that 

(sinh (cosh \p) 

2 ('P 

= rr -- l cosh (n + A)u (cosh yp - cosh u) m du. [Hobson.] 

1 (m + Jo 

[Apply Ex. 79, (iv).] 

83. If m > - £, n-m+1 > 0, \p > 0, show that 

(sinh^) rn Q n _Tn (cosh i//)= f c _ (n + * )u (cosh u - cosh i/')"* - * du. 

^ I ( "f A ) J ^ 

[Apply Ex. 80, (iv) and Ex. 67.] 


84. If R(m) > - L 0 < 0 < 7r, show that 

T n ~ Tn (cos 6) = P( & ) j 0 ( cos ^ + (sin 0 cos V0 n-m (8in \p) im d\p. 

[In Ex. 81 put et <#>=2 and then z =cos 0 + i sin Q cos \p, where \p 
varies from 0 to 7r.] 


85. (i) If R(m) > - J, \p > 0, shew that 

P n -m (cosh ip) = p^ j o (cosh \fr + sinh \p cos 0) n-m (sin 0) im dd. 

(ii) If R(m) > - J, R(n - m + 1) > 0, \p > 0, shew that 

O - t "(co-h^r)- r(j:)( sinh ^ ) ” > f :0 _ (sinh u ) 2m du _ 

n r 2 TO F(m + J) Jo (cosh \p + sinh \p cosh u) n+m+1 

[In Ex. 82 put e u =2 and then 2 =cosh + sinh cos 0, where 0 
varies from 0 to 7 r. Derive (ii) from Ex. 83.] 


86. If | 2 | > 1, R(m) >0, R(n - m + 1) > 0, shew that 
[Shew that, if R(m) >0, R(p - in) > 0, 

1 fV P (£ “ 2) m_1 = z~* , ^~ rn . 


r(m)JP ^—I>) 

The path of integration must not pass through £ = 0.] 


87. Establish the following recurrence formulae. The argument 2 of 
the functions is omitted. 

(>) P n + 1 - K- 1 = ( 2 « + 1M** - 1 )K ~ 1 . 

(ii) (n - m + 1)P ™ +1 - (2n + l) 2 P n "» +(n +m)P”_ l =0, 

(iii) V( 2 J - 1 )P „ m+1 +2mzP n m =(n -m + l)(n + tn)yj(z* - l)P n "»-», 

(iv) (n-m)(n-m + 1)P ™ +1 - (n+m)(n+m + 1)P™_ j 

= (2n + 1 )^( 2 *-l)P n «H-i, 

(v) P ”_ 1 - 2 P n ™= -(n - m + l)v/( 2 * - 1)P£ _1 , 

(vi) zV n ™ -P » +1 = _(n+m)V(z a - 1)P” _1 , 

(vii) (n—m) 2 P n ”» -(n+m)P^_j = s /(z* -1)P» + 1 , 

(viii) (n -m + 1)P ™ +1 - (n +m + l)zP n m = s /( 2 2 - 1)P™ + 1 . 

[In App. III., formulae (26) to (33), put 

VO -2 8 )=e :F * ,r V(2* - 1), T n ”»(2)=e ± i m,r *'P n *n(2).] 

Y 


fcLF. 



338 


FUNCTIONS OF A COMPLEX VARIABLE 


88 . Establish the following recurrence formulae. The argument z of 
the functions is omitted. 

(i) Q?_! -Q^ + 1 =( 2 m + 1 ) v , ( 2 2 - 1 )Q?- 1 , 

(ii) (n-m + 1)Q ™ +1 -( 2 n + l)zQ n m +(n +m)QJ _ 1 = 0 , 

(iii) V( 2 2 - 1)QJ +1 - 2m2Q n w »=(n-w + l)(n+m) v /( 2 2 -l)QS‘“ 1 , 

(iv) (n +m)(n +m + 1 )Q™_ i - (n - m)(n - m + 1)Q ™ +1 

= (2n + l)V( 2 2 -l)Q„ m+1 , 

(V) Q”_, -zQ„'»=(n-m + 1) N /(2 a -l)Q™- 1 , 

(vi) 2 Q„’"-Q” +1 =(« + mk/( 2 2 -l)Q“- 1 , 

(vii) (n+m)Q™_ 1 -(re-m)zQ„”=V(2 ! - 1)Q” +1 , 

(viii) (n +m + l)zQ n m -(» -m + I)Q ” +1 = ^(z 2 - 1)Q“ + 1 . 

[Apply formula (39) of App. III. to the formulae of Ex. 87 ; or shew, 
by means of (39), or otherwise, that Q n (z) satisfies formulae (22) and 
(24) of App. III., and then, as in App. III., § 4, use the formula of 
Ex. 86 to obtain (i) to (viii).] 

89. Prove that, if z is any interior point of the ellipse whose foci are 
± 1 , and which passes through £, 

A = S<2n + l)P„(z)Q„(0- 

» n = 0 

[From the recurrence formulae 

( 2 m + lKQm(0 - (m + l)Q m+1 (0 -mQm-itf) =0, 

( 2 m + l)zP m (z) -(rn + l)P m+ 1 (z) -mP^lz) =0, 

it can be deduced that 

L = V; (2rn + l)P m (z)Q m (0+P„, 

C- Z m=0 

where B n = ^^-{P n+ 1 (z)Q n (C) ”F n (z)Q n+1 (£)}. 

Now, from App. III., (5) and (7), it is evident that the first term in 
the asymptotic expansion of R n with regard to n is, apart rom 
factor (f- z)- 1 ( 2 s - 1 ) - i - 1 ) “ i multiplied by a constant, 

[{a -V(* ! - l» n + } -<{* W(* 2 - l» n + , ](f-Vff 2 - 1 )> n+ * 

-[{z - Vt* 2 - 1>}” + * -«* +V(z 2 - l)> n + *Hf-*'(i a - 1 » M+! 

= [e -(„ + j)u, _ ic (n + J)ioj e -(n + l)« _[ e -(n+l)» _ ,e(» + »)»]e- + 

where 2 =coshaz, f = cosh w . But (Ex. 9) if 2 and f lie on fixed ellipses 
with ±1 as foci, the real parts of w and o> are constant ana m y 
taken to be positive, and if z is interior to the ellipse through f, 

R(u;) < R(a>). 
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Hence R„->0 when so that the given expansion hftR been 

established. If z is fixed the convergence is uniform for all points on 
the ellipse. (Cf. Phil. Mag., Ser. 7, XXXV, pp. 670-077, 1944.)| 

90. If/(z) is holomorphic in the closed region bounded by an ellipse 
with foci ±1, and z is any interior point of the ellipse, shew that 

/<*>=s p n(=)— 2 1 r /(*i p .(*) dx. 

n 0 * J ~ 1 

[Let C be the ellipse, ( any point on it. Then 

/{ z )= 2 ^ i \ JrQ d {= 2 ^\ c AC) 2>» + i>p..wq,.<o<*c 

' N * V/ n-0 

= B 2 p .«*)- 2 ^- I ( c /(f)Q»( 0 <if. 

Now deform C into the contour consisting of the £-axis from - 1 to 

+ 1, a small circle about -f 1, the £-axis from + 1 to - 1, and a small 

circle about - 1. From Ex. 26, p. 254, it is clear that the integrals 

r f^ d > the SmaM c ‘ rcles_> 0 with the radii. Hence, if Q n (£) is the valuo 

. Q n (0 °° th© upper side of the cross-cut from - 1 to +1, the integral 
is equal to 


(_/(£XQn(£. +1 -)-Q„(£)}rf£=7rt j 1 i /(^)P n (£) d£ 
by formula (6) of App. HI.] 

91. Prove that, if m is a positive integer, 

(*-y)V!^ g”»+2r- fjj 

(2m+r)! 1 m+r' J )P m +r^y) 

~(2m +n)» ^ P m+n + l(*)Pm+n(y) • p m+n + l(y) P n+ f ,( x )}- 

9 2. Prove that, if R(m) > - 

T„ TO (C08 6 ) = 


(2 sin 0rT(I)P(l - m) 

X 

x ^B (1 — m+r. — m + r + 1) 

r^o ) lT»-m + l).r! Sin(wi,r+ < ri -m+2r+ 1 )<9}, 

where 0 < 0 < -. 

[In App. III., (15), replace the first hypergeometric function by 


n 


m+*)r(n-m + ij(o^ m "‘a~ ( 1+ 27ii^ 


sin 6 
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and then put this integral in the form 


i Z(\ ~ m) 
e *• 


(2 sin 



{1 -(1 -A.)®” 2 *}*-"*’ 


Expand the denominator in powers of (1 -\)e~ 2ie and integrate term 
by term. The other hypergeometric function is dealt with in the same 
manner.] 


93. If n is a positive integer, shew that 

J»+J(X) Mdp, 

and deduce that 

e»“V(27r)f" e-«*J„ + ,(x)x-»<te = { 27rP ” (0 ' 

0 , \t I > 1 , 

where t is any real number. 

[Expand e tMX in powers of fx, and apply Ex. 4, p. 122, and Ex. 42.] 


94. If R(m) > - L 0 < 6 < tt, and t is a real number, shew that 


j (sin fl^T^.^fcos 6)d£ = -< r(m + £) 


( cos 1 ~ cos 0) m " *» I * I < 


0 


95. If R (m +n) > 1, shew that 

0 r+"-V»<™-><** . 

[Put 2 = e 2i0 ; then the integral is equal to 

2^+n~i \(z + ir^-^-dz 

taken round the unit circle. Now put z = £- 1.] 

96. If R(m + n) > - 1, shew that (cf. App. V., § 1, ex. 8 ) 

n(y) 

x m y fl 

2 cos 6 


\t\>e. 

[C. Fox.] 


m+n 


= e Wm-n){ * C °7 - 3r9 ) 2 J m+n W{2cosd(x'e» +y*e-*))-\dd. 

7 rj-in- \x 2 e w +y z e l / 

97. If | * | < 1, | y | <1, R (.m) > 0, R(n) > 0, shew that 

B(m, n)(1 +x)~ m i < \ +y)~ n 

= lo ATn ~ 1(1 _A)n_1{1 + Xx+ ( 1 

98. Prove that, if a. > 0, 

Q„ m (cosh o-) = V(l) t) ’ P 1 * <C ° th ^ 


[F. J. W. Whipple]. 


[Compare formulae (5) and (1) of App. III.] 
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99. Derive the formula 


1 (c + i® , 

r(z) k~ z dz = e~ k , 

ZTTl jc — t® 


where c > 0, k > 0, from the formula 


r(z) = fx z ~ 1 dfi, R(z) > 0. 


[In the latter integral put z = c + iA and /x = e p ; then 


(* e-^ + ^pric + iA). 

1 - CO 


Now apply the theorem of App. IV., § 1, and get 


j°° e- <Xr r(c + iA)dA.= 27re- <r e cr . 


The required result is then obtained by dividing by 2ire cr and putting 
e r = k, c + iA=z.] 

100. If c > 0, A > 0, R(z) > 0, R(/x) > - £, R(»d > - J, prove that 

fco r(u + 4) 2 W 

(i) | 0 *' “«. M j»(o .)*».=—‘ffr (?7Tr+i : 

1 fc+t® e^dz Jir /A\m + * t /Xv 

(U) 27riJc-tao(2 , + iy* + l~ P(/* + 1)'2/ + 


= | o -a.)*'J^(/?-a.)da.; 

(iv) -cjl) v JV(A -<x)da. 


= 7(t ) B( ' 1 + 1 ’ >'+i>*‘ +,,+ ‘J»+.+»W- 

[For (i), see Ex. 152, page 293. For (ii), expand the denominator of 
the integrand in descending powers of z and integrate term by term, 
employing the formula of Ex. 1, page 143. For (iii), replace fi on the 
l.h.s. by /} - a. and change the order of integration. For (iv), formulae 
(i) and (iii) give 

^ro.+ t) r ( , +i) - + y;, +1 


= j 0 e Jp-Mip-a-VJyip-^da.. 
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Here put z = c~i\ and apply Fourier’s integral theorem. Thus, if 
r > 0, 


-tXr 


d\ 


-IV + £)r(v + I)2 M+, 'f 0 _ 

J-oo {(c_iA) 2 + l}'*+*'+ 1 

= 27re _cr j^a. M J M (a.)(r - ol)M„( r - a.)da.. 


Now divide by 27 tc er , put z for c-i\ and evaluate the l.h.s. by 
means of (ii).] 


[APP. V, § 1] 


APPENDIX V. 


GENERALISED HYPERGEOMETRIC FUNCTIONS. 

§ 1. Definitions. If ( k ; 0) and ( k ; n) are defined by the 
equations 

(k; 0) = 1, (1) 

(k ; n) = k(k+ l)(& + 2) ... (k + n- 1), (2) 

where n = 1, 2, 3, ... , the Generalised Hypergeometric Func¬ 
tions are defined by the equation 


F(p ; 


CL. 


9; p. ■ 2 ) = £ 


n 


(oc 1 ; n) (oi 2 ; ft) ... (oc p ; n) 
J 0 n\{ Pl ; n)(p 2 ; n) ... (p 0 ; n) 


2 ", (3) 


where it is assumed that none of the p’s is zero or a negative 
integer. From the ratio test it follows that the series on the 
right of (3) is convergent for all values of z if p^q, convergent 
for | z | < 1 if p = q + 1 , and divergent for z=f= 0 if p > q + 1 . 

The numbers p and q on the left of (3) may be omitted if 
each a-parameter and each p-parameter appears explicitly, or 
if the number of parameters of each type is made clear other¬ 
wise. For example, the ordinary hypergeometric function may 
either be written in the form F(2 ; <x, /3 : 1 ; p : z) or in the 
usual form F(cx., /? ; p; z). The p’s are sometimes written 
under the a.’s : thus alternative expressions for F ( 1 ; oc. : 1 ; p : z) 


are F (oc; p ; z) and F ; and F (p ; oc r : q ; p,:z) may be 


written 


••• y cl 9 ; z\ 

' P\> P2> ••• > Pq ' 

Example 1. Shew that 

(i) F(0; :0; :z) = exp(z); 

(ii) F(l; — a. ; 0 ; : -z) = (l+z)“; 

(iii) F(0 ; : 1 ; n+ 1 : lz*) = r(n+ 1 )(iz)“" I n (z). 
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[app. ▼ 


Example 2. Prove that 

(i) ( o t a P+ 1 _1 F (p ; <x r : q ; p s : zt) dt 

= T (o-p+j) F(p + 1 ; a. r : q ; p 8 : z), 
where R(a.^) > 0, p^q ; if p = q, | z J < 1 : 

(“) 27ri J eC t~ pQ+1 f (p ; v-r'-q; Ps : 

= TJ^) F ^ ; CLrS9+1; ^ :z >’ 

where the contour of integration is that of Example 1, page 143, and 

p ^ q+ 1 : 

(iii) j Vj>+i-*(1 - tyQ+i-Bp+i- 1 F(p ; a, r : q ; p a :zt) dt 

= B p c+1 - a. p+l ) F(p+ 1 ; a. r : q+ 1 ; p 3 : z), 

where R(a. p+1 )>0, R(p 0+ i - o-jhU > 0 and p-g.q+1; if p = q+ 1» 
| z | < 1. 

[In each case expand the hypergeometric fimction in the integrand in 
powers of z, and integrate term by term. In (ii), if p = q + 1» the contour 
can, if necessary, be deformed to ensure that | z/( | < 1.] 


Example 3. Shew that 


-£f( P ; <x r :g; p, : z)= ^‘-- - ^ F(p ; a. r +l:q; p,+ 1 = *)• 
az pi p 2 ... p u 

[Expand and differentiate term by term.] 

Example 4. Solve the equation 

+ - l)(* + p a - 1) ... (* + p«- l)w 

= Z(^ + a. x )(^ + <x.) ... + a. p ) w, 

where ^ denotes the operator z and p^q + 1. For simplicity it will 

be assumed that no two p’s differ by an integer. 

[For solutions in the domain of the origin put 

oo 

w = z°'S'c n z n . 

n=0 

Then, on substituting for w in the differential equation, it is found that 

00 i \ n 

tP c n (<r + n) (c + pi + n — 1) (<*“ + P* + n “ 1) ••• + pq + n “ ' z 

n =0 

00 \ n 
= z?+ 1 '^c n (<T + a. 1 + n)(<r + (x. t + n) ... (<r + a. p + n)z . 

n=0 

The indicial equation is 

c 0 <r (a + p\ — 1) (<*■ + Pi ” 1) • • • + Pq “ 1) = 
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giving q + 1 roots with corresponding solutions 


and 


F (pi o- r : q * Pa'-z) 
z l ~Pa F ( P 1 0Ll ~ pa+ lf ^ ~ ps+ 1» '*• 

\ g ; 2 - p B , pi - p 8 + 1, ... # ... 


<*-v~ Pa + 1 : 
. P<? “ Pa + 1 



where s=l, 2 , and the asterisk denotes that the expression 

P 8 -Ps+ 1 is omitted. When p <q+ 1 these solutions are valid for all 
values of z.] 


Example 5. Shew that, when p^q+ 1, the differential equation of 
example 4 has p solutions valid for | z | > 1. 

CO 

[Put w = z° ^c n z- n , and substitute in the equation. The indicial 

n=0 

equation is 

c 0 (<r + a-i)(a- + a. t ) ... (cr + a. p ) = 0 , 
and the solutions are 

2 -«rp/?+ 1 ; «-r» a-r~pi+ 1» ••• ,a. r -p Q +l : (- 

' p- 1 ; «■»■-«* + 1 »•••#•••» cL r -a. p +1 ' 

where r = 1,2. p. If p > q + 1, these solutions hold for all values of 

z except z = 0 .] 


Example 6. Shew that, when p ^ q + 1, the equation 
z*(^-/>i+l)(*-/> 2 + 1) ... (*-p Q + l)w 

= (* ~ «-i) (^ - o-a) ... (* - OLp) XV 

has p solutions in the domain of the origin of the form 

z‘ r F( q+ 1 ’ a -r» a -r~Pi+ L ... , a. r -p Q + 1 : z\ 

~ 1 ! °~r **-1 4 * 1 > ... # ... » 0- f <Xp + 1 / 

r —l* 2, 3, t p. It is assumed that no two ol’s differ by an integer. 

[In the differential equation of Example 4 replace z by ( - 1 )v-n-i/ Zf 
and use example 5.] 


Example 7. Shew that 

(i) a,F (pi o L r :q; p s : z) = ol, F + lf . . ; z> ) 

\ Pi* Pt* * Pq J 


Cti CL| • • • CL at . - . 

~ 2 7Tpa Pfl F(p; «-r+l:q; p.+ l:z) t 


(“) (Pi-l)F(p; a. r : q ; p 8 :z)^( Pl - 1) F f^ 1 ' 5 

\ Pi M "• * Pq / 

F (p ; <x r + 1 : ? ; p, + 1 : z) 9 


- 2 


Pi Pa ••• P® 


(ill) - a^) F(p ; a. r : q; p, : 2) = ol, F + L a. p ,* *\ 

\ Pit Pit ••• t Pa / 

- OLj F f®’ 1 * 0L * + °-3» ••• » «-p ; z\ 

^ ' Pit Pit ••• > Pa / 

( iv) _ F (p . a. r . q . Ps . fe)} = a] ^-1 F /«-i + 1, a.p ; te\ 

V Pit Pit ••• > Pa / 
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[Verify (i) and (ii) by comparing the coefficients of z n ; for (iii) inter¬ 
change a.i and <x 2 in (i) and subtract ; and for (iv) expand the hyper- 
geometric function in series and differentiate term by term.] 

Example 8 . Prove that 

n n p(*» **,««« a.««) '«i>»^ 

= ft P A* r_ 1 (1 - \ r )Pr~id\ r fl - (*" (2 cos <k)*+*t -2 d<f> t 

y= l JO «=l 7 r '“b r 

x F(p ; a . T + fi r : q ; p a + a s - l : z), 


where 


2 = n (2 cos <f> a ) X { n x e^sx+ na-Ar)* 

,=1 r=l r=l 


and R(<x r ) > 0, R(/3 r ) > 0, r — 1, 2, ... , p, 

R ( p s + <t 3 )>1» 5=1,2, ...» ?• 

[Use Ex. 95, p. 340. This product formula was given in the Proc. 
Edin. Math. Soc., Ser. 2, Vol. II., 1929, p. 31. The formula of Ex. 96, 
p. 340, which is a particular case, was given in the same paper, p. 28.J 

§ 2. Rummer's Function. The function F (ex ; p ; z) was 
studied by Kummer (Journal fiir Math., vol. XV.). The formula 

B (a, P - a) F (a ; p\ z) = JV f- 1 (1 - 1}>— 1 dt ( 4 ) 

holds if R (a) > 0, R (p - cl) > 0. It can be verified by expanding 
the exponential function in powers of zt and integrating term 
by term. If (1 - 1) is written for t the integral becomes 

e z -ty- x dt, 

Jo 

and this is equal to 

B (p - cl, cl) e z F (p - a.; p ; -z). 

Hence F(rx ; p ; z)=e 2 F( P -<x ; p ; -z), ( 6 ) 

the restrictions R(cx)>0, R (p - a.) > 0 being * 

applying the theory of analytical continuation. [Cf. Ex. 6 

Again, from (4), if R (n + £) > 0, 

B(n + J, n + \) F(w + \ ; 2n + l; 2 z) 


Jo fi 

= 2~ 2n e z I e 2A (1 - X 2 )"-* d\, 
J -1 


where t = J(1 +X). 
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Now 

£ e*» (1 -x 2 )"-* d\ = r (i) r (n + i) (iz)-»I.(*), (0) 

where R(n + £)>0. This can be verified by expanding the 
exponential function in powers of z\ and integrating term by 
term. Hence, making use of the duplication formula for the 
Gamma Function (page 145), we have 

In {z) = r(«TTj (i * )n e_ ' F ( n +i; 2n + 1 ; 2z ). < 7 > 

the restriction R (n + J) > 0 being removed by analytical 
continuation. 

By applying (5) to (7) it can be deduced that 

l "W = p ( n+l) (£ z ) ne * F {n + i ; 2n + 1 ; - 2z). ( 8 ) 


Example 1. Shew that, if a: is real and positive, 

J (1+= f( - 2 :f +1) F( a .; +1 = -*), 

where the contour of integration passes round the origin in the positive 
direction from infinity to infinity, and the initial and final directions 
make angles - ir + <f> and ir - <j> with the positive real axis, <f> being a 
positive acute anglo. 

The integral can be written 

j eC (1 + zfO~* d{. 

Now, if necessary, deform the contour to ensure that at all points on it 
I x K I < 1 J then expand the binomial expression in powers of x/£ and 
integrate term by term, using the formula of Ex. 1, p. 143. 


Example 2. 
has solutions 


Shew that the equation 

zw" + (p - z) w' - cx.iv = 0 


W 1 = F(cl; p; 2 ), w x = z 1— P F(,x.~ p+ 1 ; 2 -p; z), 
provided that p is not an integer. 


Example 3. Prove that F (a.; p ; z) is holomorphic in a. and p, provided 
tnat p is not zero or a negative integer. 

Choose positive numbers A and R such that A > | a. I, R> U| 
Let m be a positive integer greater than R. Then, if 

(«. + m)(a.-+m + 1 ) ... (a. + m + r- 1) 
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where r = 0, 1, 2 ... ; and if 

M _ (A + m)(A + m+ 1) ... (A + m + r- 1) _ 

r ~ (m+ l)(m + 2) ... (m + r)( - R + m) ... (-R + m + r-l)' Z ‘ * 

for r = 0, 1,2, ... , the series 2M r is convergent. 

But | u T | ^ M r , r = 0, 1, 2, ... . 

Therefore, by Weierstrass’s M-test, the series 2-u r is uniformly conver¬ 
gent in a. for J a. | ^ A and in p for j p | ^ R. Therefore, by Theorem 3, 
page 93, 2 u r is holomorphic in a. for | a. | < A and in p for | p | < R. 

On multiplying 2 u r by » m L z m an d adding the first m terms 
1 ml (p ; m) 

of F(a. ; p ; z) the theorem is obtained. 

On referring to § 89 it can be seen that the function 
F(oc, 1/e ; p ; e z) satisfies the equation 

2(1 - ez) w" + (p - (Gt + 1/e + 1) ez} w' -CLW = 0, 

which has singularities at 0, 1/e and infinity. When e tends to 
zero the equation becomes 

zw" + (p -z)w' - <AW = 0, (9) 

and the second singularity tends to infinity. Equation (9), 
which is satisfied by Kummer’s Function F (oc; p ; z), has only 
two singularities, one at the origin and one at infinity, the 
integrals being regular at the first but not at the second. 
Since, when e tends to zero, the singularity 1/e tends to coincide 
with (or to be confluent with) the singularity at infinity, 
Kummer’s Function is sometimes called a Confluent Hyper- 

geometric Function. 

§ 3. An E-function. The function 

E (a., /8 : :z) = r(a)|"e-*X p - 1 (l+V2)“‘ ,dX ' (10) 

where R(/3)>0, | ampz |<tt, is a particular case of the 
E-function defined in § 4 below. The formula 

2 r (0 - a.) r (oc) z“ F (oc.; 0.-/3 + 1 ; z)=E(a., 0 :: z), ( u ) 

where”the symbol 2 denotes that to the expression following it 
a similar expression "with a and /3 interchanged, is to be added, 
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will now be proved. Since the function on the left of (11) is 
symmetrical in «. and /3, it follows that 

E (oc, (3 : : z) = V (8) f" C" A A— 1 (1 + A/z)-* d\ (12) 

Jo 

where R (oc.) > 0, | amp z | < tt. 

Consider the integral 




where z is taken to be real and positive, the contour of integra¬ 
tion starts from and ends at - co on the real axis, passing in 
the positive direction round the point f = 1, and amp f, 
amp (f - 1) are both equal to — 7r initially. Let the contour be 
deformed, if necessary, to ensure that | f | > 1 at all points on 
it and expand (f-l) - * in descending powers of f. Then, 
applying the formula of Example 1, page 143, we find that 

Otj 

r7^8TT)^ F(a; CX ’“^ + 1; < A ) 

Again, deform the contour into segments of the £-axis, with 
small semi-circles at f = 0 and a small circle at f = 1. Then, if 
R(/3)>0, R(1 -<x)>0, the integrals round the circle and the 
semi-circles tend to zero with their radii, and therefore 


1 = 


I = 2 i sin ax j* e fz (1 - £) 


d£ 


+ 2i sin (0 - a.) tt f A^~ x (l -fA)“* 

J 0 


d\ 


= 2t sin (x.7r B (/3, 1 — a.) F (/3 ; /3 - a. -f 1 ; z) 

+ 2i sin 08 - a.) tt z~e E (ex, 0 : : z)/T (a.). 

From this and (a) formula (11) follows, the restrictions on 
z and ex. being removed by analytical continuation. 


Ana. 


Example 1. Solve the equation 

zhv" + (l-a.-/J-z) zw’ + ol/3w = 0. 

F (a.; a. — f3 + 1 ; z), w t = zfi F(/3 ; /?-a+l ; z). 


V?** do difi er by an integer. From (11) it follows 
that if, (a., fi :: z) is also a solution. 

Note. This example is a special case of Ex. 6, § 1. 
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Example 2. Shew that, if | amp z | < ir, R(a.)> 0, 0 < R(/> - a.) < 1, 

0< R(p - /3)< 1, 


y\ s i n <p- <x V r f A-»d - 0+ 4-Tdx 

iri 1 (/»-/W)sin(j8-a.)7T Jo \ W 


|^On the left put ^1 + * = z a \ a (l + Xz)~ a ; then, on integration, the 

equation takes the form * (Misc. Exs. III., 65) 

S8f^ rw ' I '(“ ,a «-p'i") 

<-> a f©‘M%'” --3J 

Example 3. Shew that, if R(c*.)>0, R(/?)>0 and a; is real and 
positive. 


2 o< si 


rV)e - ta77 


2i sin (/i - a.) 7 r 


K-(i + £» 


= r (fi) (V* A-» (l + d\. 


JO \ xe 

where the contour of integration on the left is that of Ex. 1, § 2, and 
- \-k < amp X < 0. 

[In formulae (11) and (12) let X be turned through a negative acute 
angle and let amp z decrease to - tt, so that z = xe-*", where x is real and 

positive ; then 

2 r(/ 3 -a.)r(a.)(xe-<") <t F(oL; a. - (3 + 1 ; xe-*”) 

The result then follows from ex. 1, § 2.] 

Example 4. Shew that 

(i) B(ol, p-cx.) F(a.; p ; 2 ) 

= e 2 z«-p E(l - a., p - a. : : z e~ iv )!T (1 — a.) 

+ e*” a z— a E (a., a. — p + 1 : : z)/T (®- “ P 4-1)» 

(ii) B(ol, /j-ol) F(a. ; p ; 2) 

= e z 2 «-p E(1 - a., p - a. : : z e*”)lT(l - a.) 

4 - g—tVa 2 -« E (ol, a. — p + 1 : S 2 )/ r (a. “* P + l)f 

(iii) 2 .vr(p-a)«-»-F(a; p; z)IT(p) 

= e<"« E (1 - ol, p -ol :: z c'”) - e-‘”“ E(1-n>/>-“••• 2 
* The symbol (=) means that the function on one side is the analytical 
continuation of the function on the other. 
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The Asymptotic Expansion. As in § 101 the expression 
(1 + A/ 2 )-* in (10) can be expanded in a finite series of powers of 
A and a remainder. An asymptotic expansion is thus obtained 
in the form 

E(cx, /3 : : z) =the first m terms of the series 

r(a)r(/8)F (a, 0; ; -l/zJ+R*,, (13) 

where 

R„ = ( - 1)*» r( ' X t m) 2 ‘™ r e- A X s+m -'<2A 

m! Jo 

x| 1 m(l-0 m - 1 (l+X</«)-*" w dt (13') 
Jo 

By taking m large enough the restriction R(/3)>0 can be 
removed. As in § 101 it can be shown that the expansion holds 
for | amp z | < %ir. 

Note. Asymptotic Expansions for F (a ; p ; z) can be deduced 
by means of the formulae of Example 4. 

The function K n {z). On comparing formula (10) with 
formula (C), page 270, it can be seen that 

cos n-TT E(£ +n, £-n : : 2z) = J(2 ttz) e‘ K n (z). (14) 

Whittaker's Functions. These functions, denoted by W*, m (z) 
and M fctfn (z), can be defined by means of the equations 

E (i -k+m, \-h -m : : z) 

= T{\-k+m)Y{\-k-m)z- k e*' W* ifn (z), (16) 

and 

M*, m (z)=z» +m e-*‘F(£-£ + m ; l+2m;z). (16) 

From (15) it is obvious that 

W l ,_ m (z)=W*, m (z). ( 17 ) 

Now formula (12) may be written 
E(£ - ft + m, £ - ft - m : : z) 

= T (£ - k - m) A(1 + \/z) k+m -i d\, 

from which, with (15), it follows that 

T(£-A; + m)W fc>m ( 2 )= 2 fc e-»»J o C - A A- fc + m -l (1+A /z) k + m -i d\, (18) 
provided that R(£-ft+ ro)> 0, | amp 2 | <>. 
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Again, from (11), 

~Ea{\ - 1c + m, \-k-m : : z) 

= 2 T(-2m)T(\-k + m) *»-*+- P (* *) - 

and therefore, from (15) and (16), 

w*. m (z) = m 2 m ! • (i ( _ fc-L) M ‘.- (2 >- (19) 

where 2m is not an integer. 

Example 5. Shew that W k , m (z) satisfies the differential equation 

2 * w" + (1 - m B + kz - £z 2 ) w = 0. 

[In Ex. 1, § 3, put «. = £- & +ra, /? = £- &-m, and replace ta by z“* 

It should be verified that M*, m (z) and M k ,_ m {z) are also solutions.] 

The Asymptotic Expansion. From (13) it follows that, if | z | 
is large, the asymptotic expansion of W fc , m (z) is given by 
W*, m (z)=z fc e-* z F(£-fc + m, \-k-m ;; - 1/z), 

where | amp z | < f 7r. 

8 4. The E-functions. The E-functions are defined as follows. 

If p^q + l> 


E (p ; oc r : q ; : z) = T (ct P ) { II T (p„ - a- n )} 1 

n=l 


n P a *’* -1 (! - a ,,)'*’''""- 1 dAn n ] 

n =l Jo n »=ff+lJo 


X*" -1 d\ 

fi 


( 20 ) 


xf g- A p-ix*^” 1 1 (1 +^1 X 2 ••• ^p-i/ z ) _ap d\ p -i, 

Jo v 

where | amp z | <C 7r, R («.«) > 0, 7i = 1, 2, ••• » an ^ 

R(p„ - _a -n)^ > fi> w = l, 2, ... , <7- 

If p ^ <7, the functions are defined by the equation 

E(p; CL r :q \ p s • z) 

r («-i) r (o- 2 ) ... r (^-p) -p /y, . a *g; p a :-l/ z )» 

i (pi) i*(^2) ••• r*(^«) . 

where z^O Formula (21) also holds when P=? + h providec 
that I z | > 1 ; this can be seen by expanding the final bmomi 

expression^ in’ (20) in powers of 1/*, and W « by 
term. [When p = ? + 1 the infinite mtegrals do not appear 

(20).] 
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It will now be proved that, if p^zq + 1, 

p 

E(p ; a r : q ; Pa : z) = 2 P(oc r ; p- 1 ; a 9 : g ; p, : 2 ), (22) 

r=l 

where | amp z \<7r and 

P ( <x r y P-1; CL s :q; Pt : z) = U' Hot,-a r ) {fir(p t -a. r )}- i r(<x r ) 

8 = 1 t= 1 

xz a rF f 4+1 ; CL r ,CL r - Pl +l, ... ,CL r - PQ + 1 : (-1)^2 ) 

- 1 ; a r - ocj + 1, rx r — oc 2 + 1, ... * ... , <x r -a. p + l/’ ' ’ 

r= 1, 2, ... , p. The dash in the product sign signifies that the 
factor for which s is equal to r is omitted. 

When p = q 4 -1, we must have | 2 | < 1 for convergence in 
(23) ; formula (22), with form (21) for the E-function, then 
gives the analytical continuation of the function on the left 
of (22) from the region | 2 |> 1 into the region | 2 | < 1. The 
special case in which p=q + 1=2 was established in §63, 
Example 3. (See also Ex. 2, § 3 above.) 

The particular case p = 2, q = 0 of formula (22) is given by 
formula (11) ; the case p= 1, q = 0 can be derived as follows. 
If | z | < 1, | amp z | < 7 T, 

z°F(<x; ;-z)= 2 «(l+ 2 )-* = (l+ 1 / 2 )—, 
and therefore 

T(oc) 2 * F(oc ; ; — 2 )(=) r(oc) F(a.; ; - 1 / 2 ) =E(a : : 2 ), (24) 

where, on the right, | 2 | > 1. 

In proving (22) we will first of all consider the case in which 
<7 = 0 ; then 

p («. r ; p-1 ; 0 L,: : z) = U' T (<x, - <x r ) . r(o. r )z“' 

*=1 

xF{l ; a r : p- 1 ; cc r -a 1 + 1, ... *..., a r -a p + 1 :( - l)** 2 }, (26) 
and it is required to prove that 

P 

^ P(oc. r ; p - 1 ; a. t : : 2 )=E(p ; <x r : : 2 ) 

= P( a p) FI f e~+» d\ n 

n=lJ 0 n 

X Jo e ‘ V ' lX 5^ l " l ( 1 +^ 1 ^. ••• *»-! ! z )~* v d\ 9 _ xt (26) 

where | amp 2 |< R(<x n ) > 0, n = 1, 2, 

MJ. 


Z 


• • • 


» P- l. 
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The cases in which p = 1, p = 2 have already been established. 
Let it be assumed that (26) is valid for a particular value of p, 
and take 2 to be real and positive. Then, integrating round the 
contour of example 1, § 2, we have 

f e { y; P (<x r ; p - 1 ; <x,: : z/f)df 

J r=l 

= 2 i sin (oc J>+1 - a r ) ie^P(m t ; p ; ot s : : as-") 


r= 1 

P-1 f» 

=r(<x„)n 

n=l Jo 


c -AnX“n 1 dX 


„ Jw l (l +Xi X 2 ... X P _, &)->%. 


Now divide by 2i sin (a p+1 - a P ) tt e‘“^, interchange a„ and 
<x p+1 , and add the two equations. Then, since 

sin (<x I+1 - a r ) tt - sin (a., - a r ) tt 

= sin (ex p+ j - oc P ) 7 r. 


p+i p- 1 r® 

2 P(a-r ; P ; a,: : z e-") = II J q «“*" A?* -1 
r ,_ r (^z.) e ~' Jp ’' f e t £«»+.-* (1 + X, ... Ap_i f/z)-» if 

X I 2i sin (oc p+1 - «.,) 7T J 

I + the same function with ot P and oc p+1 interchanged 


=rK«)n fV- \^-'d\ n 

n=l J 0 


x|”e- A "X“» _1 {1 +X, ... X»/(z«- < ”)}^+> iA„ 

where - £tt < amp X„ < 0, by example 3, §3. Next let 
amp(ze-") increase by tt, while amp X p increases to zero and 
formula (26) with p +1 in place of p is obtained. But (26) hoi 8 
when p is equal to 2 ; hence it holds when p is any integer 

greater than 2. 

Again, consider formula (22) when q is not zero. It will De 
assumed that the formula holds for particular values of p and q 
such that p^q+ 1, and it will then be shewn that it holds for 
the values p + 1 and q + 1. On replacing z by zX, multiplying y 

A-p*+i(l -X)W < *+ 1 “ 1 

and integrating with respect to X from 0 to 1, it is found that 
the right-hand side becomes 

rt -n y sin (nc p+1 - oc r )7r p ^ . p . a< : q + 1 ; Pt : z), 

r (pc+1 a p+v 2^ gi n (p g+1 - CL r ) 7r 
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subject to the conditions 

R (ot r + 1) > R (/>, 7 + i) > R (^x-p+i)* f — 1» 2, ... , p. 

The effect on the left hand side is that it is replaced by 
formula (20) with r(<x p ) omitted from the first line, p — 1 in 
place of p - 2 in the second line, and 

r(a-)f l A -**+1(1 -A)**+1— p+ 1 - 1 {1 +X 1 A a ... A p _,/(Az)}— *>dX (a) 

Jo 


in place of the third line. 

Now multiply by 

_1 shi(,Vm -«- p )tt 

r (p Q + 1 - ct p+1 ) sin (ct p+1 - rx p ) tt* 

interchange oc p and rx P+1 , and add the two equations 
since 


Then, 


sin (p Q+l - oc p ) tt sin (oc p+I - cl t ) tt - sin (p Q+1 - a p+1 ) tt sin (a p - a r ) tt 

= sin («*+l - «-p) TT sin (p« +1 - <x r ) 7T, 
the right hand side becomes 

P+i 

2PK; V ; CX, : g + 1 ; : z), 

r=l 

while (a) is replaced by 

_ r_(cx p ) _ sin {p Q +x - a p )7r 

r (/>«+i “ a p+i) sin (rx p+1 - fx p ) t r 

x (1 - {1 + X,... d\ 

+ a similar expression with cx p and a p+1 interchanged 

~ r iy- 1 (1 - x )' ,+1 ^- 1 < 1 +*> - dx . 

by Example 2, § 3, provided that 

R(<x.)>0, 0<R( Po+1 -«.„)< 1, 0<R(^ +1 -a„ +1 )<l. 

The restrictions R (p„ +1 - a p ) < 1, 0<R(p„ +1 -a p+1 )<l, 2 real 
and positive, may now be removed. 

Now the right hand side is symmetrical in the oc’s. Let 
cx -«+2> ••• > oc p _i be replaced by cL q+2i a 0+3 , ..., a p respectively, 
oc p by a. B+ j, X Q+1 , \ q+2 , ... A p _! by X c+2 , X 0+3 , ... , A p respectively, 
and X by A« +1 . Then, from (20), formula (22) with p + 1 and q + 1 
m place of p and q is obtained. But the formula holds for any 
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positive integral value of p when ^ = 0 ; hence it holds for any 
positive integral values of p and q such that p^q + 1. 


Example 1. Shew that E (p; a. r :q; p s : z) is a solution of the differential 
equation 

( - l) p_H? z^(^ - pi + 1 ) ... (^ - p Q + 1)w =($ - <x 1 )(^ - a. a ) ... (^ - a. v )w. 

[When p ^ q + 1 this can be seen by comparing formulae (22) and (23) 
with § 1 , ex. 6 ; when p^q+1 it is clear from formula ( 21 ) that the 
function satisfies the differential equation of § 1, ex. 4 when z is replaced 
by - 1 /z, this substitution leading to the equation above.] 


Example 2. Shew that 

(i) a,E(p; a. r : q ; p a : z) = E(a-j + 1, <x. 2 , ... f a. v : q ; p 9 : z) 


d 


+ \ E {p ; <x r + 1 : q ; p s +l :z), 

z 

(ii) ~ z E(p ; a. r : q ; p s : 2 )= ^ E(p ; a. r + 1 : q ; p s + 1 : z), 

(iii) (pi - 1) E (p ; a . r : q i p 8 ’ 2 ) = E(/> ; <x. r : p x - 1, p 2 » ••• » pq • z ) 

+ -E (p ; a. r + 1 : q ; p a +l :z), 
z 

(iv) (a-i - o. 2 ) E (p ; a. r : q ; p a : z) = E(a.! + 1 , a. 2 , a. v : q ; p s : z) 

— E ( 0 Lj f CLj + 1, 0 - 3 * • • • » O-p • 9 > Ps ' Z)> 

( v ) (Pi - p 2 ) E(p ; a. r : q ; p s : z) = E(p ; a. r : p t - 1, p 2 » ••• » P<z : 2 ) 

- E(p ; a. r : p„ p 2 - 1, p 3 » ••• » Pa : z )- 

[For (i), when p ^ q + 1, interchange a., and a.„ and use formula (20); 
when p ^ q + 1 use formula (21) and § 1, Ex. 7 (i). For (ii) use (20) when 
p ^ q + 1, (21) when p^q+1. For (iii) apply § 1, Ex. 7 (iii) to formula 
( 22 ) when ^ g + 1 and part (ii) of the same example to ( 21 ) when 
p^q+ 1 . For (iv) interchange a-x and a . 2 in (i) and subtract; for (v) 
interchange pi and p» in (iii) and subtract.] 


Example 3. Shew that 

(i) (olj — 1) E(«-i — 1, <x 2 + 1* 0 . 3 , ... , <x.p : q ; p a : z) . 

+ ( 0.1 - ol 2 - 1) z~ l E (a.,, o. 2 + 1, 0.3 + 1, ... , o.p + 1 : g J Ps + 1 : z > 

= a 2 E(p; a. r : q ; p s : z). 


n 


9 w 

(ii) ^"^(ai-w + n n-r)(a.i-a.,-w; r)z~ r 
r =0 

x E (a-i - n + r, a . 2 + n, a^ + r, a _ 4 + r. 


OL 


+ r : q ; p s + r: 2 ) 


= (ol 2 ; n) E(p ; a. r : q ; p s : 2 ). 
rTo obtain (i) multiply ex. 2. (i) and (iv), by cl, - a., and a., respectively 

subtract and replace a, by - 1. For (ii) assume that it h °^° rS °“ 
value of », multiply by oc. + n and apply (i) to each term on the x-.H.s. 

The identity 

"C (a.i-0L 2 -2n + r-l) + "C r+ i(a.i-a. s -n + r) = " + 1 C r+ i(a.i -a., n 

then leads to formula (ii)withn+l in place of n. But (i) is (ii) when n - 
Hence (ii) holds for all positive integral values of n.] 
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Example. 4.* Shew that, if R(6) > | a |, R(«. + m) > 0, 

|“ e -(a+6)A A— *(1 + A)-“ I 2m [2 sj{ab \(1 + A)}] d\ 

a m b-<* fa. +m; a\ 

= p 7 -mrs-r-v F [ „ , )E( a. - m, a. + m : : b) 

r(a. — m) 1 (2m + 1) \ 2m+1 J v ' 


[Expand e aA and I lm in series and multiply. Then the integral 
becomes 

(ab)’ n e~* A A“+ n >—1 ( 1 + A)— <*+"» 

X V V ( - 11* (afrA(l -f A)} r ~ a (aA)* 

I'(2w + r+l-fl).(r-fi)! s! 


dX 


— (ab) m V' ^ - ( - 1)* r C t E(« + m + r, *-m ~r + a : : b) 


itn 

r = 0 

CO 


^bv + m+r+t r(2m + r+l -a) r(«-m-r + «) 

_ a m a r 

~ ^ ^ r! J'(a-m)l’(2m + r+l) 


a+m 


w 

x ^ r C s (a.-m-r + s; r-«)(-2m-r; s) 6 “'E (a. - m - r + s, a. + m + r:: b). 

The result then follows from Ex. 3, (ii).] 

Example 5.* Shew that, if R(a) > 0, R( 6 ) > 0, R(a.±m) > 0, 

jj e _ (a+fe)A A «-i (1 + A) -a K 2m [2 N /{a6A(l + A)}] d\ 

_ E (a. — m, a. + m : : a ) E (a. - m, a. + m : : b) 

rA , „ , 2 (ob) a r(a.-m)r(a. + m) • 

[Apply formula (11).] 

Example 6 . Shew that, if R ( 6 ) > | a | , 

F(«. + m ; 2m + 1 ; a) E (a. + m, a. - m : : b) = (— 6 ^ 

\a +by 

x V* ~ CL + m ; r) f-ab\r 

r 4^(2m + l; r)7r! \o + 6/ E («- + ™ + n a. - m - r : : a + 6). 

[In Ex. 4 expand I 2Tn and apply formula (10).] 

Example 7. Prove that, if 2m is not a negative integer, 

F(oL + m; 1 + 2 m; a)F(a. + m; 1 + 2 m; 6 ) 

££(l + 2 m; r) r! (l + 2 m; 2 r) ( a6) F (,1 + 2 m + 2 r )' 

[Apply Ex. 4 , (iii) of § 3 to ex. 6 .] CBurchnaU and Chaundy.] 

Example 8 . Shew that, if R ( 6 ) > | o | and 2m is not integral, 

F (a. + m ; 1 + 2m ; a) F (a. — m ; 1 — 2m ; 6 ) 

\ a + b) r 4^(2w+l ; r) .r! \ a + 6 / F U - 2 m - 2 r J* 

* W. T. Howell, Phil. Mag., Ser. 7, 28, 1939, p. 496. 
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The Asymptotic Expansion. As in § 3 the expression 

(1 +Xj X 2 ... 

in (20) can be expanded in a finite series of descending powers of 
z and a remainder. An asymptotic expansion is thus obtained 
in the form 

E (p ; oi r : q ; p a : z)= the first m terms of the series 

II r (<x r ) { n T (ps)}- 1 F (p ; cc r :q; p 9 : - 1/z) +R m , (27) 

r=l *=«1 

where 





lrrK + m)f <r 


m! 

n f 1 x“"+'»-'(i -\ n yn-^d\ n x n 1 f V*«x^+ m - 1 d\„ 

n=l Jo n=^ , +l*'0 

Pm(l -0 m_1 (l +XiX 2 K-i t/z)-*p- m dt. (28) 

Jo 


( n n r( Pn -oc„)j 1 


If m is taken large enough, the restrictions R(cc rt )>0, 
7i = l, 2, ... , p — 1 can be removed. 

If, further, m is taken so large that R (cl p + m) > 0, and if 
| amp 2 | < £(p -q + l)7r, then, since each of the axes \ Q+V 
X Q+2 , ... , Xj,.! can be swung through any positive or negative 
acute angle, it can be proved, as was done for K n (z) in § 101, 
that 

|R m |<C|T m |, 

where C is positive and is independent of | z |, and T m is the 
(m + l)th term of the series in (27). Thus | R m | can be made 
as small as we please by sufficiently increasing | z | . 

Note. To remove the restrictions R(p„ -<x n )> 0, n = 1, 2,... ,q, 
contour integrals may be employed in place of the integrals 

with respect to Xj> X 2 ) ••• > 


§ 5. Generalised Hyper geometric Functions with p=q + 1, when 
the modulus of the argument is unity. If \ z\ = l and p=q + 1* 
the ratio test is not sufficiently delicate to determine the con¬ 
vergence or divergence of the series F (p ; cl t : q ; p,-z)- Eor 
absolute convergence the test given on page 77 may be employed. 
An alternative method is based on the following theorem. 
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Theorem I. If cl is not a negative integer, 

r (<x. + l;n) _ 1 

n! n« r^x + l)* 


For 


n\ tv 


(«- + 


= E {(! +“) e_l } e “ ,1+,+ + ^ loan> - 


and the result follows from the formula on page 109. 

Now consider the function F (p ; cc r : p - 1 ; p a : z) when 
| z | = 1 : if T n is the (n + 1 )th term of the series, its coefficient is 

fiK n)J jn! Tl {p 9 ; n)j 

and therefore, if none of the <x’s and p’s is zero or a negative 
integer, 


jC T = n‘ r (p.) / ft r (rx r ) . 

n —►« / • BB *1 / 


(A) 


Hence, by the comparison test, the series converges absolutely 
if the series 

converges absolutely ; that is, if 


_ /p-i v \ 

R (>>■ - X V > °- 

«=»1 r«l 


In dealing with the cases in which the series is convergent, 
but not absolutely convergent, the following theorem on 
sequences is found useful. The sequence w lt w> 2 , ... , will 

be denoted by (t^ n ), w n being the nth element of the sequence. 

Theorem II. If the sequence {w n ) is convergent, there is a 
positive number M such that, for all values of n, | w n | ^ M. 

Let l be the limit of the sequence ; then, if c is a positive 
number, a positive integer m can be found such that, for 
n^m, | 

But, by Theorem II., page 3, 

I W n | - \ l | U>n-l |. 

Therefore 

\ w n\< I 1 1 +e, n = m, m + 1, m + 2, .... 
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Again, let K be the greatest of the numbers 


w 


w. 


w 


1 l> I w 2 l» ••• > I u/ m—l 

Then, if M is the greater of | l | + e and K, 

| w n | ^ M, n = l, 2, 3, ... . 

Now, consider the function F (p ; oc r : p - 1 ; p a : 2 ), where all 
the ol\s and p s are real. Then, from (a) and Theorem II., if 
2 | = 1 , 

I TJn**- 1 "- 1 | ^ M, 

IT | = M 

I X n I — n 2.p t -Xacr+l’ 

Thus, if p a -^ j CL r > ~ 1, T n -*0 when w-»oo 

«=1 T =1 

Again, if 7i is greater than each of the oc’s and p’s, 


or 


1 - 


n + l 


n 


= i - 


n + 

r=l _ 

(n + 1 ) n (p, + n ) 

«=i 


n V ~ X (S/>»~S a r +1+f n) 

— (n + l)n (p a + n ) 

where e n -H»0 when n— >oo . 

Thus, if 2 Ps ~ 2 rx r + 1 > °> this expression is positive for 
sufficiently large values of ti ; and therefore, for n sufficiently 

large. | T n+1 | < | T„ |. 

Hence, by Abel’s Test, page 80, if 

« = 1 r=1 

the series converges at all points on the unit circle, except 
possibly at 2 = 1. Q 

Saalschutz's Theorem. If / ,+< r =a + 0 + y + l, andifa, P° 


f( 


y is a negative integer, 

■ n i\ r^r(i+q.-a-)r(i+fl-<7)r(i+y-g0. 

, ,P ’,l )= r(i (7-^>r(p^yj 

From example 1, page 249, with <x = - », where » is zero or a 

positive integer, it follows that 

z\ _ {p-& \ n) ¥ ( -n, /3; l-z\ 

F \ p ) {p ; n) \-n + (3-p +1' 
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Here multiply by 2 V ~ 1 (1 - z) a_v_1 , expand the hypergeometric 
functions in powers of z and l—z respectively, and integrate 
ffom 0 to 1 ; then, if R (y) >0, R (<r - y ) > 0, 

y; 1\ (p-P; n) Y /-n, ft, a-y; 1\ 

' p, <r / (/> : to) \-7i + ft-p+l,oy 

The two conditions may now be removed. 

When p+a= -n+fi + y + 1, the r.h.s. becomes 

(p ~P ; n) -p/ -n, /3; - ft ; n)(rr-/3 ; n) 

(p; n) \ a- ) (p ; n)(a ; n) 

by Gauss’s Theorem. From this the result follows. 

Example 1. Show that, in the domain of 2 = 0, 

-p/22/J ; z\ _ I" cl, {3 ; 42(1 - z)n (KlimmflP , 

F (a + /J + i r F L «. + / 8 + i J- [Kummer.] 


The term in z n on the r.h.s. is 


(a .; n)(p ; n) ^ - bn, b - bn, b - a. - (3 - n ; 1\ 

n! (u. + /? + £; n) \ l-a.-n, 1-ft-n /* 

and this, by Saalschiitz’s Theorem, is equal to 

(a. ; n )((3 ; n) T (1 - a. - n) T(/3 + in) T (ft + i + \n) T(^ - oc.) 

n\ (a. + ft + £; n) K 1 r <ft + n) P(1 -a.-bn) P(* - a. - *n) T(* + ft) 

_ (q.; n)(ft ; n) r(l - ol - n) T(2ft + n) - ex) 2*~«P 
n!(a. + ft + £; n) r(ft + n) T( 1 - 2a. - n) T(^ + ft) 

= (2« -; n)(2ft ; n) r<2ft) T( 1 - oQ r(i - a.) 2*-»g 
n! («. + ft + i ; rt) 1 (/COT (£ + /*) T(1 - 2a.) 2 s * 

= ”) ( 2 P i 9 n ~1 

n! (a. + ft + £ ; n) 2 J* 

Example 2. Shew that, in the domain of 2=1, 

F /-n,n+l ; + Jm-Jn ; 1 \ 

V m+1 2 >/-V 22 ; 2i? V m+1 

£ Apply Ex. 1 to the r.h.s. of the identity 

F /-n, n+1; 1 - z\_/l + z\' n /m + n + 1, m - n ; 1 - 2\"1 
V m+1 2 J — b \ m+1 ~T ) ]' 


~ in, i~ in, b - a.-(3-n ; 1 


Example 3. Shew that, in the domain of 2 = 0, 




F f b°-> i + i^- Pi - 4 2 "j 
L l+a.-p (1-zpJ- 


[In Ex. 1 replace cl, P and z by ^o., i + - (3 and 2 / (z - 1). The curve 

| 42/(1 - z)* | = 1 or 16(x* + J/ 1 ) = {(x - 1)* + 2 /*}* consists of two loops, 
forming a node at ( - 1, 0) with tangents of gradients ± 1. The smaller 



362 


FUNCTIONS OF A COMPLEX VARIABLE [app. v. § 5] 


loop passes through the point (3 - 2*J2, 0), the larger, which surrounds 
the smaller, through the point (3 + 2^/2, 0). Within the smaller loop and 
outside the larger | A | < 1, where A = — 4z/(l — z) 2 ; between the loops 
I A | > 1.] 

Example 4. Shew that, in the domain of z = 0, 

F U-/3 + 1,«.-7 + iJ- (1 Z) «.-j8+l,«.-y+l / 

where A = —42/(1 - 2 ) 2 . [Whipple.] 

y (*«•; r)(£ + £<x-/ 3 ; r) (y ; r) F (a. + 2r,y+r ; 2 \ 

“ r ^ r! (ol-/ 3+1 ;r) ( J (a- 7 +l; r) Va.-y + l+r/ 


r) 

9 

_n .v-V r)( y ; r) A*-F^ a ' + r,i + i ?" y; A> ) 

-1 ^r! (o.-/3+1; r)(o .-7 + 1 ; r) \ a .-7 + l+r / 

_ / 1 V* (£<*• ; r)(£ + £a--/3 ; r )(7 ; r) 

} f ^r! (a.-/3+l ; r)(o.-y+l; r) 

xAF (, I -7 -r, £ - £ 0 . + /3 - r ) 
from which, on applying Saalschutz’s Theorem, the result follows.] 

Example 5. Dixon's Theorem. Shew that, if R (a. - 2/3 - 27 ) > - 2, 
F / a., (3, 7 ; 1 \ 

^ +1, 7 r(i + *oQr(i + oi-43)r(i + a--7 > r ( 1 + ^-ff~4 

T(1 + tx.) r (1 + £a.-/3)P(l +io.- 7 )r(l + 0.-/3 7) 

[Apply formula (22) to the r.h.s. of the formula of Ex. 4, and then 
put 2 = 1 .] 

Example 6 . Shew that, if R(/3) < 1» 

fa, p; - 1 \ _ r(l + £tt)r(l+ «-/? ) _ [Kummer.] 

F \ a-p+i ) r(i + «)r(i+ £<*-£) 

[Use Ex. 3, and apply Gauss’s Theorem.] 

Example 7. Show that, if | 2 |< 1, 

F(a, P ; 2p ; 2 ) = (1 - £z)" a F{£a, £a + £ i P+li Z*l(2-z)*Y 

fR H S V ( * g; 

|_R.H.S.-2, n!(/J+ £ ; n) V2/ \ 2/ 

Here the coefficient of (£ 2 )” is 

(a; n) v f-tn t l-in; 1 )_(«; ”>(£ v_!L> 2 ".~1 
-^r" F V )9 + £ / n!( 20 ; n) J 


-a-m 
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Example 8. Show that, if R(y - £a - £/?) > - i* 

, / a, p, Y ; i\ r g* + w + i)r{i)r(y + i)r(y-ia-kp + i) 

b \ *« + i/S + i, 2y / m« + i)m/5 + i)P(y-i« + i) / '(y-w + i) 

[Whipplo.] 


fin Ex. 7 put zt for 2 ; then, if | z |< 1, R(/>) >R(y) >0, 

B(y, p-y)F(«, p. y ; />, 2/3 ; z) = JV>(1 - O^Ffa. P l 2/3 i zt)dt 

= fo £V ”*( 1 -0 p-y “ l (! - i« + i ; P + £; (z£)*/(2 - *0*)* 

»>(*«+*! n)^*\»(y; 2 n) / 

= B(y.,-y)^ nli p + k; »—W l 


y + 2n, a + 2n; . 


n= Q •!!*"/ — \r» — v \ /> + 2n 

Here interchange p and y, replace p by £a 4- i/3 + £ ; then substitute 
from Ex. 1, p. 361, put 2=1 and apply Gauss’s Theorem twice.] 


§ 0. Generalised Hypergeometric Functions expressed as 
Multiple Series. The formula 
F(p + 1; a r :p\ p 3 : z) = (1 - z)°p—p+i 

p -1 

P -1 oo (a r -* r + i/ r _i ; n r )(p r — a r+1 ; n r ) n (<*< +2 + *V-i ; ™r) 

x n 2 -^ 


r-=l n r *»0 


w r !n (Pt + v r _i ; n r ) 


xFf CT *» 

pp + 


( 


1> Pp a P4-l * 


(29) 


where « r = a x + a 2 + ... + a r , cr r = pj + p 2 -f ... + p rf 

v r = n 1 + n 2 +... +n r , r= 1, 2, 3, ... , v o = 0 and | z |< 1, 

is a generalisation of formula II., page 248, to which it 
reduces when p— 1. 

To prove the formula, assume that it holds for the values 
1, 2, 3, ... , p of p, substitute from it in the integral 


J 


o 


J*p+ 2- 1 (1 - t)pp+i- a p+ 2 ~ l F(p + 1 ; a r : p ; p s : zt)dt. 


where R(p p+1 )>R(a p+a )>0, and integrate term by term. 
The first and last lines on the right of the formula are then 
replaced by 

E B («p + 2 +*p> i - « P+2 ) (<? >---?» + (p* ~ a »+*; *p) znp 

n v \{p 9 + v 9 ^ 1 \ n v ) 


«p“0 


F ( 


^P+l Gp* a p + 2 Vf, 

Pp+i+ v p 


■r 
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Now apply formula II., page 248, divide by B (a P+2 , Pp+1 - <x p+2 ), 
and the given formula with p + 1 in place of p is obtained. 
The result then follows by induction. The restrictions on the 
parameters can be removed by analytical continuation. 

Note. —The need to impose the restrictions and then remove 
them may be avoided by using the equivalent contour integral, 
taken round the path (1 +, 0 +, 1-, 0-) in the £-plane, as 
on page 259. If | z | < 1 the contour can be chosen so that 
| z£ | < 1 throughout the contour and that the singularity 1 \z is 
outside the contour. Then, proceeding step by step, it is 
found that all the series involved are absolutely and uniformly 
convergent. 


Example 1. With the notation of formula (29) show that 
F(p+1; a r :p ; p s : z) = (1 -z)"“i 

P+l 

P-1 00 (*i + »V-lS n r)(Pr-“r + i; n r ) II (*t + v r-1 ’* n r), » 

=< n 2.----Cri) 


n r 


r=1 ^=0 


n r'Ti (pt + Vr-li n r) 
t=r 

F ( a l + V P-1* Pp ” a 2>+1 * ~ _ 1 ) 9 


Pp 

where | z | < | z - 1 |. 

[This is a generalisation of formula III., p. 248. It may be proved in the 
same manner as formula (29).] 

Example 2. Prove that, if a + /3 = 1, p + a = 2y + 1, 

Y (cc,p,y; 1\_7 T r(p)r(a) _ 

\ p, a /~2 2 >'- i r(ia + ip)r(^a + ia)r(P+ip)r(^ + i^) 

provided that R(y) >0. [Whipple.] 

[From formula (29) we have, if | z |< 1, on applying formula II., p. 2 » 


/a, /3, y ; z\ __ ^ (p-«; n)(p-f3; n)(y ; n) 

\ p , a ) n\(p; n)(cr; n) V 


* + p- p,y 

a + 


y + n; z\ 
n ' 


Here put z=l, apply Gauss's Theorem, and the R.H.S. becomes 

r(a)T(p+ a-a-P- 


P~y) Y (p~ a ’ p ~ P’ yi *). 

a - y) V p, p + a - a ~ P ' 


r(p+a-a-p)T(a-y) \ p, p 
But, if «+ 0=1, p+a=2y+l, this is equal to 


r(a)T(y) 


r(2y)r(<r — y) 


-.1 F ( 


p - a, p 


1 + a, y; 

2v / ’ 


p> 2 y 
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and from § 5, Ex. 8. the function is equal to 

_f(p)f( j)f(y + |)f(y-p+l) _ 

F(£p — + & ) r($p + ioc)T(y — $p+icc+£)r(y - %p — + 1) 

from which the result follows.] 

Example 3. Verify that, if n is zero or a positive integer and 
v = 0, 1,2,..., n, 

(i) (k + v; n-v) = (k ; n)/{k ; v), 

(ii) (k; n -»■) = (- l) y (k ; n)/(l-k-n; v) t 

(iii) («-*)! = (-l) r n!/(-n ; v). 


Generalisation of Saalschutz's Theorem. Using the notation 
of formula (29), the formula 

jji / <*i> <*2> ••• > a p + l> ~ 11 \ 1 \ ( (7 p~$j>y ft)(Pv ~ (Xp + l ’ ^0 

\Pi, Ply ••• , Pp, Sp + 1 - CTp+ 1 -nl (<Tp-Sp+i ; n)(p P'» n ) 

P rT 1 "“^T 1 f (tTr-gr+Vr-x ; 7l r ) (p r - « r+1 ? U r ) (P r -! ~ U \ U r ) 
X r "l „^ 0 l nMOp-Sp + Vr-l', ^r)(l -^ + « J+ l+h-l- n ; U r) 


P +1 

n ( a < + v r-l ; n r) 

<—r+2_ 

P-1 

+ n r ) 

*«=r 


(30) 


can be derived by multiplying (29) by 

(1 -z)*p+ i”°p (F) 

and then equating the coefficients of z n on both sides. On the 
left, starting with the coefficient of z n in (F), (a p -s v+1 ; n)/n\ 
multiplied by the L.H.S. of (30) is obtained. On the right, 
starting with the terra in z n_F p-i in the last line the expression 

p+i 

p-l »-.>_! (<*r -S r +IV-1 ; »r)(/>r“«f +1 ; ™r) II (<*< + V r -1 'y «r) 

n s 


r —1 n r —0 


P-l 

«r’.n (Pt + v r -i ; n r ) 

t*=r 


x (gp-^ + vii n ~^ p-i)(^p-«p + i ; ^-^p~i) 

(n -v p _ x )! (p p ; n) 

is obtained. 

Now, by Example 3, (i), (ii), (iii), the last line is equal to 

_ ( g P ~ s p ; n )(pp - *p+i ; w)(-n; Vp^) 

(<7 p -«p; v p _ t ) (1 -/> p + a P+1 -n ; v p _j)n!(p p ; n) ’ 
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and from this the result follows. When p = \ the formula 
reduces to Saalschutz’s Theorem, page 360. 


Example 4. Show that, if n is a positive integer, 

, / oc, p, y, S, - n ; 1 \ 

\p, a, r, a+P+y+8— p — a — r+1 — n/ 

_ (p+a + T-a— fi-y; n)(r-8; n) 

(p+a + r—cc — fi-y — 8; n) (r;n) 

(p-«; p)(p-P; p)(y ; y)(S; p)(-n; p) 


p^<yPl{p + ° + T - a - p - y ; n)($-T+l-n; p)(p ; p)(a ; p) 
x jp( p+cr-a-fi+p, o-y, 8+p,p-n; 1 \ 

\p + a + r — a — p — y + p, S — t+1 + p — n, a + p/ 

Well-poised Series. It will now be shown that, with the 
notation of formula (29), 


-pi* 1 ' “ 2 ’.>«p+i = 

\ 0^1 ••• > GCp+1 "t" 1 / 


P+1 

(Jaj+v,-!; w r )(i + Ja 2 -a r+1 ; 7l r ) JJ n r ) 

x n s-5 +t -—- A " r 

r=1 nr=0 


p—2 oo 


xj| 


n (<*i - a t 4- 1 4- v r -i ; n r ) 

t=r +1 

£a 2 + Vp_ 2 » £ + £ a i + **-2» a i “ a p “ a v+i + 1 » (31) 


<*i 


- a t 4- 1 4- v„_ 2 , a 2 - a„ +1 + 1 + v„_ : 


where A= -4z/(l -z) 2 and | z | is smaU. The series on the left, 
in which each parameter after the first in the top row when added 
to the corresponding parameter in the second row, counting from 
the first, is equal to a 2 + 1, was described by Whipple as a well- 

poised series. 

To prove (31) we assume its validity, and proceed as in the 
proof of Example 4, page 362, replacing z by zt , multiplying by 


---— e-p+a- 1 ^ _ t) ai ~ Up+2 , 

B (a p+2 , a x - 2a p+2 4- 1) 

and integrating from 0 to 1. This gives on the left the same 
expression with p 4- 1 in place of p ; and, on the right, A.in t e 
second line is replaced by ( - 4z), and (1 - z)—» and the third line 

by 
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7(i«i+ v *>-2; + l«i+ v p-* ; n p-i) 1 

t X —cc v — ct v+ 1 + 1; ^p-i)(«p+2» ^P-l)'/ _ 4 ~\n 


s o 


(Tip— i! (o^i ^p—2 > TTp_ 2 ) I 

1 X (<*1 a p+l 1 ”t" ^p—2 > ^p —l)( a l“ a p4-2"^” ^ > ^P — 1 ) ^ 

X F /“i + 2v p _i, a P+2 + v p _! ; z\ 

X \ a t -a P+2 + 1 +J^p_i / ‘ 


( - 4z) n p-l 


On applying Example 3, page 361, to the function in the last 
line, it becomes 

(1 _ 2)-«i- 2 *’j>_ 1 F fi a i +v v-\y £ + i a i - a p+2 '» A\ 

\ «1 “ a P+2 + 1 +^p-l / 

and the whole expression can be written 

p +2 

p-2 co (i+i a l“ a r+i; w r) IT ( cc t + V r _ iJ n r ) 

(i- 2 )-«.n s--- (Er+ -g-A n «- 


r«=* 1 n f =0 


P + 1 

«r! n («! - a t + 1 + v r _!; n r ) 

t=r +1 


— f £»«i+*>- 2“ 1 (1 -£)* <x «- a[ P+2(l _^A)“J>+2-*-i 

l)Jo 

)<*£, 


B (£ a i> £<*1 -ap+ 2 + 

x F / £ + £«i + *V-2> ai“*p-«p+i + h a p+ 

V «!-«*>+ 1 +^p-2» a 1 -a p+1 + 1 


P + 2 + *'p-2*» 
+ ^—2 


with suitable restrictions on the parameters. 

Now apply formula (29), with p — 2, to the function in the 
last line, and it becomes 


(1 - A£)* +iflt i-«p+2 

j(£+ £«!-«*; VilKi+vz; 


x S 

n j)-l“0 


X ( a p+2 "h v v —2 > —1) 


} 


-i'-(«i-«p + 1 +^p- 2 ; ^p-i) 


| n P -i'. 


+ 1 + 


p-i) 1 

- 2 ; «p-i)J 


(Af)np-l 


x (a x - a p+1 

x j'[Hk + ^p-i. a i -«p+i -«p +2 + 1 ; Af\ 

\ “l-ap+i + l+ i'p-i / 


On carrying out the integration the formula on the right of 
(31), with p 4 -1 in place of p, is obtained. The restrictions on 
the parameters can be removed as in the proof of formula (29). 
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Example 5. Show that, if R(a - 2ft - 2y) > - 2, 

/a, l + *«, ft, y ; -IV r(«-fl+l)r(«-y+l) 

V £a, a — ft+1, a — y+1 ' J n (a + l)T(a — — y + 1) 

[Whipple.] 

[From formula (31) we have, if R (a - 2ft - 2y) > - 1 and z = - 1, 


F /a, ft, 1 + ^a, y ; ~1\ =2 _ 8 

\ a — P + 1, £a, a - y + 1 / 

v y (£ + I« - ft ; n)(l + ^a; n)(y ; n) 
n! (a - ft + 1 ; n)(a-y+l; n) 


n=0 


xF(J + Ja + n, Ja-y ; a-y+l+n; 1). 

Now apply Gauss's Theorem to the function in the last line and then 
apply Gauss’s Theorem to the resulting hypergeometric function.] 

Terminating well-poised Series with unit argument. The 
formula 


~P ( a l * a 2’ * ’ * * <X ' V ’ 

\ a x — a 2 + 1, , ai — a P + 1, 




— n 

a x 4- n + 

(«i + l; n) {\a. x - a. v + \ \ n) 

(<*i — a p + 1 ; w)(Ja 1 4-l; n) 

(iai+Ur_i; ™r) (£ + ~ a r+l 5 n r) 


p-2 n—rr —l 

x n S 


x(l/ r _ 1 -7i; 7l r ) n w r) 

_ <=r+2 _ 

r=l nr =0 fw r !(i + ; n r ) (a P - Ja x + v r -i “ 71 > n r) 

v-1 . 

x fl (aj — a t + 1 + v r _i ; W r ) 

' =r+1 (32) 

where n is a positive integer and the notation is that of formula 
(29), can be established as follows. In formula (31), with 
ap+1 =-n, apply formulae (21), (22), pages 352, 353, with 
(l-z) 2 /{4z) in place of 2 :, to the function in the last line, so 
obtaining a sum of three functions. In the third of these the 

factor corresponding to l/L , (pi-a 3 ) is n )> an 

has the value zero. The second term contains a factor 
(1 - Z ) 1+a ‘ +2v p-2 which, when multiplied by (1 - z) A**"*, 
vanishes when z=l. The first term, when multiplied by this 
factor and when z is put equal to 1, becomes 
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/ 1 (« 1 — g p + 1 + Vp-z)^ (<*i +^+1+ v p- z)r , (\ a -i — oip + n + 1 — Vy-z) 
jT(£ + + i/p_ 2 )-T(a 1 - a P + n + l)I rf (ioe 1 -ot 9 + 1 )/"(£«! + w+ 1) 2 a » 

x r(«( - iyp-i 

_ rj*! + i +n)r(} 2 <x l - «p + i +n)7~ T (« 1 - a p + l)-T(^) 

T(% + \c(. x )r{\ct 1 — cip + 1 )T*(a 1 — a P + 1 + n)P(^a t + 1 + n) 2*» 
x («i — ap + 1 ; v P _ 2 )(a 1 +n+1 ; v p _ 2 ) 

(i + i a i5 V v-2)i cc v~\ cc i- n 'y V V-*) 

and from this the result follows. 


T?( <*-/?- S + 1> y, *> /Qa\ 

U-/3+1, a-a+1, y + €-a-n /’ ( ' 


§ 7. Theorems of Whipple and Dougall for well-poised Series. 
The transformation 

p/ a » P> Y> 1 + 2 a > ~ n > *\ 

\ a — ft + 1, a — y + 1, a — 8 4- 1, \<x, a - € 4- 1, a 4- U 4- 1 / 

_ (a+l; n) (a — y — e + 1 ; n) 

(a - y 4- 1 ; n) (a - e 4- 1 ; n) 

a — /3 — 8 4- 1, y, e, - 71 

y 4- e 

where ti is a positive integer, was given by Whipple. 

To prove it let J denote the function on the left ; then, from 
formula (32), 

J _ (<* + * ; n){\a.- € + 1; n) 

(a - € + 1 ; n) (Ja 4- 1 ; n) 

+ p)(y; p)(8; p)(l+^a; p)(e; p)(-n; p) 

p =0 fpl (£ + £a ; p)( a -fi+ 1 ; p) (a - y 4- 1 ; p) (a - 8 4- I ; p) \ 

\ x (c- \ct-n ; p) j 

f(t + i*-y; q)($+p; q)(i+loc+p' y q)(*+p; q) I 

=? I x {p-n; q) j 


n 

xS 


o f?!(4 + ia+3> ; 2)(a-y+l+p; g)(a - 8 4-1 4-p ; g) 
l x (e-Ja+jp-n ; g) 


} 


+ —S; r)(l+^a+p+g; r)(e+p+q ; r) 


x (p + g- w; r) 


x _ 

£o M(i + ^a+_p 4-g ; r) (a - 8 4- 1 +p + q ; r) 

l x (e — \ct+p+q -n ; r ) 

xF^ “ J» e+P + q + r, p+q + r-n ; 1 


} 


} 


£4-|a+#4-g4-r, c-^a+gj + g+r — 


n 
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Now, by Saalschiitz’s Theorem, page 360, the function in the 
last line is equal to 

J(1 + \cx+p+q + r ; n-p-q-r) 1 

1 x {e-\a. + \+p+q + r-n \ n-p-q-r )/ 

/(£ + \a.+p + q + r ; n-p-q-r) 1 

\ x (e - {cc+p +q + r-n, n-p-q-r)) 

J(l+£a; n)(€-\cx. + \- n; n){$ + l<x; p + q + r)} 
l x (<r - £a -n\ p + q + r)i 


i 


(£ + £<*; n)(€-$oc-n; n){l+\oc\ p + q + r) 


x (e - hoc + § - n ; ^ + g + r) 


} 


Hence 


J = 


(a + 1 ; n)(l + \oc - e ; ?i) 


(a-€ + l ; n){\ + \<x\ n) 

^ (£ + £«-£; p)(y; p)(§ ; p)(*; P)(~ n » P) 
X i=o Jl>! ( a “ £ + 1'» p)(« - y + l ; £>)(« - 8 + l; p)l 

l x (c-Ja + J-w; p)i 

+ g)(S+y; g)(e + p; g) 

X /<?! (a - y + 1 + ;p ; ?)( a - S +1 +i>; q) I 

-n ; ?)J 


1 

£ + £a-S, €+p 

+ 2 >+? 


F V a-8 + 1 


x (e - £a + £ + 2? 
o + tf, p + q —n ; 1\ 

, g-Ja + 1+.p + g-n / * 


As before, the function in the last line is equal to 

a\ + \*\ n)(S + e-a-w; n)(a-8+l ; P + ?) | 
{ _ x(g-£« + j -n; P+gP 

(a-8 + 1; w)(€-Ja + J-»; w)(J + Ja; P+^H 

x (8 + €-a-w ; p + g)l 

Therefore 


{ 


(a + 1 ; 7i)(q — 8 — € + 1; ri) 

J = (a-8 + l ; n) (a — c + 1 ; n) 

(i + loc-p; v)( y ; p)(8; p)(<t; p)(z ILl-Sl — ^ 

x £Al>l(i + i«; v)(*-P+ 1 ; p)(«-y + 1 ; *)(8 + «-« w; 

^/i + i a -y> e+ ^’ ; X V 

x f 1 ( 1 I 1 ~ a- 'n /v — -V 4 -1 + ©. 8 +e — a + ?? — n / 


£ + £a+i>, a-y + l+F, S+e-a+p 
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Now, by Example 4, § 6, this double series is equal to 

(« - y - c + 1 ; n) (« - 8 + 1 ; n) 

(a - y + I ; n) (a - 8 - € + 1 ; n) 

xF( a ~^ +1 ~ 8, 2 + 2 a » y. 

\ a — 0 + 1, \ + a — 8 + 
and from this the result follows. 

Dougall s First Theorem. If n is a positive integer 

p/a, 1 +\cc y 0, y, 8, c , -n 

\ £a, a. — 0 + 1, a — y + 1 , a — 8 + 1, a — € + 1 , a-fn+1 

(a+l; n)(a-£-y+l; w)(a-y-8+l; n) 

x (a- 8- 0+1; n) 
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. -n ; 1\ 

1, y + e - a — n ) ' 


{ 

{ 


} 

J 


') 


(34) 


(a-0+1; n)(a-y+l; n)(a-8 + l; n) 

x (a - 0 - y - 8 + 1 ; n) 

provided that 1+2« = 0 + y + S+ €-n. 

For, when this condition is fulfilled, the generalised hyper¬ 
geometric function on the right of formula (33) becomes 

p/y, l+2a-^-y-S+w, -n ; 1\ 

\ cc-p+ l,a-8 + l )’ 

and by Saalschutz’s Theorem (page 360), this is equal to 

(«-0-y + 1 ; n )(« - y — 8 + 1 : n) 

(a-^+1 ; ft) (a — 8 + 1 ; n ) * 

From this, and noting that 

(a — y — € + 1 ; ft) = {0 + 8 - a - ft ; n) = ( - l)"( a _ £ _ 8 + X . n v 
(a e + l; ft)-(0 + y + 8 - a -n; n) = (- l)"(a - 0 - y - 8 + I; »), 
the result follows. 

o Th0 , f ° 1 , 1 ° wmg theorem is required in the proof of Dougall’s 
oecona Theorem. ® 


Theorem. If *» = £«,(»), where N is either 
infinity or a function of n which tends to infinity with n, and if 

forever^valufo^ ^ ^ ^ *° 

ofnllovively™" Wh6re Mr iS a P ° SitiVe DUmber “dependent 
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oo 

(iii) the series ^M r is convergent, 

r=0 eo 

then, when n tends to infinity, F(w) tends to the limit ^ v r . 

r=0 

Since | u r {n) | ^M r and since u r {n) tends to v r when n tends 
to infinity, | v r |^M r for every r, and therefore ^v r is ab¬ 
solutely convergent. 

Now, given e>0, choose m, a positive integer, so large that 


00 


2 M r <K 

r=m+l 

and let n be taken so large that N>m. 
Write 

F M - 2 v r = « + £ + y, 


where 


Then 


r=0 


m 

* = '£j{Ur{n)-v r } 

T = 0 

P = X U rW, y=- 2 V r- 

r=m+l r*=m +1 

|0|i£ 2 M r S 2 M r <Jc, 

r=m+1 r=m+1 


oo 


and | y | ^ ^ M r < 

r=m+1 

Now the value of m depends only on the series 2 ^ r > anc * * s 
therefore independent of n. Having chosen m as above, keep 
it fixed, and let n tend to infinity, so that a tends to zero. Thus 


n—*0 r —0 



and, as e can be chosen arbitrarily small, the theorem follows. 
DougalVs Second Theorem. If R (a - p - y - 8)> - L 


/a, 1 + Ja, p, y, 8 ; l\ 

\ £a, a — P -f 1, a — y -I- 1, a — 8 + 1 / 

jT( a — P + 1 )T'(cc — y + l)T(oc — 8 + 1 )T(a - P - y - 8 + l) ^ 35 ) 

= T(1 + a)T* (a - p-y+1 )U(a - y - S + l).T(a - S - £ + 1) 

On applying the definition of the Gamma Function on page 
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109 it can be seen that the expression on the right is the limit, 
when n tends to infinity, of the expression on the right of 
formula (34). To obtain the limit when n tends to infinity of 
the expression on the left of (34) write it in the form 

p/ a, 1 + 2 a > fiy y, 8, 1 + 2a — ft - y - § -f n, — n; 1\ 
\2 a * a — £ + 1> a — y 4- 1, a — S + 1, ft + y + & — a — n, a+7l+l / 

and apply Tannery’s Theorem. For the moment it will be 
assumed that the parameters are all real. 

In the first place, if r is fixed, the limit of the rth term is the 
rth term of the series on the left of (35), and this series con¬ 
verges absolutely ifa-/?-y-S> - 1 . 

Next, we have to prove that, for every r, the modulus of the 

rth term is ^M r , where M r is a positive number independent 
of n. 

Now the part of the rth term which involves n is 


(1 +a + q + n; r - 1) ( - n ; r-1) 

(-a-n; r — 1)(1 + ct + 7i ; r-1) 
where q = a - ^- y- S. 

To obtain the corresponding part of the next term multiply by 
(« + < r + w+r)(— n-t-r- 1 ) 1 +o/(oc+n + r) 

(-<r-n + r-l)(ac + n +r) l+< T ftn- r +i) ’ 

If it is assumed that q> 0 and that n is so large that a + n + r 
and n - r + 1 are positive, this is ^ 1 provided that 

n ~r + 1 + 7i -f r orr^l(l- a ) 

Uider these conditions, if p is a fixed positive integer greater 
than i(l -«), the modulus of the part of the rth term which 
involves n for any r greater than p cannot exceed its value for 
r-p. Since this part, when r=p, tends to 1 when n-r« there 

mod f OSlt 'r t ,, nUmber M - * nde P en< lent of such that the 
modulus of this part is less than M for all values of r (cf 
Theorem II., page 359). 1 

xt T \"f the modulus of the rth term of the series is < M where 

Vm M X m ° duluS °f rth term on L.H.S. of (35). Therefore 
2X 15 convergent, and the result foUows. 

The restrictions on the parameters, including a, can now be 
removed by analytical continuation. 
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§ 8. The Barnes Integral for the E-functions. 

If | amp z | <7r, 

, monr(« r -o 

Efp; oc r :q ; / > * :2 ) = oZil-^ 

<=i 

the integral, as on page 152, being taken upwards along the 
77 -axis,* with loops, if necessary, to ensure that the pole at the 
origin lies to the left and the poles at a lf a 2 , ... , a„ to the right 
of the contour. Zero and negative integral values of the a’s and 
p’s are excluded, and the a’s must not differ by integral values. 
In the proof the following lemma is required. 

Lemma. If | amp z | ^tt - 8 , 8 being a positive number such 

that 0 < 8 < 77 -, 

--- 5 S M | z\ h ~° exp (x - x log | z | +y amp z), 

1 (z + y) 

where z = x + iy , M is a positive constant independent of z and 

g = R(y). 

From Corollary 1, page 150, it follows that, if | amp z 

77 — 8, 


1 


T(z + 1 ) J(2 tt)z 2 +* 

uniformly. Hence 


y- l\-*-v+» 


■\-v 


e z 


r(z + y) J {27t)z'~+v-'V " z ) ' ~ J{2tt)z* ’ 

by Example 2, page 37. On applying Theorem II., page 359, the 

result follows. 

To prove formula (36), consider first the integral taken up the 
contour from -iR to iR, where R is large and positive, and 
then round that part of the circle | £ | = R which lies to the 
right of the 77 -axis, R being chosen so that the circle always 
passes between the poles of the integrand. Then, if /(£) 
denotes the integrand, 


1/(01 = 


r(£)n (AC - Pt +i) am{ Pt - jw 


t =1 


7 r 




n(r(^-a r + 1 ) sin (a r — 0 7r ) 

1 r=* 1 , 

♦When p<q+ 1 the contour is bent to the left at both ends. 
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Now assume that pT^q + 1 ; then, by Example 2, page 150, 
Example 31, page 382, and the above lemma, if £ = Re <a , 
z = re | <f> |<7r, 

i m I * me- «, {-<'-*» «’ i' - - 1 :"“ '??£-_'%}■ 

where M and o are numbers independent of £. 


Therefore 


I na I ^ MR. exp f -* I ( - ±e) + f(1 °s f - J» 1 . 

'■ F L + ( log r — \ V I ± <£) J 

Here if p>q + 1 and if 0 ^ | 0 | ^ 7, so that £ = R cos 6 ^R/,/ 2 , 

1/(0 |^MR- exp [-( p-q - l)R2-*(log R- 1) + R | log r |], 

and therefore, for any n, | £"/(£) | tends uniformly to zero as R 
tends to infinity. 

Again, if J 7 r^| 0 | ^ £ 77 , | -q | =R sin | 0 | ^R/^/2 and thus 

1/(01 SMR'exp r-f{(P-«-D(IogR-l)-Iogr} J 

L - ( 7 t ±<f>) R/V2J 

^MR° exp [ - (77 ±</>)R/*s/(2)], (A) 

and the same result follows. 

If p=q + 1, r must be taken less than 1 , so that - £ log(l/r) 
^ 0 . Then, if 0 ^| 0 | ^£tt, 

|/(0 | ^MR'exp [ - log (l/r)R/ s / 2 ] > 

while, if (A) holds. Hence | 0/(0 I tends 

uniformly to zero in these cases also. 


|/(0| ^ MR'exp 


Thus the integral round the semi-circle tends to zero when 
R->oo , while the given integral converges for finite values of 
z such that | amp z |< 77 , provided that, when p=q + 1 , | z |< 1. 

If P<q + 1, consider the integral from - ie ~*+R to 0 and from 0 
to te‘*R, where 0 <ip <£77, and round the part of the circle | £| =R 
to the left of these lines. For simplicity replace £ by — £ ; then 


n r(<x r + £) 77Z ^ 

l/( - 01 = -^- 

A1+on r(p < + £) sin 77£ 

^MR t exp [ — (<7 -f 1 —p)(i log R — £ — rjd) — g log r — (7 r ±^)| tj |], 
where M and r are numbers independent of £. As before 
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£"/( - 0| tends uniformly to zero when R-^oo . If p=q + 1, take 
r greater than 1, so that log r is positive, and put 

When p ^ q + 1, on evaluating the residues at the poles to the 
right of the given contour it is found that the integral is equal to 


P A«r)II -^(a s - a r ) 

V — _ 

q 

n r(p,-« r ) 

1=1 


Z*r 


xF ,ar ’ 




a r -p 1 + 1, ... , a r -p q + 1 ; (-1)*-«Z 
, a r — a i + 1, , a r -a„ + l 

where, if p = <? + 1, | z | < 1 ; and when p ^ q + 1, on evaluating 
the residues at the poles to the left of the given contour, it is 
found that the integral is equal to 


n-n«r) / 

—- F (?>; «r-q; p, ■ 


n r( Pt ) 

t= 1 

where, if p=q+l, | z | > 1. Thus the theorem is proved. 
Example 1. Prove that [Cf. Ex. 3, (ii), p. 356] 


n 


^"C^-n + r; n - r) ( ai - « a - n ; r)z~ r 
r= 0 

X E ( ai -n +r, a 2 +n, a 3 +r, ... , oc p +r: q; Ps +r:z) 

= (a 2 ; n)E(p; <x t : q; p s : z). 

[Substitute from formula (36) in the L.H.S., replace £ by £ 4- r, and the 
L.H.S. is equal to 


f r(£)T( ai - n - £)r(« a + n - £)FI " 0 

1 __«C 


2ni 


n, £; 

l-n / 


nr(ps-C) 

1=1 

/ { ~ n ’ a l ~ ~ 

X ( ai n; n)F^^_ w> 1 _ a> + ^ 

Now apply Saalschiitz’s Theorem, p. 360, to the last function.] 

Example 2. Show that 

(i)Y»C (g ; r)(l + j ot; r)(ff ; r ) - l-z) 

V=o r (i«: r)(l + cc-p; r)(l + « + n; r) 

„/«. + »•. «p + r, 1 + a + n+r, 1 + a-fi + r: z\ 

X *'\ Pl +r . p„ + r, l+a-f) + n + r, 1 + « + 2r ) 

= M <1 + g « — 1 E(P; 9: P ‘ : Z) '’ 

(l + a-p ; n) 


-r 
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(ii) V' n C (« ; r ) (1 + £« ; r) ,_ r 

r*^o r (i a » 0(1 + a + n ; r) 

xE (“ 1 + r . a * + r ’ 1 + a + n + r: z\ 

V Pi + r, ... , p Q + r, 1 -f a + 2r J 

= (!+«; ”)E(p; a t : q; p„ : z) ; 

(iii) V'' 2n C * ^)(22)~ r 

( , r ^o Cr (*6 + *-n; r) 

x ^ + i r * I + i r » + £ ~ w + r, ax + r » • • • » <x v + t : z\ 

\ h + \b + r, $-n + r, \+r y Pl + r, , p Q + r ) 

(2w)! 2-*" ^ / 

= ^-j6; n) Eil,: a ‘ : q ’ ')• 

[Ragab.] 

[Proceed as in Ex. 1, making use of the following formulae • (i) 
(35), (ii) §6, Ex. 5, (iii), §5, Ex. 8.] 

Example 3. Show that 

F(p ; a r + £: pi + £, ...» p Q + f : zc**) 

-Efp; a r + £: p x + £, ... # p a + $, f : ze-*”) 

— pE(p ; a r : p lf ...» p Q , \ : ze in ) ”1 

L -E(/>; a r : pi, .... p a , J : ze- <ff )J ’ 

[Substitute on the L.H.S. from formula (36) and replace C by t 4 A 
Note that 


ru + i)_ ru) sin nC ~] 
P(i-0 cos nC ‘J 
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1. If w = z 3 4- z 2 4- 6i - 8, determine the paths in the to-plane that 
correspond to the real and imaginary axes in the z-plane. Hence deter¬ 
mine the number of roots of the equation w = 0 that lie in each quadrant. 

Ans. One in each of the second, third and fourth quadrants. 

[C. A. Stewart.] 

2. If the coefficients in the equation 

Az 4 4- Bz 3 4- Cz 2 4- Dz 4- E = 0 

are all real, prove that the necessary and sufficient conditions that the 
roots should all have their real parts negative are that all the coefficients 
should be of the same sign, which may be taken to be positive, and that 
they then should satisfy the inequality 

BCD - AD 2 - EB* > 0. [Routh's Condition.] 

[The first condition follows from the fact that the factor corresponding 
to a real root is of the form z 4 - a., where «. > 0. while the quadratic factor 
corresponding to conjugate complex roots is of the form (z + f3)* + y*> 
where f3 > 0. For the second condition consider the function 

f(z) = z 4 + 46z 3 + 6cz 2 + 4<fz + e, 
where 6, c, d, e are all positive ; then 

/(z)=z 4 ( 1 +^+ •••)* 

Now let z describe a contour consisting of the right hand half of the 
circle | z | = R, where R is large, and the diameter of this circle lying along 
the y-axis. As z passes round the semi-circle amp z increases by ir, and 
therefore amp/(z) increases by an angle which tends to 4 t r when R <*> • 
Thus, if all the roots have their real parts negative, amp/(iy) must 
increase by 47r as y increases from — co to 4- oo . 


If now amp f(iy) = tan 1 A, 

- 4 by 3 4- 4dy - 4 by (y 2 - r 1 ) 

A " y* - 6 cy* 4- e (y* - p a ) (y* - q a )’ 

where 7 ? = V{3c4 -v/(9c 2 -e)}, q= ^{3c - s/(9c* - e)>, r =v/(<*/&)• 

First assume that 9c 2 > e, so that p and q are real and distinct an 
* > q : then, on drawing the graph of A as y varies from - • to co 1 or 
the three cases r > p > r > 9 > r. it is found that on.y the second 

case gives an increment 4 tt in tan- X. When 9c« = e, p =?. and thetota 
increment of tan-A is zero; when 9c* < e, p* and 7* are conjugate 
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complex numbers, and again the increment of tan -1 A. is zero. Thus, in 
order that the real parts of the roots may all be negative, we must have 
9c* > e and 

3c + «/(9c* - e) > d/b >3c - s/(9c* - e), 
or 9c* - e > (dfb - 3c)*, 

which includes the condition 9c* > e, 

or Qbcd - b 2 e - d 2 > 0, 

from which Routh’s Condition is easily derived.] 


3. If f(z) = u + iv, where u and v satisfy the Cauchy-Riemann 
equations, show that 

(,)/(2) =Si - 1 ay <“>' <*> = ^+*3* 

If l +x - 2:r?/, express/'( 2 ) in terms of z, and find/(z). 

Ans. tz-z* + C. 


4. If u= (x + y)/(x 2 + ?/*), shew that u is a harmonic function, and 
find v so that u + iv may be holomorphic. Sketch the systems of curves 
w = const., v = const. 

Arts. u + iv = ( 1 +i)/z + iC, v = (x - y)!(x 2 + y 2 ) + C. 

The systems consist of circles with their centres on the bisectors of the 
angles between the axes and passing through the origin. 

5. Shew that D = e v (x cosz + ?/6in x) is a harmonic function, and 
find the holomorphic function of which it is the imaginary part. 

A ns. ize~ is + C. 

6. Shew that the sum of the residues of the function 


6 0 2 n - 1 + 6,2 w -*+ ... +ft w _, 

a 0 z n +a 1 z n ~ l + ... +a n 

at the zeros of the denominator is b 0 /a 0 , and that the 
sum for the function 

C„Z"+C,2" —* + ... +c n 

,, a 0 z n + ai z n ~' + ... +a n 

is (a 0 c, -a,c 0 )/a 0 *. 


corresponding 


7. By integrating 1/(1 - s 4 ) round a contour consisting of the positive 
real axis, indented at 1, the line amp z = tt/ 4, and an arc of a large circle 
prove that 


® ( 


co 


dr 


0 1 +ar* 4 


= 7n/2, 


<«> 


8 . Find the residue of 1 /(z log z) at the point 1, and, by integrating 

round a contour consisting of a large and a small circle with the origin 

as centre and the part of the negative real axis between the circles, shew 
that 


s 


co 


dx; 


OX {(log X) 2 + 7T‘) 
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9. Discuss the natures of the singularities of the function log 2 / (z 2 - 1), 
and prove, by integrating it round the contour of Fig. 52, that 

f* log x 




where the integrand is defined by continuity for x=\. 

10. By integrating cos (2az)/sinh 2 round the rectangle in the z-plane 
bounded by the lines x= ±R, y = dbLr, and making R 00 , shew that 

f°° cos 2 ax 

_ - 0 

Deduce that 


7r 


cosh x 

1 


dx = 


2 cosh (77a) 

3 5 


+ 


4 cosh (-a) 1 + 4a 2 3 2 + 4a 3 ^5 2 + 4a 2 

11. Prove that, if a >0, (" ^^- = 1- log a. 

)o + a- 2a ° 

12. Integrate e -r2 /z round the rectangle whose sides are x= ±R, 
y= ± 0 , where R and a are positive, and shew that 

f 05 _ r2 a cos 2ax + x sin 2cix . 7 r 

e - T ~,—5- dx = o c - ®*. 

.'0 x-+ a 2 2 

13. By integrating {(z 2 + 1) log z} -1 round the contour of Ex. 8, 

prove that dx 2 

)o (X 2 + 1) { (log X) 2 + 7T 2 }~ 7T 

By integrating the function sech z/(z - iiv) round the contour of 
Fig. 30, shew that 

f« sech x , 2 

1 dx — -4. 

'0 .r 2 + 7T 2 7 r 

14. By integrating z*7(z 2 - 1), where z‘ has its principal value, round 
a contour consisting of two segments of the imaginary axis and two 
semi-circles, prove that 

(* c° s lQ g * f1r _ rr 
Jo x 2 + 1 2cosh4“‘ 

15. If/(z) is holomorphic within and on an ellipse C whose foci are± 1, 
shew that 

( c /(z) log dz = 2-t dx. 

16. Prove that, if | z - 1 | < 1, 

log z = (z - 1) - \(z - 1) 2 + ^(z - l) 3 — ... , 
and deduce that, if - < 0 < 

(2 sin £0) cos 4# + 1 (2 sin \0) 2 sin 0-1(2 sin 40) 3 cos 

- .} (2 sin id)* sin 20 + ... = 0. 

17. Establish the expansion 
/(*)=/(<*) +2 

/■'" ( 1± " + <- r ") 5 «v) 

2 3 . 3 ! 3 \ 2 7 2 '. 5 ! J \ 2 ) } 

and determine its range of validity. . 

Ans. The expansion is valid so long as z lies within the domain of the 

point 4 (z + a). 


+ 
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18. Prove that, if z^t. 0, 

oo 

cosh (2 + 1 lz) = a u + ^ a n (z n + z~ n ), 

n=l 

1 f2w 

where a„—_ \ cos nf? cosh(2 cos 0) 

to 

19. A function F( 2 ) is holomorphic within and on the circle | z | = R 
except at a point cr within the circle at which it has a simple pole with 
residue k. Prove that, if | «• | < | z j < R, 


F ( ‘> = So F<n,(0) + + "So £* 

20. If n is a positive integer, and | z | > 1, shew that 
-p /n +1 n + 2 1\ _( - l) n 2 n+1 d n 1 

1 ; ; o) ~ nl dz n <J(z*+ij 


\ 2 
21. Prove that 


•‘-a- 

f 00 sin x dx _ 7r /. 7\ 

l 0 a?(**+ 12 V 1 - 4c/ 


22. Evaluate the residue of l/{(z - 1) log 2 } at 2=1, and, by inte¬ 
grating the function round a contour consisting of a large and a sr. all 
circle with the origin as centre and the part of the negative real axis 
between the circles, deduce that 

(*_^_ = i 

Jo (x + 1) {(log X) 2 + 7T a } 

23. If C is the upper half of the circle | 2 | = R, and if a. is real and 
positive, prove that 


jT\ J^ d z = O t n = 0, 1, 2, 


R— 


Evaluate Jc l:iz z n dz, n = 1, 2, 3, ... , where «. is real and positive, 
round a circle with the origin as centre, and shew that 


£\ 


e~ ias - 2tt 


JC 2 


n 


dz = 




Deduce that 


R 


(n- 1)! 


n-i in 


L" C-^)* 


cos our dx = / — 2 * 

\ I (2 — ol) 7T, 0 ^ ^ 2. 


24. By integrating the function {£(£- z) sin f} -1 round a suitable 
contour in the £-plane, prove that 

where z is not zero or an integral multiple of 7 r. 

25. Shew that the integral 

[ z~ 1 cot 2 dz. 
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where C is the circle | z | = (m + £) tt, m being a positive integer, tends to 
zero when m tends to infinity, and deduce that 

_1 J_ JL _ 7r_* 

p + 2 a + 3 a + ’** — 6 * 

26. By integrating l/(z 2 sin ttz) round the circle | z | =m+ J, where m 
is a positive integer, prove that 

oo 




n= 1 

27. Evaluate the integral of the function z/{(z 2 + a 2 ) cos ttz} taken 
round the circle | z | = m, where m is a positive integer, and hence shew 
that 

_ — _= 4 V ( _ 1 \n-i- 2 n-_l - 

cosh 7 ra ' ' 


n=l 


(2n - l) 2 + 4a a 


28. By integrating cosec ttz/ (z 2 + a 2 ) round a suitable contour, prove 
that 




29. By integrating tanh (ttz) e iaz z~i, where a > 0, round a suitable 
contour, prove that 

oo _ e-°( n +i) 

Q tanh (ttx) sin (ax + r) x~\ dx = 2> ^(n+J) ' 


1 


30. By integrating cot 7 rz/z 4 round a suitable contour, prove that 

c° 1 7T 4 

v — = —. 

2>n 4 90 

n=l 

31. Shew that, if sin z^O, 


2 iz 


,—liZ 


= - 2 ie is + 4— = 2 ie~ iz + -- 


sin z sin z sin z 

Deduce that, if z lies outside the circles | z - nir \ = r, where 0 < r < \ir* 
n = 0, ±1, ±2,..., there is a positive number M independent of z 

such that I cosec z | ^ Me-1 v I. 

Shew also that | cos z l^el^l, | sin z |^el v L 

32. If a. 2: 0, y ^ 0, and z lies outside the circles | z-n | = r, where 
0 < r < £, n = 0, ± 1 , ±2, ... , shew that 

COS (XZ - 
Sill TTZ 

M being a positive number independent of z. 

33. By integrating cos <xz/{ (z - i() sin ttz} , where 0 < a. < tt, round a 
large circle, prove that 

7T cosh 0-1 _ 1 / _ J\n cos not - 

2£sinh 2£* n *rJ 1 


£* + n a 


Shew that this result is valid for - tt ^ a. ^ tt. 
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34. If - 7r ^ 6 ^ ir, shew that the integral of cos(z#)/{z* sin 7rz}, 
taken round the circle | z | = m + where m is a positive integer, tends 
to zero when m tends to infinity ; and deduce that 

cos 9 cos 20 cos 36 i r* 6 * 

1* 2 2 + ~3* -12“ 4' 

35. Find the residues of cot (7rz)/(z* + 1)* at ±i and at n, where n is 
an integer, and prove that 

"y j + ] ^2 = i 77 coth 7r -f £-* cosech* ir. 


X J / 2 , | \ 2 - 2 /4 '* T uuawil" 7 T • 

n= —<0 + 1 ' 

36. By integrating cos (z0)l{z sin 7r(z - a.) sin ir(z - j8)}, 
~ 2 iz < 0 < 2?r, round a suitable contour, prove that 


where 


£ 
n — — cc 


f cos ( n + a.)6 _ cos (n -f- ft ) 0\ _ 7r sin (/3 - ol)tt 
1 n + o. n + /* J — sin (cl7t) sin (/y7r)’ 


and deduce that 


(0 2 = w Cot ^ 0L7r )* 0 < I 9 I < 2ir, 


n= — 00 


(ii) -v-?—= - + V (- 1)». 2<x -. 

sin U.7T OL z—/ v 7 CL* - n* 

n=l 


37. Prove that, if - 2ir < 6 < 27r, 


n —— co 


sin (n + ol) 6 A sin (n+ B)0 


n + a. 


_ y sin (n - 
_ n + 


n«=—co 


and deduce that, if 0 < 0 < 27 t, 


2 
n 13 — co 


sin (n + ol) 0 

. ~~ 7r ( 

n + a. 


[Let /? -> 0 and use Ex. 27 (ii), p. 130.] 

38. If z is that root of the equation z*-z*-to=0 which tends to 
unity as w tends to zero, prove that 

(-l)n-i j; 3n -2)8 

"l ' n!(2n-l)! u, » 

provided that | w | < 4/27. 

39. Prove that, if m and n are positive integers, and m ^ n, 

t 1 tl 4- T> n{r) j 2 m + l . (m!)» 

• _1 (m-n)! (m + n + 1)! 

40. If n is a positive integer and - 1 < k < 1, shew that 

J‘(1-V)-»H P tn (,i)d / z = g-L_fc« (1 
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41 If, when | amp 2 | < 0 and R(a.) > 0, 


CO 


f(z) = J er* A a_1 ( 1 + \)~P dA, 


shew that, when | amp 2 | < —, z^O and R(«.) > 0, 


42. If 


and 


f ( 2 ) = 2 "« j o e~ A A“ -1 (1 + A/ 2 )—^ dA. 

//x X- / * 2n+1 * 2n+ * \ 

fW-Zj\2n+l 2n + 2J 

^ ^ ~ “0 12n + 1 2n + 2j 


shew that f(x) is continuous for — 1 <x ^ 1, while 4>(x) is continuous 
for - 1 < x < 1, but has a finite discontinuity atx=l. 

Ans. If |*| <l,/(x) = log(l+x), </>(*) = * log(l+x); but, if a: = l f 
/(1 ) = </>( 1) = log 2. [Cf. Ex. 35, p. 328.] 


43. If 

and 
prove that 


A-t* __ 

J-l V (X 4 - x J + 2x 2 - X 
f« dy 

B “)o 7<<T + y*7(l +V))’ 


+ 1 ) 


A = V2 . B = N /(|) F y Q, 1} = (>/8 - s/2) F (tan f 2> 

44. Shew that the function 

<f>(u) = {p(u + v)-p(v)){p(u)-p(v)}p'(w) 

+ {p (v + w)- p (w)}{p (v) - p(w) )p' (v) 

+ {p(w + u)-p(v})){p(w)-p(u))p'(v) 
has two simple poles in each period-parallelogram, and deduce that 
u = - 2x - ix is a simple zero. 

45. If u + v + w = 0, prove that * 

p(v)p'(w)~ p'(v)p(w)_p(w)p'(u)-p'(w)p(u) = &(u)p'(v)-P'(u)PM 
p\v)-p(tv) P(v>)-P{v) P(u)-P(v) 

= J tP'(M) + p'(v) + P'M + 2 (C( W ) + £( v ) + C( w )} 3 3* 

46. Prove that 

P ( 2 3'0 + P (*-?) + P ( - 1 3 2< "0 + P (-4--) = °- 

[At a point of inflection on the curve x = p(u ), y = £>'(“)» 

p / («)P /,/ (~)-{p // («)>* = °* , . 

or 12p(u){4tf*(u)-g t P(u)-g 3 )- {6p*(«0“tea} -°* 

This equation in the abscissae of the points of inflection has 4 roots, then- 
sum being zero.] 

* D. G. Taylor, Proc. Lond. Math. Soc., Vol. 18, 1920, p. 378. 
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47. Shew that 

C( u -a)- C(u + a) + 2((a) = 

48. Evaluate the integral 

cnu du 


a* (u) a-{2a) 


o- (u - a) ir (u + a)<r a (o) 


( 


Ana. 


1 , 2 

fr> Io g v—T + 


2(1 -k) 1 + & 2(1 + k) 1 - k' 


Jo (1 + anu)dnu 

1 i 2 

-X log 


49. Prove that 

(i) cnu cnv = anu anv dn (u + v) + cn {u + v), 

(ii) dnu dnv = k*anu anv cn{u + v) + dn{u + v). 

50 Shew that 

1 +cn(u + v)cn(u -v) _ 1 +dn(u + v)d n (u - v) 
cnHi + cn 2 u dn 2 u + dn 2 v 


51. By considering the roots of the equation dn 2 u =dnu, provo 

2K . 4iK' . 2K - 4iK' . 2K + AiK' 


dn ~+dn 


+ dn 


that 




52. By integrating dn (Kz) exp (tmrz), where n is an integer, round the 
rectangle with vertices ±1, ± 1 + 2iK'/K, prove that 

C dn <Kx) c ° s nwx dx =k < r+V" )- 

where q = exp ( - ttK'/K). 

53. If mj = { an(z, k)/dn(z, k))* and if A, B, C are the points K, K + tK', 
tK'respectively in the z-plane, shew that, as z passes round the rectangle 
BCOA, to passes through all real values from - oo to + oo. 

54. If I( 2 ) > 0, shew that 


[ C* 3 - 1 (C- i y-**- 1 (1 + zC)~° dC= 0, 


where the contour of integration consists of the £-axis from - R to R 
indented below the axis at 0 and 1, and the lower half of the circle 

a , nd amp & amp *> are zero at £=R- It should be noted 
that I( - 1 / 2 ) > o. Deduce that, if R(a.+ 1) > R(y) > R (/?) > 0, 

U - e-'”(Y-P) V + e-*"v W = 0, 


where 


M.F. 


U = Z "“ !o fa ~ V (1 " ( 1 + «/*)-« dt , 

V = (**0-! (1 _ t )v-0-l(1 + zt )-« 

dt. 

2b 
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Shew also that, if | z | > 1, 

U = B (a. - y + 1, y - F(ol, ol - y + 1 ; ct. - ft + 1 ; - 1 /z), 

while, if | 2 | <1, 

V= B(/3, y - ft) F(a., (3 ; y ; - z), 
and, if | 2 + 1 | < 1, 

W= B(f3, a. - y + 1) F(«., ft ; a. + ft - y + 1 ; 1 + 2 ). 

If 1(2) <0, shew, by taking the contour which is the image of the 
above contour in the £-axis, that the same result holds with - i in place 
of i. The restrictions on the constants may be removed when U, V and 
W denote the second set of expressions with their analytical continua¬ 
tions. 


55. Shew that, with a cross-cut along the negative real axis : 


F^0;y; - s)( = ) F («, « ■- 

\ oc — 


y+1; — ~ 

£+ 1 


r(y)r(«.-/i) 1 / i\ 


[In Ex. 54 interchange o. and fj and eliminate W.] 

56. If 1(2) > 0, shew that 


J(C 2 - i) n (C + 2)- n - m - 1 d{= 0, 

where the contour consists of the £-axis from - R to R, indented above 
the axis at - 1 and 1, and the upper half of the circle | 2 | = R. Deduce 
that, if R(m)>R(n)> -1, 

X + e‘ nrr Y - e(n-m)ni Z = 0, 

where, if | 2 — 1 | <2, 

X = 2 n-m B(n + 1, m - n) F (m + n+ 1, m - n ; m + 1 ; 4 - £ 2 ), 
if | 2 | > 1, 

Y = z -n-m-i B(n+ 1, 4) F(£n + \m+ \n + \m + 1 ; n + 3 ; 2 *). 

and, if | 2 + 1 | < 2, . , 

Z = 2" B(n + 1, m - n)(l - z)~ m F( - n, n + 1 ; m+ 1; ± + \z)- 

Deduce that, according as 1(2) ^ 0, if | 2 ± 1 | <2, 


1 + z\l"»„ / - n, n + 1 ; 1+z 


f eTim "G-T F ( 


m+ 1 


) l 


Qn m («) 

T(m - n)r(m + n + 1) . v- v _ / 

57. If T n = r-1 K„+j(Ar) P n (cos 0), where x = rcos 0, y = r sin 0, and 
A is a constant, prove that * 

(2n+l)2^ n = - A{(n + 1) T n+1 + nT n _,}. 

[Use Ex. 3 (i), p. 236, Ex. 32, p. 327. and the corresponding formulae 
for K n on p. 268.] 

* G. Green, Phil. j\lag. 9 \ ol. 21* 1936* p. 92/. 
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58. Prove that 

(i) Q” +1 (z) = 2«r(n+ l)( 2 a - 1 )-J<«+ 1 >, 

(ii) (z*- l)-^Q n m (z)= y j(~) |*e-^ In+i (A.)Am-idA, 

where R( 2 ) > 1, R(m + n) > -1. 

59. Shew that, if R(/J) > 0, R(y - ft) > 0, 

(i) F(o., ft; y ; z) 

77 

= B~(ft, y- ft) Jo (8in ^“Mcos <9)2y-20-l(l _ 2 sin* 0)-«rf0, 

<») *<■.*» »*« *= -^1%;^ 

77 

X j o (Sin [^| 1 + ^£_ cog^} + |l - —-^eog “]d<£, 

(iii) F(a., ft ; 2/3;2) = (l-i2)-«F{|,^; /?+*; (^) # }. 

60. Shew that, if R(2m) > - 3, R(n) > 0, | 2 | > 1, 

2«-ip(n)( 2 a - l)—l / Q^ l+n ( 2 ) 

= C ( A a - 1)»-» ( A a 2 a - 1 Q(A2) dA. 

61. Prove that, if R( 2 )> 1, R(w + n)> 0, 

(i) j“e-^I n (A)A"*-»dA = ^/(|)(2 a - 
and deduce that, if R(m + n) >0, R(m) < 3, 

(ii) (”j„ (X)A -"-dk = 2 rn ~ i r (^4^)/r (1 + n ~). 

^ 7 ° r ^ P ut 20 2 ’ *° r ^ (*) » then put a = i and use Ex. 7, 

p« 275.] 

62. Shew that, if R(z) > - 1, R(m±n) >0, 

(i) | "e-^K„(X) 

=J( 1) r ( m + n)r(m-n) /< 2 ’ “ P *-? < 2 >- I 2 l> J > 

1(1- T‘~“ ( Z ), |z|<l, 

and deduce that, if R(m±n) > 0, 

(ii) j~ K n (A) A«*-»dA = 2 m ~» T + r ~ n ). 

[For ( 1 ) use Ex. 61, (i), and Ex. 9, p. 276. For (ii) use Ex. 74, p. 336.] 
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63. Shew that, if | z + 1 | < 2, 

I _ 1 Um T7l _ F ( - m) (z + 1 ) m 


( 2 * 1 )* m ( 2 ) - f (n _ m+ 1} p ( - n - m) F (~ n » J m+1 ; 1 + ^ 2 ) 


r(m) 2 m 

+ r(-n)r(n-f 1) F ( n ~ m + 1 > -n-m; 1-m; i + iz). 


64. Prove that 


(i) r » (z) =£• V© J 0 e2 ‘ ( ^ - Q i-r<o«*e 


where R( 2 ) > 0 and the contour C starts at - oo on the real axis, passes 
round (= 1 in the positive direction, and returns to - oo on the real axis, 

(ii) K n+ J( 2 )=^(1)^+4 l)P»p- m «)d«, 

where R( 2 ) > 0, R(m) > - 1. 

[For (i) use Ex. 1, p. 143. For (ii) use (i), formula (2) on p. 303 and 
Ex. 63. Note that ( t 2 - l)l"» P n m ( t) is uniform at < = 1 and t = 0, but not 
at t = - 1.1 


65. Shew that 


r<i) r (/> (V -1 >»" p ;” 1 (o <-« dt 

• X 


_ 2 l ~ m ~ 


■r( 


l-m + n 


) r ( 


l-m-n - 1 


where R(m) > -1, R(Z-m + n)>0, R(i - m - n) > 1. 

(Substitute from Ex. 64, (ii) in Ex. 62, (ii) with n + £ for n and l-m 
for m and change the order of integration.] 


66. Prove that 

(i) J„ (z) = ± z" ( c et«-z*/0 f-»- d(, 

where C is the contour of Ex. 1, p. 143 and amp £= - n initially, 

(ii) J n (z) = ^ ( c eW-VO £-«“» d£, R(2)>0, 

(iii) J n ( 2 ) = 1 £ cos (n0 - 2 sin 6) dd - ^^5 j* e -nu-z einh « du, 

where R ( 2 ) >0. ... 

[For (i) expand exp( - U*/0 in powers of 2 * and integrate. For (»») 
replace C by the contour consisting of the real axis from - 00 to - 1, the 
circle | £ | = 1, and the real axis from - 1 to - oo .] 

67. Shew that, if R( 2 )> 0, R(m + n)> - 1, 

(i) T(m 4 - n + 1) T“ m ( 2 ) = (“ e-** J m {A^(l - z')} A” d\, 

(ii) T(m + n + 1) P“ m ( 2 ) = (* e-‘^I m {A N /( 2 # - 1)} A” d\. 

[Use formula (4), p. 305.] 
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68. Shew that, if 0 < 6 < R (m + n) > -1, 

" r( r ( ::t) 1) ^(oos^c **** 


— 2 sin m-rc 


(cos 0 + i sin 0 sin <f>) n+l 
® e~ mu du 


f“ 

Jo 


(cos 6 + sin 0 sinh u) n + l 
[Substitute from Ex. 66, (iii) in the r.h.s. of Ex. 67, (i).] 


69. Shew that, if R(m) > — I, 

(I) Im(2)= r(ur(wrrf) (!) Li ezA(1 " dk * 

rti) P - m ( z \ -_ (2 *-T 1 ). im _("_sin 2m 0 d0 

n 2 m r + £) Jo (z + <»/(z* — 1) cos #}”»+»>+»• 

[For (ii) substitute from (i) in Ex. 75, p. 335, and change the order of 
integration.] 


70. Shew that, if R(z)> 0, R(n±m) > - 1, 

r(n + m+ l) Q“ m (z)= (" c-^K m {A>/(z»- l)}A"dA. 

[Use Ex. 67, (ii), and Ex. 10, p. 276.] 

71. Prove that 

(i) I„ ( 2 ) = 2 j c exp (K+ *z*/£) i~ n ~ l d{, 
where C is the contour of Ex. 1, p. 143, and amp £= - *- initially, 

(U) In(2) = 2 Vi f c eJz(C+1/ ° ^ n_1 d(, R(z) > 0, 

(iii) K n(3) = £ (%-Wf+ 1 /«^n-i^ R(2)> 0 , 

(iv) K n ( Z ) = iznj®e“itf+^/«f-«-id^R (2)>0>R(2 , )>0> 

[in (ii), with *, real and positive, in place of z, replace £ by 1 /£, and get 

ln(x) = &Fi | D eix(c+1/c) C 1 - 1 d(, 

where D is a contour starting from the origin in the direction from right 

orJ ? *• Positively round the origin, and then returning to the 

dl£^ ! dl i ect } on from left to r ight. The contour C can then be 

t ^ ^ m l° the ^* axlS fr ° m - 00 to 0, the contour D, followed by the 
4 -axis from 0 to - oo . Hence 

I -" <l) = 2^f c e,I<£+1,C, f”- ,d f 

= !„(*> 
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72. Shew that, if R(z) > 0, 

7r I n (z) = | e zcose cos nd dd - sin rwr j e— 2 00311 u—nu du. 
.0 »0 

73. Shew that, if R( 2 ) > 0, 

(i) K„,(z)=l e-zc°sh< cosh(ra£) dt, 

’o 

cosh (mt) dt 


/" \ r-\ — m / \_ r(n + 1)_ f“ 

( ) Q " 2 — T(/i + m + 1) Jo 


{z + v/"(z a - 1) cosh *} n+1 ’ 

where R(n±m)> -1. 

[For (i) put £ = exp t in Ex. 71 (iii); for (ii) substitute from (i) in Ex. 70.] 
74. Prove that, if R(z) > 0, z^l, R(n + m) > - 1, 

OT r(n+l) 1 f t m - ' dj _ 

{) n [Z) -r(n + m+l)2iri)c{z-M(z*-lY(C+llO} n+1 

where C is the contour of Ex. 1, p. 143, 

cos md dd 


o {z- V(z 2 - 1) cos 0} n+1 

co e~ mu du 


— sin mir 


f 00 _ 

Jo {Z+ s/(z 2 - 1) cosh «} n+1 

[For (i) substitute from Ex. 71, (ii) in Ex. 67, (ii). Formula (ii) is due 
to Whipple.] 

75. Shew that, if R(z) > 0, 

T(n+ 1) =T(n+ 1) P n (z) + 2 ^T(n + m+l)co3meP^ tn ( z )- 


{z- V(z 2 - l)cos0}" +1 


m = l 


76. Prove that, if | z | > 1, R(m + n) > - 

V(I) {Z * - 1Q "-‘ (Z) = )c {s-JK + 'l//)}”*+*’ 

where C is the path of Example 1, page 143. 

[Substitute from Ex. 71, (ii) in Ex. 58, (ii), and change the order ot 

integration.] 


77. Shew that, if | z | > 1, R(m + n)> -£, 

m . . f" cos nd dd 

'\m + £) “ 1m ^ n_i 2 “ !o (2 - cos 0)"‘+l 


r( 


- sin n- 


e~ nu du 


[Whippl' 


Jo (2 + cosh u) m +* 

78. Prove that, if R(m±n) > 0, z not real and ^ - 1, 
is \ , ... „ f* cosh {nt) dt 

V© r(m + n)r(m_ n ,( 2 2 - 1) i~ im P i-J ^ ) = r(m) Jo (z + coshTT* 

[Substitute in Ex. 62, (i) from Ex. 73, (i), and change the order of 
integration.] 
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79. Prove that, if R(n)> R(m-n)> 0, and z is not real and 

£ -1, 

, x foo (sinh t) tn dt 

2»-ir(m-K)r(n + 4)(Z*-l)*-»” l Pi-7(*) = J 0 (, + c os ~ |i 7)"‘ t "' 

[Substitute in Ex. 62, (i) from formula (B), p. 270, with £ = cosh t , and 
change the order of integration.] 

80. Shew that, if R(n±m) > - 1, 

n m/ r(n+l) f* cosh (mt) dt 
Wn 2 ~T(n — m + 1) )o {z+ V(z 2 - 1) cosh t} n + 1 ' 

[Substitute in Ex. 70 from Ex. 73, (i).] 

81. Shew that, if R(m) > R(n — m)> — 1, 

^ , r(l)(z 2 - l)i m f" (sinh t) tm dt 

2»r<m + £) Jo {z + V( 2 »- 1) cosh 

[Substitute in Ex. 70 from formula (B), p. 270.] 

82. Shew that, if | z + 1 | > 2, 

nm,.v_r(n + "i+l)ni) (z*-l) Jm _ vfn + m+ 1, n+ 1 ; _2 ^ 

2 n + i r(n + :j) (z + 1 ) n+,rt+ » \ 2n + 2 z+1/' 

[In Ex. 66, p. 333, put A = 2/x - 1, and expand the integral in descending 
powers of z + 1.] 


83. Shew that, if | z + 1 | > 2, 

r(M<- -D-*”Pn m <*> = < 2 + 1 >"- mF ('- m 2 ; n! si 1) 

+<*+»— f c* + sr+r 1: 7t o- 

84. Shew that, if | z — 1 | > 2, 

fil Q m/-x _ r(^)T(n + m+ 1) (z» - l)b" F /n + m+l,n+l;_2 \ 
W w 2 n+1 r (n +:}) (z-l)»+"‘+* V 2n + 2 1 - z)' 

(”) r(i)(z*~ l)-l»P- w (a) 

2 w T(n + *) _ / - n, m - n ; _2_\ 

r(n + m+l) V ; \ - 2n 1 -z) 

2 —"-1 T( - n - |) | w—wi—i F ( n + Um + n+1; 2 \ 

+ T(m-n) KZ V 2n + 2 1 -z)' 


85. Prove that, if R(z) > 0, 

(i) ( 2 y+'/z-iym 

' „ ( 2 ,_ r(m+1)^+1/ \*+i/ 

2 n r (n + m + 1) 


( 


n+l,n + m+ l 
m + 1 


(ii) Q n m (z) = 


(z+ 1)"+* 

r ( - m) /z-l\*m 


_ _ n+l,n + m+l;z-l 

r (n - m + 1) V.= + 1 ) m+ 1 z 


+ 


r, ear f c 


r (m) 




Z - 1 
Z 


a) 

n + 1, n - m + 1 ; z - 
1 - in 


\ 

Dr 


r (n + m + 1) \z+ \J \ 1 - in z + 

[For (i) apply Ex. 1, p. 249 to Ex. 83. For (ii) use Ex. 10, p. 276.] 
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86. Shew that, if | z + 1 | < 2, 


T~ 


m 


F(m) 


n ( z ) r(m + n+ 1) T (m 


-n) +z) 


1 - z\l m _,/-n,n+I ; 1 + z' 


/ - n, n + 1 ; I+z\ 

V 1 -m 2 ) 


r ( - m) 2~ m m + n+1; l+_z\ 

+ r(-n)T(n+l) u ' V 1 + m 2/ 

[Apply Ex. 1, p. 249 to formula (8'), p. 307.] 

87. Prove that, if R(z) > 0, R(m) > - 1, 


v (V eJf (1 - ? )im T » ’“«> “f 

+ sin (m - n)7r (® e-*(A a - l)* m Q“ m (A) dA. [Macdonald-1 

[In Ex. 64, (i), with m + £ and n + £ in place of m and n, deform the 
contour into the real axis between - co and + 1, described both ways 
and indented at - 1 and + 1, and use the formula for Q™(z) on p. 300.] 

88. Shew * that, if n = 0, 1, 2,..., and R(m) > - 1, 

Im+n+jW =^|l 1 e ' f < 1 - if. 

89. Shew that, if R(z) > 0, R(ra) > - 1, 


K„+,(z)=J(^) zm+i V e ""( A * - 1) *"‘ P ^ m(A) dX ' 

[Use Ex. 87 and Ex. 2, p. 265.] 

90. Shew that, if R(z) > 1. R(m + n) > -1, R(p)>-1* 


(z a - 1 )" im Q n m (z) = h P (m + p + 1) \]_ t (z - (1 " ^(f) rf f 

+ -sin(p - n) 7 r r(m +p + 1) (z + A) -m-I ’~ 1 (A* - l)* p Q n (A)dA. 

[Substitute from Ex. 87, with p in place of m, in Ex. 58 (n).] 

91. Shew that 

T^ n (z) = (l -z*)* n 2- n /r(n+ 1), 


and hence deduce Ex. 66, p. 333, from Ex. 90. 

[Use formula (16), p. 309.] 

92. Shew that, if R(z)> 1, R(m + n)> - 1, R (m - n) > 0^ R(j>) > “ » 

Tlm + p+l) f°° (A* - 

(z»- l)-^Pn m ( z )= r(m ^TT)T(m-n)'i (z + A ) m+p+1 
[Apply Ex. 9, p. 276, to Ex. 90, and use Ex. 2, p. 266.] 

93. Shew that 

(i) V (sin 0) (cos 0) = (-) cos n0, 

(ii) N /(sinh u) Q*_ t (cosh «)=^(|) e- nu , 

and hence deduce Ex. 72 from Ex. 87, and Ex. 77 from Ex. 90. 

[Use formula (15), p. 309, and formula (5). p. 305.] 

* Cf. formula (43), p. 318. 
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94. Shew that, if R(z) > 0, R(y) > 0, 

r (a.) T (/3) j* e-^ Av-i F («., /*; p; - A) dA = T(p)z-v E(cl, /3, y : p: z). 

[PutF(<x, /?; pi - A) = + \p.)-*dplB(f3, p-P), 

change the order of integration, and use formula (20) of App. V.J 


95. Shew that, if R(z) > 0, R(y) > 0, 

(i) r(a.)r(£) e-vz(i v )y-i F(a., (3 ; pi - t»/) i dr) 

= r (p) (i/z) Y E (a., f3, y : p : z/i), 

(ii) T(a.)T(l3) (°° e-v(ij/*)K-i F(ol, f3 ; pi ir))dr)!i 

= T (p) (tz)-v E (a., (3, y : p : iz). 

[For (i) increase the amplitude of A in Ex. 94 by £ 7 r so that it becomes 
it), at the same time decreasing the amplitude of z by £it so that it 
becomes zfi .] 

96. Shew that, if j amp z | < 7 r, H(p - a. - ft) > — l, 

G•* r <- *■’n & **=r(OT) E C' V" iz ) 

ie ig T(p-a.-ft)T(oL+ft-p+l)F(p)f E(a., ft, 1 : 0 . + /3-P+ 1 : zfi) \ 
zT (a.) T {ft)T (p - a.)T (p - ft) l - (iz )«+*-<> E (p - a., p - ft :: z/t) J* 

[Integrate F (a., (3; pi () round the contour bounded by the lines 
£ = 0, £ = 1, rj = 0 J T) = k> 0, let A; -► 00 and use Ex. 95.] 

97. Shew that, if - iir < amp z < 27 t, R(m) > - 1, 

j 1 ^(1 -£*)!"»T-™(£)d£ = n /(2zc-* w /7t) z -m_l K n+ j(ze-* w ) 

+ s/(2zlir)(ze- in )~ m ~ l sin nir cosec m7r K n +j(z) 

+ sin (m - n) 7T sin (m + n)ir cosec mir . 2 m (irz)~ l e~ z 

( 1 - m + n, - m - n, 1 : 2z\ 

1-m )' 


xE 


[Integrate e“t(l - £*)l™ TJ 7 " (£) round the contour bounded by 
$= ± 1 , 77 = 0 , rj = k> 0 , and indented at 1 and - 1 , and let £ -*■ 00 : 
then replace z by z/i.] 

98. If R(z) > 0, R (l) > 0, shew that 

\* e-**(A- l) l_, (A* - 1)-Jm P- m (A) dA 

_ _ 2 ~ m z~ l e~ z _ /m + n + 1 , m - n, l : 2 z\ 

~r(m + n+ l)r(m - nj \ m +1 / 

99. If R(z) > 0, R(Z + m) > 0, shew that 

e-*(A - l) 1 " 1 (A.* - l)* m P^ m (A) dA 

= - — sin nir e~ z z~ l ~ m E ( - n, n + 1, l + m : m + 1 : 2z). 

7T 
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100. Shew that, if R (z) > 0, R (Z) > 0, R (Z + m) > 0, 

(°°e-*(A _ 1) J-1 (A* - l)* m Q n m (\) = - m - —JJ 9 C- Z -- 

Jl ' v \ / r(n — ?n + 1) 2 sin TO7r 


jsii 


sm htt z -m E ( - w, n + 1, 1 + m : m + 1 : 2z) 

2 m sin(m + /i)7r E (n - to + 1, - n - m, l: 1 - m : 2z) 

[Use Ex. 10, p. 276 and Exs. 98 and 99.] 


} 


101. Shew that, if R (z) > 0, R(Z) > 0, R(Z - m) > 0, 

("e-*(A - l) 1 - 1 ** 2 - 1)-*™ Q„™(A) d\ 

_ e~ z z~ l J z m sin mr E ( - n, n + 1, l - m : 1 - to : 2z) 

~ 2 sin ttxtt [ + 2 _m sin (to - n)-rr E(w + n + 1, m - n, Z: m + 1 : 2z) 


102. Shew that, if R(z) > 0, R(m + n) > — 1, R(m - n) > 0, 

T(Z) (* e-^ K„ + j(/i)/x*»-l(z + ^)-*d / i 

= 2“ m z -1 E(to + ri + 1, TO - n, Z : m + 1 : 2 z). 

[Substitute from Ex. 62 (i) in Ex. 98, and change the order of integra¬ 
tion.] 

103. Shew that, if R(z) > 0, R (to + n) > -l,R(Z-m)>0, 

n /(27t) sin mv T (Z) e~» //. m -l(z + p)~ l dp. 

= sin (n — to) tt . 2~ m z~ l E (to + n + 1, to — n, Z : to + 1 : 2z) 

— sin ( n~)z’ u ~ l E( — n, n + 1, Z — to : 1 — to : 2z). 

[Substitute from Ex. 58, (ii) in Ex. 101, and change the order of in¬ 
tegration.] 

104. If - £ 7 r < amp z < b r, R(?n±n) > 0, shew that 

jf'" ni)r(TO±il [“K n (A)(A - z)-« Im(A - z)A m_l d\ 
r (w + n) r (to - n) Jo x xr / \ 

= e -itV 2 _m K n (ze~i”) + e( m +» in z~ m cos(mr) sec(mir) *.„[*) 

_ z sin(TO-n)7rsin(TO + n)7T £ /1 - to + n, 1 - to - n, 1 : 2z\ 

" r 6 Z COS ( TO7T ) 2 1 ~ m v/7T \ 5! “ tH f 

[Substitute from Ex. 62, (i) into Ex. 97, change the order of integration, 
and refer to Corollary, p. 268.] 


105. Shew that 


L, E (p ; 0 L r : q ; p s : (z) d£=E(p ; a. r : q + l i Ps- *)• 

2tti J 

the contour of integration being that of Ex. 1, p. 143. . 

[When p^q + 2 use formula (22), App. when p _q 

formula (21), App. V.] 

106. Shew that, if R(a. P+1 ) > 0, 


use 


j°°e-A A«P+l-l E(p ; ** r :q; p 8 : z/ A) cZA = E(/>+ 1 ; «-r : <7 J Ps - z >* 

[If p ^ 9 + 1, use formula (20) of App. V. ; if p ^ q, use formula (2D- 
App. V.] 
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107. Shew that 

\ e { ^p+i - 1 E (p ; a- r : 7 ; p» ■ *10 d C 

= e'Vt-i w E(p + 1 ; a. r : 7 ; p s ■ ze~i”) - e~<*p+ l" E(p + 1 ; «. r : 7 ; p,: ze»"), 

where the contour of integration is that of Ex. 1, p. 143. 

rif V 7+ L use formula (22), App. V. ; ifp = 7+ 1 the contour must 

enclose the point 2 : if p S 1, use formula ( 21 ), and. assuming for the 
time being that R(ol p+1 )> 0, deform the contour into a small circle 
about the origin and the negative real axis described twice.] 

108. Shew that, if R(a- p+ i) > 0» R(p<j+i — °-p+i) • > 

j 1 X°p+x —1 (1 - A) p 9+i — °P+ 1—1 E(p ; «. r : 7 ; p, : z/A) d\ 

° =r(p <I+l -a. p+l )E(p+l ; a. r iq+\ i p, : *)• 

[If p ^ 7 + 1, use formula (20), App. V. ; if P ^ 7. use formula (21).] 

109. If a; is real and positive, and R(m±n) > 0, shew that 

4 pA ™" 1 K n (2A) E(p ; <x. r : q ; p, : x/A*) dA 

° = E(p + 2 ; a. r : 7 ; p, : x), 

where ol p+ , = + In, ra . P+2 = £ m — £n. 

[From Ex. 106 the r.h.s. is equal to 

(“e-* A“p+i-> d\ i‘ D c-^p“; > +a " 1 E{p ; «- r : 7 ; P* : */(V» 

Jo .0 

Here replace /z by £/x, change the order of integration, replace A by 
2A 2 /p, again change the order of integration, and use Ex. 71, (iv).] 

110. Shew that 

p- *>F(0i <r; -*) = v; n ( ,YpTi-, F ( _n 

f,=0 

and, using Dixon’s Theorem, deduce that 

(i) F(a.; p; 2 ) F(ol ; p; “ *> = F J p + J ; ?)’ 

(ii) F(ol; p ; z) F (a. - p + 1 ; 2-p; - 2 ) 

>* + ip-«., Jp + «- ; 

\ I + ip. 8 -*p 4/ 

(p- 1 )(p — 2 a.) /1 + ip-OL, l-|p + a., 2 »\ 

+ p(2~- p) v i + ip, 2-i P 4; 

[C. T. Preece.] 

111. Shew that 

(i) 2«+0-i T (<x) T (£) E (ol, 0, io. + */?, Jo. + ££ + | : ol + f3 : iz*) 

= T(i) E(a., /3 : : tz) E(a., /? : : - iz), 

(ii) E(£-fc + m, \ J-fc, 1 - fc : 1 - 2k : Jz*) 

= 2** T(])r(i-fc + m) r(| -k-m) zr^ W*. m (iz) W*. m ( - iz). 

[Meijer.] 

[For (i) expand the E-functions on the right by formula (22), App. V., 
and multiply, using Ex. 110.] 


1 - p-n, ; 1 
1 - a. - n, <r 


) 


z n . 
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112. Shew that 

(i) W*. m (z) = z\ W*_j, m-i («) + (*-* + m) W*-,, m (z), 

(n) zW' k ,m(z) = {k- £z) W*, m (z) - (m» - (k - £)*} W w (z). 

[Use Ex. 2 (i) and (ii), § 4, App. V.] 

113. Prove that, if R(z)> £, R(<x + y)> 0, R(P + y) > 0, 
j o e~ l C^~ x E(a., f3 : : tz) dt 

= r(a.)r(/3)r(<x + y)r(/? + y) {T (a. + P + y)}~' 

xF{<x, p; a. + /? + y; (z-l)/z). 

[Substitute from formula (10). App. V., for the E-function, put A = fit, 
change the order of integration, and get for the l.h.s. 

r(a.)T(p + y) ( o /x£-i(l + /x)-«- 0 -v^l - ~~ • ^r) 


114. Shew that, if R(z) < 1, R(Z±m) > - £, 

e-m-z) t i-i Wk {t) dt 


\ 


oo 

0 


_r(4m + |)r(l-m + |) p 

r(z-*+i) 


( 


Z + m + £, Z - m + £ ; z 


) 


l-k+l 

[Goldstein.] 

[In Ex. 113 replace z, t, a., /?, y by 1/(1 -z), (l-z)Z, ±-k-m t 
$ — k + m, k + 1 respectively.] 

115. Shew that, if | Cl < 1, R(z) > R(<x + y + A) > 0, R (0 + y + A)>O, 
R (a. + y + n) > 0, R (p + y + n) > 0, 


[ e — 11 Zv-1 E (a., P : : (t) E (A, /x : : zt) dt 

Jo 


fi + r) 


S Tri'(A)X'{ft) r(q. + r) r(a. + y + A 4 - r)r (ol + y + 

sin (P - oJ)tt r! r(a.-/3+l+r)r(a. + y + A + /x + r) 


_ 7rr(A)r( M ) 

x C a+r F(A,/x ; a. + y + A + /x + r; (z-l)/z). 

[Apply formula (11) of App. V. to the first of the E-functions and 
integrate term by term, using Ex. 113.] 

116. If 0 < 2 / < 1, R(z) > b R(o. + y + A)> 0, R(o. + y + fi) > 0, 
R 03 + y + A) > 0, R (/? + y + *0 > 0, R (/x) > 0, shew that 


(“e-^Zv - 1 E(ol, : : yt) E(A, n : : zt) dt. 
Jo 


= r(a.)r(/3)r(A)r(o.+y+^)r(/?+y+ A x){r(a.+^+y+^)} l ir 

fl .» /. . Z — 1\ — A fa., a. + y + /x; 1-J/(1’01 a 

j J +/3 + 7 + / , ) dt - 

[Apply Ex. 1, p. 249, to the hypergeometric function, then expand 
the hypergeometric functions and integrate term by term, and use 

Ex. 116.] 
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117. If R (z)>h R(ol + y + X) > 0, R(/3 + y + X) > 0, R(ol + y+/x) > 0, 
R (/S + y + 1 1 ) > 0. shew that 

“e-t *v-i E (ou, B :: t) E (X, /x :: zt) dt = T (p) T (X) T (a. + y + X) T ((3 + y + /*) 
'o 


^ I 1 («. + y) r (/z -f r) r («. + y + /x + r) -p/ 

r! r(a. + /tf + y + /A + r)r(a. + y + X + /x + r) \ 


X, n + r i z - 1 


a. + y + A + /x + r 




[In Ex. 116 let y -* 1, expand the hypergeometric function and 
integrate term by term.] 

118. If R(y ±2m) > - 1, shew that 

» „ r rrv+ nra + h + m)rq + £y-m) 

W - kt m(t)(h- 2 r(iy+ *+l)T(iy-fc+ 1) 

[In Ex. 117 put 2=1, replace a., /3, X, /z by 

\ + k + m, \ + k-m, \-k-m t \ - k + m, 

respectively, and apply Dixon’s Theorem.] 

119. Shew that, if | z | is sufficiently small, 

a., d ; z\_ ■ z> - F /* cl ’* + * €l; -J 

*V_0+1 )- {1+Z) b \a.-P+l (1+*)V 

[Cf. App. V., § 6, Ex. 3.] 


120. Prove that 

i„<*> M3/>=2^i | ex p {« +5 ^r'} x » (f) t 

where the contour of integration is that of Ex. 1, page 143. 

[Macdonald.] 

[Expand exp{(a;» + y t )l(2()} and the Bessel Function in the integrand, 
multiply and apply the identity, 



(r-s)l a! r(n + « + l)T(n + r+ 1 - *)’ 


where r is a positive integer. The identity may be deduced from Ex. 119 
by putting ol= - r, 0 = - n - r, z = y % lx % , multiplying by x* r and dividing 

by r! T(n+ l)T(n + r+ 1).] 

121. Shew that, if R(x±y)* > 0 and | y\x \ is small, 

*-n (*) X » > = 2S S 6XP (« + '“ tf) (? + **) f 

= 2^i S eXP (4 +5L ^’ 0 iXy0 f ‘ 

where, in both cases, the contour is that of Example 120. 
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r L . H .s. = (^ n Y T w ( - r)2r F /n-r, -r;yj\ 

L W r • F( - + 1)r(n + 1) \ n+l x 2 ) 


= (y\ n v yt/x 2 )™ 

V*v <r! T( - n + r + l)f (nn 


n-r n-r+1 4 x a y 2 ) 

F J ST * 2 ; (a; 2 + ?/»)* 

n+l 


— 0 - . T( -n + r+ l)T(n+ 1) 

V 

by Ex. 119, | y/x | being so small that the transformation is valid.] 

122. Shew that, if R(x±y) 2 > 0 and | y/x J is small, 

K.(*> l„W = i (J exp ( - - *±f) I. (-|) f 

[Macdonald.] 

[In the integral on the right of Ex. 120 deform the contour as was done 
in Ex. 71, and the integral becomes 




d( 

1 


sin mr x 2 + y 




Now replace £ by l/£ and so obtain the second integral in Ex. 121.] 

123. Shew that, if R(x + 2 /) 2 ^ 0 , 

K n (.r) K n (y) = £ \* exp ( - ££ - " 2 ^ K " (jf) If* 

124. Shew that, if R(m ±k + i)>0, 

j^(x-i/)A A*-*(l - A)-*-J I 2m [2 s /{xyA( 1 - A)}] dA 

= + , m ^ el(X_i/) M*, m (y). 

{r( 2 m+l )} 2 N /(ary) 

[Howell.] 

[Expand the exponential function and the Bessel Function in the 
integrand, multiply and integrate term by term, so obtaining 

v~ (* ~ y) r B (m + k + r + *, m - k + £) 

[xy) Zj q rl ~ r ( 2 m + 1 ) 

P / - hr, l-ir,m-k + l; -4 xy \ # 

[ 2 m + 1 , l-m-k-r (x - y) 2 J 

Now apply App. V., § 5, Ex. 4.] 

125. Shew that, in the theorem of § 2, p. 321, if r = p(> 0) or q, 
formula ( 6 ) becomes 

(“/(A) J n (Ar)AdA = i</>(r). 
f Let J = Lim ( M J n (Ar)A dA ( ? J„ ( A/>) p dp 

1 M->» .'0 :p 


= Lim \ q p dp \ J n (Ap) J„(Ar) A dA 

M-*°° ip '0 

= Lim I" / .[j„(Ap)Ar J'„(Ar)-J„(Ar)ApJ'„(Ap)]“dp 
M—►°° - P P “ ~ L 





MISCELLANEOUS EXAMPLES Ilia. 


399 


by formula (7), p. 321. Hence, using the asymptotic expansions of the 
Bessel Functions, p. 273, 

J = Lim - 1 1(e) sin <M(p_±r> - ^ - ""j dp 

M-*eo 77 -P V V r -' p + r 


♦ Lim I (V /(e\s»*i£n! dp. 
M—*<o 7r) P yJ\ry p-r 


On integrating by parts in the first integral, the sine being first inte¬ 
grated, it is found that the limit of the integral is zero. Thus 

J = Lim (' ™K<PZ 1 } dp + Lim - j* ein M ^ ~ r) dp. 

M—co 7 T V /r v /p + s/r M—►« 7 T p-r 

Here again the limit of the first integral is zero. Therefore 

J = Lim - l - (hr = i, if r = p or q. 

M—*•« “ 'M(p-r) *r 

Hence, as on p. 322, 

l”/(A.)J n (Ar)AdA = i <C J n (Ar)AdAi' 7 {</>(p)-^(r)}J n (Ap)pdp + ^(r).J 
JO JO JP 

= <f>(r) . J.j 

126. Shew that, if | amp z | < tt, 

® /I _ \ \f| 

(i) 2-j—E(a,+n,a a . a p :q;p a :z) 

n=0 n> 

= A _a i E (p ; <x r : q ; p s : \z), 0<A<2; 

.... ^(1/A-l)" 

(n) y j — E(p ; <x r : pi — n, p a , ... , p Q : z) 
n ■= o 

= A 1- Pi E(p ; a r : q : p 3 : Az), A > $. 

[Meijer.] 

[Substitute on the left in each case from (36), p. 374, and change the 
order of integration and summation.] 
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1. If f(z) and (f>(z) are holomorphic within and on a simple closed 
curve C, and if | <f>(z) |< |/(z) | at all points on C, show that /(z) and 
f(z) + <f>(z) have the same number of zeros within C. 

[Rouch6’s Theorem.] 

[Neither /(z) nor /(z) + <£(z) can be zero on C ; for, on C, |/(z) | >0 
and |/(z) + 0(z) | >|/(z) | - | <f>(z)>0 . 

Now /(z) + <f>(z) =f(z)u>, where w= 1 + <f>(z)/f(z). When z is on C, w 
is an interior point of the circle | w - 1 | = 1 in the w-plane. Thus, when 
z passes round C, w does not pass round the origin in the w>-plane, and 
consequently the initial and final values of w and amp w are the same. 
Hence, if/(z) has n zeros within C, when z passes round C the amplitude 
of f(z) + <j>(z) increases by 2nn, so that this function also has n zeros within 

C.] 

2. Show that the roots of the equation z 5 - 9z 2 + 11 = 0 all lie between 
the circles | z | = 1 and | z | = 3 ; and that two of them lie to the right of 
the imaginary axis. 

[In applying Rouch6’s Theorem to the circle |z | = 1 take/(z)=ll, 
$ (z) = z 6 - 9z 2 ; for the circle | z | = 3 take /(z) = z s , <f>(z)= 11- 9z*.] 

3. Show that the residue of 

1 /, . 1 1 1 \ 

z l 1 + z + l + (z+ l) 8+ '” + (z+ l) n J 

at - 1 is - n. 

4. A, B, C, D are the points $s/n - t*R, (R>0), + *R» ~ W 77, + 

respectively. If e^ 2 /sin {z^n) is integrated round the 
rectangle ABCD, and if I„ I 2 , I 3 , I 4 are the integrals along AB, BC, CD, 
DA respectively, show that 

(i) I l + I 3 = 2ie<”l*^ R e- i '' i dy, 

(ii) | I 2 |^1/R, (iii) |I 4 |^1/R. 

Cx foo 

Deduce that | o cos y 2 dy = J Q sin y 2 dy = Is/tf-n). 

[J. H. Cad well, Math. Gazette , XXXI, Oct., 1947.] 
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5. A, B, C, D are the points in the z-plane which represent the 

complex numbers — £ — R — t’R, £ - R - *R» £ + R + *R» - £ + R + tR 

respectively, where R is positive. If I 1( Ij, Ij» It are the integrals of 
e iw **/sin ttz along AB, BC, CD, DA respectively, show that I* and I, 
tend to zero when R tends to infinity, and that 

I* + 1 « = 2 V 2 . i \* R e-*"** dx. 

Deduce that 

foo 1 

e~ tnxi dx = — . 

j —oo 2 

[L. Mirsky, Math. Gazette, XXXIII, Dec., 1949.3 
[In I, put z = £ + x + ix, inl 4 put z = - \ + x + ix. From Ex. 11, p. 40, 
get | sin 77 ■ (x ±R ±t’R) | ^ sinh 7 tR.] 

6. By integrating the function 1 /(z cos ttz cosh ttz) round the circle 
| z | = p, where p is a positive integer, show that 

(-l) w 

" 0 (n + £) cosh (n + £) 7 T 4 * 


7. By integrating 
circle, show that 


e iaZ j{z t 8 in Ttz }, where — 77 - 5 ^ a <17r. round a large 


S(-«— 

1 


COS na 77* — 3a* 

n» 12 * 


8 . By integrating l/(z 4 sin z) round the circle | z ] = (m 4 - £)tt, where m 
is a large positive integer, show that 

1 i 1 _7 t7 4 

1 2 4+ 3 4 4 4+ **‘ 720* 

Deduce that 

_ 111 77 4 

1 + 2i + 3"‘ + r‘ + - = 96’ 

1 1 1 _ 77 4 

1 + 3 * + 6 "* + 7 " 4 + "'“ 96 * 

[In order to deduce the second series from the first multiply the first 
series by 2/2 4 , 4/4 4 , 8 / 8 4 ,..., adding the resulting series to the first series.] 


9. Prove that 

... f® dz .... f® zdz 

1 J-co sinh* z~ * J-®sinh*z %7r ' 

where the integrals are taken along the x-axis with an indentation above 
the axis at the origin. 

10, By integrating (z - twP/sinh* z round the rectangle bounded by 
the lines x = R( >0), x— -R, y = 0, y = rr, indented at the origin and at 
* 77 , show that 

f® X* 77* 

Jo sinh*x 6 


M.P. 


2 c. 
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11. By integrating l/(z 3 sin 2 sinh z) round a large circle, show that 

® (-l)n-i _ ^3 

n 3 sinh rm 360 * 


n=l 


12. Prove that, if n is a positive integer, 

^ 1 , (2tt) 2 " t 


00 1 

r=l T 


~ •• / t> 

(2n)! n * 


[Integrate l/{ 2 2 B (e* - 1)} round a large circle, using the expansion on 
p. 132.] 

13. Prove that, if n is a positive integer, 

• ( - l) r = E n 

r 4 ^( 2 r+ l) 2n + 1 ( 2 n)!\ 2 / 

[Integrate l/{z 2n + 1 cos 2 } round a large circle, using the expansion of 
Ex. 37, p. 328.] 

14. Show that, if R(c + d - a - b) > 1, and if a and 6 are not integers, 

® r(a + n)r(b + n) _ n 2 _ r(c + d-a-b-l) . 

—t ric + n)r(d + n) sin na sin nb P(c - a) r(d - a) F(c - b)T(d - b) 
"~~ 00 [J. Dougall.] 

[Integrate * cot ttz T(a + 2 )P (6 + z)/{P(c + 2 )P(d + 2 )} round a large 
circle which passes between the poles of the integrand.] 

15. If 1= | exp + where x is real, £ = Re‘*, and the 

integral is taken over the first quadrant of the circle K I = R > show that 

77 

| I | < R l/3 exp { - (R + £xR l/3 ) 26In) dd, 

and deduce that I—>0 when R—*-co. 

[Use the inequality sin 9^29 In, where 0<.9^,nl2.] 

16. If x is real and positive, prove that 

(i) j*exp (it 3 + ixt) dt = i |o exp (t£ + ix?'*) £"*'* d * 

= ie ^/« J* exp ( - v + ie inl * xif**) ij- ,/s drj, 

. . (2 x*Jx\ 

(ii) e~ v exp (ie inl * x-q 1 ' 3 ) *T * /3 d v = $nx' *I-i V 3^3 ) 

+ : *■ 5 : (3) I’ 


f ao \ ‘ r i«r 

(iii) ] 0 cos ( t 3 + xt) dt - -y lv i V 3^3 / ’ 


[Airy.] 
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[For (i) integrate I in Ex. 15 round the first quadrant of a large circle ; 
for (ii) expand the second exponential function in the integral and 
integrate term by term ; for (iii) and (iv) substitute from (ii) in (i) and 
equate real and imaginary parts.] 


17. Show that, if x is real and positive, 

(i) J Q cos(P - xi ) dt = ^ e ~ inl * G l( e ~ in '^f§') * [Airy.] 

(ii) j 0 %in(*> - xt) dt = ^ { J-J (~f) - J) (^) } 

-T?f{is t.t< -(I)’}- 

(In Ex. 1G, (ii), increase amp .r by n .] 

18. Show that, with R(z) >0, 

Jn(2) = 2^I CZSln, ‘ C-nCd ^ 

where the contour consists of the line rf = - n from £ = « to £ = 0, the 
7j-axis from - in to in and the line rj = n from £ = 0 to £ = °c . 

[From Ex. 6G, (iii), p. 388, 

J n (*) = — f" dnh m dd 

Ztt J 

1 f 00 

-I e —slnli —t^) 

2ni Jo 

1 f® 

H-; e— "(M+feJ+zslnhta+firJrfti. 

2m Jo 

Now in these integrals put £ for id, u - in and u + irr.] 


19. Show that 

(i) P ~ m (z) = ( 2 s - l)l“/{2«r(m + 1), 

(ii) Q^_!(£) = 2 m_1 J’(m) (£* - l)~l m , 

(iii) 2mP-«(2)Q«_ 1 (0 = (z»- 1)1«(£«- l)-i»*. 

[For (i) use formula (1), p. 303 ; for (ii) formula (5), p. 305.] 


20. Show that, as in Ex. 89, p. 338, 


CO 


— = (*•- l)-|m (£. - n.-v; (2m + 2m + 1) P-™,, (z) Q" +m ({). 


0 
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[From Exs. 87, 88, pp. 337, 338, 

(2n + 2m + 1) 2 P= (n + 2m + 1) P"f m+1 (z) + n (z). 

(2n + 2m + 1) £ Q™ +m (0 = (n + 1) Qj +m+1 (0 + (n + 2m) (0. 

Hence 

(C - *> (2n + 2m + 1) p-f m ( 2 ) QJ +m ({) 

= {(n + 1) P“« w ( 2 ) QJ +m+1 (0 - (n + 2m + 1) P^U +1 (z) Q”‘ +m (C» 

- {n P-* m -i (z) Q- +m (0 - (n + 2m) P"-,, (z) Q- +m _ 1 (OK 

and therefore 

({ - *) it (2» + 2m + 1) p-f m (z) Q” +m ({) 

n=0 

= Up + 1) p ^T m (2) Q JWi (0 - (p + 2m + 1) p ;? m+l (z) Q? +m (C)} 

+ (z»- 1)1”* (0- 1 )-* m , 
by Ex. 19. Proceed as in Ex. 89, p. 338.] 


21. Show that 

QJ d. + 1 ->-*"■*Off M - ri"-mti) p " m {z) - 

[Use the formulae at the foot of p. 306, and formula (1), p. 303.] 


22. Show that, if m is integral and I(z) >0, 

Q”(2, + 1 . ) _ e mni Q rn {z) = T™ (z) . 

[Use Ex. 10, p. 276 and formula (9), p. 307.] 


23. If/(z) is holomorphic as in Ex. 90, p. 339, show that, m being a 
positive integer, 

/(*) = (- l)’"(l-z , )-» m 

«j(ntm+tl T-“„ (*) P 1 MW - V)^ +m (t)d(. 

n=0 J 

[Proceed as in Ex. 90, p. 339, using Exs. 20, 22.] 


24. Show that, if m is a positive integer, 

(i) {z - * 1 E (p ; ct T : qi p a ' kz )) 

(tZ 

= ( - l) m 2 -«i- Tn E(a 1 + m, a„ ... , «p : Q i Pt : 




— (2»-Pi E(p ; : g ; p, : **)} 

dz m 

= ( _ l)m 2 l-p,-m E (p ; a r : pi - m, p a . . Pq : 




sin 


+ sin 
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25. Provo that, if p^q + L if R(p ff +» - <*p*i)>0* if 
R(« r - p„ + i)> - 1. r= 1, 2, ... , p, and if | amp z |< tt, 

in(p Q+l n) P^ fl(1 _ <) >, tl -«p t ,-i E(p . ar ; q: Pt : zt)dt 
Pan ~ a p + ll JU 

= sin (<*„ + , tt) E(/> + I ; a r : q + 1 ; p„ : z) 

- *..>-»*« - E(f +1: *' - p «;' + + ‘, p + , : 2 ) • 

* ^ ““ Pq + i> Pi Pq + i ^ ** ••• » Pa Pa + i * 

[if R(p — a) >0, R(z)>0, t- p (i - /)^— 1 E ( : :xt)dt 

= 7 $% Jo < 1 - O’—■ exp ( - i) * 

= P^Zj IT->*—■'“*(-;)* 

= f" A*-“-*(l + A)—»«-*/• dA 

i (p — a) JO 

^1 — a, p — a : : z^ - ® 


sin(pir) e _1, ‘ 


E 


rip-a) r(l-a) 

.sin(pTT) e -»'» J T(1 - p)r(p - a)z g -*’F(p - « ; p; 1/z) 1 2 p_ a 

T(p-a) T(1 - a) 1 + T(p- 1)T(1 - a)z a -»F(l - a ; 2-pJ l/z)J 

CV-V -I) 

= sin(arr) E(a : p : z) + sin (a — p)ttz p ~ 1 E(a-p+l: 2 - p : z). 

This gives the formula when p = q = 0. 

For the general case put <x p+1 and p a+I for a and p and apply the 
formulae of Exs. 106 and 105, p. 394 as often as is required. When 
p^q the integral should be replaced by a contour integral.] 

26. Show that 

0)F V2a ) ¥ \2fi )- F \ *+i,p + ba + fi 4 / * 


(ii) K tn (z)K n (zc^) 

= i S r(-m)r(-n)(**r + "e < " 

m, —m n, —n 

xF 


c 1 


+ m + n . m + n 

— -, 1 + —;r— 


; 1 + m, 1 + n, 1 + m + n; z* 


)• 


(hi) K m (z)K„(ze*”) = 

x E 


c 


m + n 

COS l --- 7T l cos 


) cos ("V* ”) 


2iz*Jir 

( 1 + m — n 1 - m + n 1+m + n 1 - m — n 1 
2 ’ 2 ’ 2 * 2 


: — : e in z* 


) 


_• /m + n \ . /m-n \ 


2 tzVff 

_ m-n . 

xK^H- !_ 


m — n 


m + n 


m + n 3 
2 1 2 


, 1 + ' , 1 — — ^ : — ; e*” z* 


) . [Ragab.] 


406 


FUNCTIONS OF A COMPLEX VARIABLE 


[For (i) show that the coefficient of z” on the L.H.S. is 

(g ; n) _ / - n, 1 - 2g - n, ft ; 1\ 
n! (2a; n) V 1 - a - n, 2/3 )' 

and apply Ex. 8, App. V, § 5. For (ii) express the K-functions in terms 
of I-functions, using the formula (7), p. 347, and apply (i). For (iii) 
expand the R.H.S. by means of formulae (22), (23), p. 353, and use (ii).] 

27. Show that 
K™(z)K n (z) 

1 \ ^{\+m-n 1 - m + n 1 + m + n 1 - m - n 1 in t \ 

= i^2yJ E V-2-' -2 ’ 2 ’ 2 =2 :e Z )• 

*» * I 


• _ • pi 71 2^ I 

e z j. 


[Ragab.] 


28. Show that 

E(a, p : : ze i7T ) - E(a, p : : ze~ in ) 


[Ragab.] 

[L.H.s. = ^r(,8 - a)r(g)z a 

cc /3 

x {e inix F(a ; a - P + l ; ze in ) - e~ inat F(a ; a - p + 1 ; ze~ in )} 

= e~ z ^£r(p - a)r( a )z*2i sin 7raF(l - p ; a - p + 1; z), 

«»0 

by formula (5), p. 346. Hence 


Z CL+P-1 Q-t 




L.H.S. = 2irt 888 ^ j r(p-a)r(\-p)z^F(\- Pi «-p+iiz) 

r(i - a)r(i - P)^% 

= R.H.S.] 

29. Show that 

E(a,j8: : z) E(1 - a, 1 - P : : z) = r(a)T(P)r(l - «)T(1 - P)n'Hh z ) 1 "~ &eZ 
1 f E(a, P, £a + £0, i*+tp+h : cc + p: \z l e in ) 1 . 

X 2t ri \ -E(a, P, ia + ijS, + ££ + i : « + 0 : *z* e-<”) J 

[Ragab.J 


27ri 


[From Ex. Ill, (i), p. 395, R.H.S. = ^r( 1 -a)r(l-p) 

x2 »-«-V(E(a, p : : ze <ff ) E(a, p : : z) - E(a, P : : z)E(g, P : : ze~ ia )} 
= L.H.S., by Ex. 28.] 

30. Show that, if m is a positive integer and if R(&) >0, 

J*e- A A*" 1 E(p ; a r : q ; p 3 :z/X m )dX 

= m fc -M27r)*-* m E(p + m ; a r : q ; p, : z/m m ), 
where * v+v =(k + v- l)/m, *= 1, 2, ... , m. [Ragab.] 

[Assume that gSp + m, put the E-funetion in the integrand in the 
form (21), p. 352, and integrate term by term, so getting 
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n r(o ^ r(k) F /<*„ ... , k/m, (k + 1 )/m, ... , (fc + m - 1 )/m ; - 1. 

n^tps) 1 pi* •••»p« J 

On applying ex. 5, p. 154, with &/»» in place of z, so obtaining a 
product for r(k), the required result is obtained. To remove the 
restrictions on p and q Ex. 10G, p. 394 and Ex. 108, p. 395 can be applied.] 

31. If m is a positive integer and if R(p) >R(*) >0, show that 

£ A“-*(l - A)*-*" 1 E(p ; cc r :q; p 9 :zlX m )dX 

= F(p - a)m“- p E(p + m ; a r :q + m; p 9 : z), 
where a p+ „ = (a + v - 1 )/w, p 0+w = (p + v— l)/»n, v= 1, 2, ... , m. 

32. If is a positive integer show that 

S-'Etp ; a r : <7 J P«:£ m z)d£ 

= ( 27 r)i n '-l 7n*- p E(/> ; « r :g + m; p 4 : zm”*), 
where the contour of integration is that of Ex. 1, p. 143, and 

p Q+g = {p -f <7 — l)/Tn, a — 1, 2, ..., in. 

33. If m is a positive integer and if R(fc±n) >0, show that 

J" K n (A)A fc -> E(?> ; « r : q ; Ps :z/X*”')dX 

= (27r) l_m 2 fc ~* m k ~ l E (p + 2m ; a r : q ; p, : z/(2m) s,n (, 

where a p+ „ +1 = (& + n + 2v)/(2m), a p+m+v+1 = (A: - n + 2»*)/(2m), i* = 0, 1, .... 
m-1. [Ragab.] 

[Assume that q'^.y + 2m initially, and use the formula of Ex. 62, 
(ii), p. 387.1 

34. Ifm is a positive integer, and if R(fc + y) >0, R(fc + 8) >0, show that 

J 0 e- A A fc ~ l E(y, 8 : : A) E(p ; a r : q ; p 9 :zlX m )dX 

= (2»r)*-* m m fc -*r(y)r(8)E(p + 2m ; * r :q + m ; p 9 : z/m m ) t 

where ct v+p+l =(y + k +v)fm, a Jt + m + v+l = (8 + k + v)lm, 

Pq+v+i — (y k + k + v)lm, v — 0, 1, ..., tn — 1. [Ragab.] 
[Use the formula of Ex. 113, p. 396, with z= 1.] 


35. Show that, if in is a positive integer, 

| e c £ k ~ l E(p ; « r : q ; Ps : z/£ m ) = (277)1-*"* m *"* 

f e ikn E (p + m ; : q ; p 9 : ze~ imn lm m ) 1 

X 1-e _<fcw E(p + m; a r : q; p 9 : ze imn lm m )) ’ 
where a p+K+1 = (it + v)/m, i> = 0, 1, 2, ..., m - 1, and the contour of integra¬ 
tion is that of Ex. 1, p. 143. 

[Assume initially that q^p + m and R(&)>0; then deform the 
contour into a small circle about the origin with radius tending to zero 
and the negative real axis described twice.] 
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36. Show that, if R(z)>0, 

j" e~*A*-> K.WA) K„(z/A) d\ = 2*-«(«)-> 

, / l+?n- n 1-m + n 1 + m + n 1-m-n k +1 k+2 

2 * 2 * 2 ’ 2 ~ 


’ 2 ’ 2 
i 

[Ragab.] 


[Apply Ex. 27 and Ex. 30.] 

37. Show that, if R (z) >0, 

J” A‘-iK 1 (2A)K„( 2 /A)K n (z/A)<iA = 


», -< * \ 


16 ZsJtt 

1-m + n 1+m-n 1+m + n 1-m-n 1 + k + l l + k-l 
2 ’ 2 * 2 ’ 2 ’ 2 ’ 2 


: j 

a 

[Ragab.] 

[Apply Ex. 27 and Ex. 109, p. 395.] 

38. Show that, if p^.q + 1, R(a r + &)>0, r= 1, 2, .... p, and | amp z \ 

< 7T» 

J o e^A^EQo ; a r : ? ; Ps :*z)d\ 

tt /E(p ; * r :l-k, Pl . Pq : c± in z) \ 

~ sin &ttI -z“*E(p ; cc r + k : 1 + A:, Pl + k, ..., p^ + fc : e± ,w z)/ * 
If p ^ g, the result holds if the integral is convergent. 

[Ragab.] 

[Formulae (10) and (11), p. 348 with a, in place of a, k+ in place 
of fi and 1/z in place of z can be written 

/’(a 1 )|"e- i A*-'(l+U _ ” ,dA=r ( i ') r ( c '-> F ( <:< > : 1 ~ k: l) 

+ r( - k)r( ai + k)z- k F{ ai + k ; 1+fc; 1/z), 
or, if I amp z | < tt. 


f e -A A fc-1 E(a 1 : : Xz)d\ 


TT 


(E( ai : 1 - k : e± irr z) - z~ k E (a, + k : 1 + k : e± in z)}. 


sin kn 
where R(a x + k) >0. 

This is a particular case of the required formula, which can be 
deduced by applying Exs. 105, 106, p. 394.] 


39. Shew that, if | amp z\<\tt, 

r(-i-Jn) r(-£+in)(!) ,C d£=2K n ( 2 ), 
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where the integral is taken up the 77 -axis, with loops to ensure that ±n and 
- Jn lie to the right of the contour. 


40. Show that, if p^q + 1, 

E(p ; <t r : q ; p s : 2 ) =n v ~ Q ~ x ^ ft 8in {p t - a r )n 


r-1e-i 


fri' • / U.I" 1 + J .+ 

< II 8 in(a s — a r ) 7 T > z*rJ£,< . 1 . ff-a +1 

U=1 J + •••*•••• « r a » +1 

[Use formulae (22) and (23), p. 353, and (21), p. 362.) 


t«(P —0— 1) 


}• 


41. Prove that 


p p-y ( p, "l -1 

E(p; a r :p; p 3 :*) = X ^1 6in(p t - a r )7r^ II sin(a, - a r >7r > 

r-1 U-l J 


x X ie<»(«r-0i.+ 1 )*«rE I®" ® r + 1 . . Pv * V — }• 

[In Ex. 40, with q=p- 1, replace z by £z, multiply by e c £- p P and 
integrate as in Ex. 105, p. 394. For the R.H.S. apply Ex. 107, p. 395.) 

42. Show that, if p^q+ 1, R(fc+ y+ 2a r ) >0, R(fc + 8 + 2a,) >0, r=l, 

2, ..., p, 

Q e- A A*“»E(y, 8:: A)E(p; a r : q ; p 9 : zA*) dA = ir # /*r(y)r(8) 

sin(y + S + fc)7r . 2* 


j : 


sin(y + &) 7T m sin(S + k) IT 

g J a i» ••• * a p» 1 - i(y + 8 + A;), i(l-y-S-fc) : 4z) 

, p Q , 1 -|(y + fc), J(1 -y-A:), 1 - i(8 +A:). i(l - 8-A;) J 


t V sin(87r)2- y - 1 z-<y+ fc )/» 
v,a sin(Iy + ^k)n . sin(y — 8)77 

f«i + i(y + A:),... , a„ + J(y + A;), 1 - 48, $ - £8 

xE< Pi + £(y + fc), ...» p<, + i(y + A;), l + $(y + &)» £, 

l l + i(y- 8 ), i (1 + y - 8 ) 

V sin(87r)2-> > - > z-<v+ fc + 1 >/» 
y,0 cos(^y + ^A:)7 t . sin(y — 8)77 

a i + i(y + A: 

xE { Pi + i(y+ A 


:4z 


+ 1), ..., a„ + \{y + & + 1), 1-$8, 1 - ^8 : 4z'| 

+ 1)» ••• * p<* +$(y + &+1), £(3 + y + &), f 

h i(3 + y- 8), 1 + i(y — 8) J J 


The result holds for other values of p and q provided that the integral 
is convergent. 

[JRagab.j 

[Write the integral with p=\» 2=0, in the form 

J®e-* E (y, 8 : : A) E (a, : : dA, 

apply Exs. 39, 40, and then generalise.) 
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c 


43. Show that, if 2 is real and positive and R(&±m)> - f, 

e -A A fc_1 K wl (A) J n ( 2 /A) <2 A 

r(k + m- n)T(k - m - n)T(j) n 
r(k - n + &)r(n + l)2 fc Z 

| - ik + in, i-ik + in 


x F 


n + 1, 1 - ik - im + in, i - ik - \m + \n, 

1 - \k + im + in, i - ik + im + in 


r{-jk-jm+jn)r(-2m)r(j) _ m+k 
+ r(i-m)r(l + ik + im+ in)2 k+1 


xF 


^ £ + im, i + im 


+ ik + im + in, 1 + ik + im - in, £, i+m, \ + m 
r( - ik - im + in - i)T( - 2 m- 1)T( - U 


-O' 


+ im, I + im 


xF 


i+ik+ im + in, f + ik + \m - in, f, 1 + m, i + 


• 

i ’ 4/ 

[Ragab.] 

[In Ex. 42 replace A by 2A, 2 by I/ 2 9 , k by k - n - i, y and 8 by i + m 
and i — m, take p = 0 and q= 1 with p l =n+- 1, and apply formula (14), 
p. 351 and the formula E(: n+ 1 : 4A 9 /2 9 ) = (2\/z) n J„(z/A).] 


1 


44. Show that, if R(z) >0, 

* e -A A fc_1 K m (A)K n (2/A) dA 

r(i)r(k + m + n)r(k -m + n) 
r(k + n + %)2 k * 1 

i-ik-in, i-ik-hn 

x F 



r(n)z- n 


1 -n, 1 - ik - im - in, 1 - ik + im - in, 

i-ik-im- in, i-ik + im-in 


; 


+ 2 r(-ik-im+in)r(-ik-im-in)r(-m)2- rn - 3 [^) 
m, —m 


f G 


; i**) 


} + im, i + im 

^* + ik + frn- in, 1 + ik + im+in, i, i + m, l+m 

2 r(-ik-im-in-i)r(-ik-im + in-i)r(-rn)2- m -* 

/ z yn+fc +1 / £ + im, 2 + im 

x \2/ ^ + ik + im - in, f + ik + im + in, f, 

1 + m, f + m 

[Ragab.] 

[In Ex. 43 replace J„ by i” G„ and apply the formula 


! i**) 


G„(*) = 


7T 


{J- n (z)-e-* n ”J n (z)}. 


2 sin n-n 

Then replace 2 by iz, use the formula 

K'(z) = i"G n (iz), 
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noting that 

sin (^n - \m - \k) n . el nni + sin (in + \m + %k) n . e~i nni = sin tin . 

- cos (Jn - \tn - \k)n . el nni + cos (in + \m + \k)n . e~i n7,< = sin tin . 

45. Show that, if p^g + 1» l^m+ 1, R(a r + £)><), r— 1, 2, ...» p, 
B,(f3 t - k) >0, *= 1, 2, .... i, and | amp z \< n, 

^A^ECp; <x r : q ; p s : A)E (l i p t : m ; a u :z/A)dA 

z kj%( a i » * <Xp> Pi ~ k, , fa-k : e± in z\ 

\1 — A:, p j, ..., p Q , a x — k, ... , o- m — k / 


sin A:7r 


- eT a, + k t ... , a x 
\ 1 + A;, pi + Jc f ••• i 


P<7 

+ ctp + &, /9 lt ...» 0! : C± <,7 2 


P<7 + ••• » CT m 


) 


For other values of p, q, l, m the result holds if the integral converges. 

[Ragab.] 

[In Ex. 38 replace A by A/z, where for the moment z is taken to be real 
and positive, and the formula can be written 

J 0 A fc_l E (p ; a r : q ; p 3 : A) E ( : : z/A) dX = z k x R.H.S. of Ex. 38, 

where R(a r + k) >0, r= 1, 2, ... , p. 

Now proceed as in Ex. 38.] 


46. Show that 


E( : n+1 : z)=zl n J n (2/^z). 


47. Show that, ifz is real and positive and R ( - n - f )< R(p)< R(m +f), 

-- 2 tn-p -p ( . 7,1 4- 1 . - 

2 

m + n-p . z*\ 
2 +1 * 16/ 


2p-im—i 


+ 


r (-i±»^ +1 ) r p B+1 , 

r (r z j ZJi ) 

K^ +1 )r,n + l, 


->f(; m+ i.5*Z»Z* + ,. 


z n F 


( . n-tn + p _ 

; n+ 1,-g—- + 1, 


tn + ti + p 


+ 1 


• 

’ 16/* 


[Hanumanta Rao.j 

[In Ex. 45 take p = l = 0, q = m— 1, replace pi, a,, fc by rn+1, n+1, 

l(p - m + n), 2 by 16/z* and A by 4A S , and apply Ex. 46 : proof by 
Ragab.] 

48. Show that, if p^q + l,f^m + 1, R(a p + 1 ) >0. R(a r + ft - a p+1 ) >0, 
r— 1, 2, ..., p, t = 1, 2, ..., i, and if | amp z |< n. 
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J 0 A -CE J>+i _1 E(p; a r : 3 ; p a : A) E (l; f} t :m; o u : zA) dX 

P +1 Q (P +1 -l 

= Tr p -*Z a P+i V n sin (p t - <x r )7r\ n'sin (*,-a r )7r\ Z~*r 

r=li=l «=1 J 

ra r ,a r + fi x - a v+lt ...,a r + fa- a J , +l ,a r -p 1 +l,...,a T - p a + 1: e±»"(P-ff)z 

x E- S a r - a x + 1 , , a= r - ecp+i + 1 , a r + oi - ot p+ i, ..., 


a- + a m ~ a 


•j)+i 


}• 


For other values of p, q , l, m the formula is valid if the integral is 
convergent. [Ragab.] 

[In the formula of Ex. 106, p. 394 replace A by z/A and then replace 
z by 1 /z, so obtaining 

z~ a p+i A - *p+i -1 E (p ; a r : q ; p s : A) E ( : : Az) dX 

= E(p+ 1 ; <x r zq ; p 9 : 1/z). 

Then apply Ex. 40 to the R.H.S., so obtaining the required formula 
with l = 0, m = 0. The general case can be deduced by applying the 
formulae of Exs. 105, 106, p. 394. 

Note. —By applying Exs. Ill, (i), p. 395, 26, (iii), 27 and 29 in Exs. 
45 and 48 many integrals involving products of four modified Bessel 
Functions can be derived. A number of these have been evaluated by 
Dr. Ragab.] 

49. The discontinuous Integral of Weber and Schafheitlin. If x is real 
and positive, and if R (m + n — k)> - 1, R ( k ) > - 1 , show that the integral 


J 


has the value 

r(%m + \n-±k + \) 2~ fc 

r(in - %m + lk + %)T(m + 1 )" 
when 0 <x< 1 , and the value 
rgm + \n - \k + £)2~* 
ram - %n+ %k + i)T(n+ 1 ) 

x 


~ J m (Xx)JnW d?L 

o A* 


.m 


(\m + \n - \k + - in - \k + 1 ; x*\ 

F \ m-f -1 ' 


aJc-n -1 

/ \m + \n - \k + In - - ±k + i ; l\ 

F \ n +1 * B '* 

when x > 1. [Proof by F. M. Ragab.] 

[If x is real and positive take p = 0, 3=1, 1 = 0, m—1, and replace p x 
byn+1, ffj bym+1 and « p+1 by k in Ex. 48. Then, on applying Ex. 46 

it is found that 

Trxirn J® A -fc_i +i m +i n J m { 2 /Ax)} J n ( 2 /^A) dX 

_ (k, k -n : - x\ r(k) 

= sin(fc-n)^E( j ) ~ 


T(n-k+ l)T(m + 


-F(*’ k - ni 
1 ) V m +1 xJ 


provided that x > 1 . .. 

Here replace x by l/x», A by 4/A* and k by * (m + n - k + 1) and get the 
first result. For the second result interchange m and n, replace y 
A/x and then replace x by 1/x.] 
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50. Show that, if p^q + 1» R(A: ±n + 2a r ) >0, r— 1, 2, ...» p, | amp z | 

< 1T> 

J* K n (A)A fc-I E(p ; <x r :qi p B z\*z)d\ 

= 2 k ~* 


(k + n \ . (k-n \ 

8m \~ 2 - n ) sm Itv 


xe( P ; 


A; + n 


, 1 - 


k-n 


» » Po : 4*) 


2 


7T*2-"-* 


n sin fk + n 


("iP 77 ) sin * n7r) 


z -(fc+n)/a 


x E 


( fc + n , A; + n v 

«i + —g - * a i> + —2“ :4z \ 

. k + n , _ , A + n , k + n ) 

1 + 9 , n+ 1 , pi + —.p a H-/ 


2 . . r » * 2 

[Taking p—\, q = 0, the integral becomes 
2 »«|* K n (A)A fc +*«i-»E{a 1 : : l/(zA*)}dA 


[Ragab.] 


= 2*+*«i- > z«i E (a lf «! + 


fc + n 
2 ' 


«» + 


k-n 


i : —) , by Ex. 33, 


= 2 k ~ 


• w* ^ ( . k + n k-n \ 

. (k + n \ . (k-n , \ E \ aiSl 2 ’ 2 : ^7 

8m v— sm {—*) 

n'2 -«-* ..__ _ / fc + » . fc + n 


V_ 

(k + n 


sm 


(k + n \ . 

\~~2~ 7 r) 8m ( n7r ) 


; -(fc+n )/«e : 1 + » n + 1 : 4z) , 


2 "J — by Ex, 40. 

From this the result can be deduced by applying Exs. 105, 106, p. 
394. For other values of p and q the result holds if the integral is 
convergent.] 

51. Show that 


2 *n-*+t/*( n + i) 
k + m — n . k-m-n 


, 1 - 


(i) f“ A*-'K m (A) J n (z/A) dA- 

xF( ; 1 - 

r ,f-k-m + n\_, 

+ 2 2 / *~ m z k + m 

m,-m r(^l + ^ 2 fc+,m+t 

xF ( . 1+ * ± »- J . tl + fc ± m ± . 

where z is real and positive and R (k ±m) >-}; 


,n+l; -f^) 


, m+ 1 


• 

’ 16/’ 
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( 


‘TO 

ii) i n 

' JO 


= 2-j 2 fc+ 2 r ‘- 3 r( 

n. —rt ^ 


A fc -^K m (A)G n (z/A) 

^ P ^ c ~ m + n 


9* + *»-3 rf k + m + n 

2 

X F 




( . -* 

+ 2 2 -*—-r(r(. 

mi. — m ' " ' ' 


+ ro + n , A; - m + n , z 2 \ 

2 * 1 2 > i~ n » -r,; 


-k-m+n 




fc+m 


_/ , k + m + n A; + m - n , z 2 \ 

xF \ : 1 + - 2 - >1 + - 2 - - m+1; ~W' 

where 0 ^ amp z < 7r, R (A; ±m) > — f. 

[Ragab.] 

[For (i), in Ex. 50, with p = 0, q — 1, replace z by 4/z 2 , n by m, and put 
Pi = n + 1 ; then apply the formula 

E ( : n + 1 : 4A 2 /z 2 ) = (2A/z)» J n (z/A), 

and replace A: by k - n.] 

52. Show that, if R(z) >0, 

J” X’=-'l^ n (X)K n (ztX)dX 

-S,-- r(i±^) r(±5±!) r 


( > ■- 


k + m + n 


, 1 - 


A; - m + 


n - z 2 \ 

’ 1 n; 16/ 


+ 


2 2 r( r( ~ k ~* ± * ) r<-m) 


rfc+m 


m. — m 


2 

»f( ; 


, A: + m + n , k + m-n , z* ^ 

1 +---, 1 +-- ,m+l, ) • 


2 ’ ‘ ' 2 ..16 

[In Ex. 51, (ii), replace z by iz and apply the formula K n (£) = i n G n (*£)» 
p. 267. The formula above was given in the Proc. Olasg. Math. Ass., 
Vol. I, p. 187. This proof is by Ragab.] 


53. Show that, if R(z) >0, 

f" K„ (A) K„ (*/A) dX = nK,„ (2 <Jz). 


[Hardy.] 


54. Prove that, if a; is real and positive, 

(i) K n (ix) K„( - ix) = 2 f* K 0 (2x sinh t) cosh (2 nt)dt, 

[J. W. Nicholson]; 

(ii) K„(tx) K„ ( - ix) = 2 cos nn J* K Jn (2x sinh t)dt, 

where -*<R(n)<±. [Dixon and Ferrar.] 
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[On* applying Ex. 109, p. 395, it is seen that, if R(m ±n) >0, 

2 <x + 0 + i r( a )r(p) f" A m ~* K„(2A) E ^ + + * : ~^)d\ 

Jo \ a + /?, + £n ( — Jw 4A 2 / 

= 2“ + ^- 1 r(a)7’(/3) E(a, / 8 , + 1/3, 2at + i /8 + & : a + j 8 : J-r 2 ) 

= P(J)E(a, fi : : i>) E(a, p : : - J>), (A) 

by Ex. Ill, p. 395. 

Now put m= 1, n = 0, a = £+/?, P=%-p, A = 2# sinh/, and then 
replace x by 2x, so getting 

- L K 0 (2x sinh /) E (£ +p, % - p : % : — I — ^cosh t dt 

COS pit J o \ 2 1 2 1 2 8 ln h 2 // 

= P( i) E (2 + 7 ?, ^ - p : : 2ix) E (£ + />, k- p : : - 2 ix). 

On applying Ex. 79, (iv), p. 33G and formula (14), p. 351, (i) is obtained. 

Again, on putting m= 1, oc = £ + |n, /S = 2 - 2”» A = 2-r sinh t , and then 

replacing n by 2n and x by 2x, formula (A) becomes 

- K in (2x sinh t) E ( 1 : : } cosh t dt 

cosnTrJo zn ' ' V 2 sinh 2 // 

= r(2) E(2 + n, 2 - n : : 2/x) E(2 + n, J - n : : - 2j'j-). 

On noting that E(2 : : sinh" 2 /) = P(£) F( 2 ; ; - sinh* /) = P(|)/cosh t 9 

and applying (14), p. 351, (ii) is obtained.] 

55. Prove that, if m and n are positive integers and if R(«)>0, R(/3)>0, 

Jo A a-1 (l ~A) 0 -1 E {p ; a r : q ; Ps : \-™(l - A)“" z) d\ 

— sj(2rr) m«-l + n)k-<*~P 

xE(p + m + n; a r : q + m + n ; p s : mr m n~ n (m + n) m+n 2 }, 
where a p+x+k =(a + v)/m, v =0, 1, 2 , ...» m - 1; 

a p+m+i+v= (£ + *')/»» v = 0, 1, ...» n - 1 ; 

p a+ i +y = (a + ^ + v)/(m + n), p = 0, 1, ...» m + n-1. 

[To begin with assume that p=q= 0, expand the exponential function in 
powers of 1 / 2 , and integrate. Then generalise.] 

56. Show that 


47 T K n (z) = | E(l, Jn, - :: iz*e lw ). 

[Ragab.] 

[Expand the E-functions on the right by means of ( 22 ), p. 353 .] 

57. If m and n are positive integers, show that 

A (m ; a - 1) : z\ 

A (m ; a +0 / 


* -o — 

n r 

2 n C t (fc ; /)( -k+n; <)m-“E [ 
t~o t 


= E 5 a + *)» A(m; at -n), A (m ; a - fc + n) : 2 ] 

lJ(m; a - A:), J (?n ; a+n), A (m ; a+k -n) J ’ 


* These proofs are due to Meijer and Ragab. 
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where A (m ; a) represents the set of parameters 


a a + 1 a +m — 1 

I ••• ♦ 


mm m 

[The E-function on the left is equal to 

-t+v 


2iri 


■r(!l n 

y=0 X 7,b __ 

v =0 


dt. 


Here apply example 5, page 154, and get 

27 rtJ r(<x+t-m£) 

Next, change the order of integration and summation on the left, so 
getting 

— [/■(of " k+n , : 1 Wc- 

2iriJ {i) \a-mi, 1 -a+mC ) 

Here apply Saalschiitz’s Theorem and example 5, page 154.] 


58. If, in formulae (22), (23), p. 353, a t = a +1, «* = «, where l is zero 
or a positive integer, the first two series are non-existent. Show that they 
can be replaced by the expression 

v 

w r(a+J+n)Il r{<x t -a-l -n) 

(-i)W v-*=*- 

n=0 n\{l+n)\ n r(p 8 — a — l — n) 

«=1 

V 

r(a+n)(l-n - 1 ) ! IT r(a t -<x-n) 

+.«2- '-=*■ -< - 2)n * 


n«= 0 


n! n ~ a ~ n ) 
*=i 


where (cf. p. 141) 

A n —tp(l+n) +tp (n) - tp(a+l+n - 1) ~ 1°8 z 

< =3 *” 1 . . 

[If ai = a+J, <x, = a +c, where c is small, the sum of the two senes is 

V 

r(a+l+n)U r(a t -a-l-n) 


00 


<-i)'** + ‘£ 


t-3 


-- q 8U1 7T€ 

n “°n!r(l+i+n-<) n r(p, - *-l -n) 
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X 


r(* + n +c) I~I r(a t - <x - n - e) 

t=:i 


7T 


-n 


-( <! 8 in 7 T€ 

"-'niril -/ 4 -n +€) n r(p, -«^n-c) 

1 

/> 

r(a + n 4- c) T(i - n - €) r(oL t - * - n - *) 

*+< _ _iZi*-( -2) n . 

/--/ n 

«=o 


4-2 


” ! II Hp* - a - n - c) 

« — 1 

The limit when c—0 of the first two series is obtained by removing the 
factor Tr/sin ttc, then differentiating with respect to c, and finally making 
e _*0. On replacing n by l +n in the second series the result is obtained.] 

59. Show that, if | amp z \<n, 

^e-'dt x 


(** c~ l dt <f> (n) n , . . _ 

-- =>. —- z n - (y + log z)c‘, 

Jn z +t ^ n 


where = 1 + 4 + ... +1 /w, <£( 0 )= 0 . 

[Note that (z + /)- 1 =z~ l E( 1 : : z/t).] 


60. Show that the integral of 


/<«- 


7 + m P 

no n ni - P , +1 > n n«, 

*=< 7 + 1 r= 1 


-o 


n r( Ps -t) 

* = 1 


taken round any part of that semicircle of | £ | = R which lies to the right 
of the 77 -axis, the restrictions on the parameters and on R being those 
given on page 374, tends to zero when R—*-oo, provided that 
| amp z | <(7n + 1 ) 77 - and that either p >q + m + 1 or that p =q + m + 1 
and | z | < 1 . 

[When R is large it follows, as on pages 374, 375, that 


1/(0 I^MR* exp[ 


-(/> -q-m - 1){| 77 | (tt± 0) +£(log R - 1)1 
+ £ log | z | - | 77 |{(m + 



where amp £ =6, amp z =<f>, and M and a are numbers independent of £.] 


61. If L denotes the contour formed by the 77 -axis from 77 = - 00 to 

V = + 00 , with loops, when necessary, to ensure that the poles of/(£), 
the function of example 59, at the origin and at p 9+1 - 1, ... , p fl+m - l 
lie to the left and the poles at a x , ... , a p to the right of the contour, 
prove that the integral of /(£) over L is a holomorphic function of z 
provided that p2zq + m+ 1, and that 

| amp z | <(p -q +m + l)^. 
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Show also that this is true if L is moved through a finite distance to 
the left or right. 

[Note that, when 77 is large, | 77 | = R and TT±d^£n, and that log R/R->0 
when R— >-oc.] 


62. Show that the integral of/(£) round any part of the portion of the 
circle | £ | =R to the left of the 77 -axis and between ie'*. R and -ie -< ^R, 
where i/> is small and positive, tends to zero when R—>-co, provided that 
p <q +m + 1 and that | amp z | < (m + 1 )n. 

Show also that, if p=q+m + 1 and | amp z | <(m + l) 7 r, this still 
holds, even when </»= 0 , provided that | z | >1. 

[Replace £ by - £ and show that, when R is large. 


|/(-£)|^MR* exp 


- (q + m + 1 -p){£(log R - 1) - Tjfln 
- ^ log | 2 | ~{(m + l)n±<f>) | 77 |J 


M and r being numbers independent of £.] 


63. If/(£) is the function of example 60, and if p^q +m + 1, | amp 2 | 
<(tn + 1 ) 77 , show, by evaluating the residues at the poles to the left of 
the contour, that 


1 f f q+m 1 

2 ^ Jj/(£)<*£ =7 t” 1 | n cosec (p s 7r)j E (p ; « r 


7T m z Ps 


-1 


Q+rn 

q+m 

* 9 sin (p 8 tt) n sin (p s “ Pt ) 71 

t=q+l 


q + m; p s : wz) 


xE / p;a r - Ps -tl :u*y 

V2 - Ps* pi ~ Ps + L ••• * ••• ’ Pq+m - Ps + 1 1 

where, ifp<g+m + l, L is bent to the left at both ends. When m is 

even, w = 1 and when m is odd, w =e± ,?7 . 

Ifp=< 7 +m + l, show that the result holds with ip = 0, provided that 

| amp z | <(m + 1 )tt. 

If the contour is bent to the left at both ends so that ultimately it is 
parallel to the £-axis, show that the result holds for all values of | 2 | and 
amp 2 , except z =0. When, however, p=q +m + 1, necessarily | z | >1. 
[These results follow from example 62.] 


64. Show that, if p>q +m + \, the results of example 63 hold with 
iJj=0. 

[The result holds whenp =q + m + 1, provided that | amp z\<(m + \)n. 
Now increase p on both sides of the equation by the usual method of 
generalising, noting the results of example 61, and the result is obtained. 
If the contour at both ends is bent to the right so that ultimately it is 
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parallel to the £-axis, the result holds for all values | 2 | and amp 2 
except 2=0- This follows from example 60. If, however, p = q + m + 1, 
it is necessary that | 2 | < I.] 


65. Show that the integral 


1 


2-rri 


q + m v 

r«) n p(c-p. + i) n p(«r-o 

*=* +1 r= I- z^di. 


L 


n ru-a r + un r(p,-o 

r = p +1 «=1 

where l is a positive integer, can bo expressed as a sum of E-functions. 
[Each of the functions 1 /F(£ - a r + 1) can be replaced by 

F(a r — 9 sin (£ — a r 4- 1 )w/tt. 

Now 


sin (£ - a r + 1) 7r = - 2.2 - i e ~ i “ rn ( c<n ) i - 

Hence the integral becomes the sum of a number of integrals of the type 
dealt with in examples 63 and 64.] 
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Abel ’9 test for convergence of series, 80. 

theorem on continuity of series, 125. 
Addition of complex numbers, 1, 3. 
Amplitude, 2, 4. 

of a function, variation of, 11-17. 
principal value of, 2, 4. 

Argand diagram, 2. 

Argument, 2. 

Asymptotic expansions, 136. 

(See under Bessel, E-functions, Euler, 
Gamma function, Kummer, Whit¬ 
taker.) 

Barnes Integrals, 151, 156, 374,419. 
Bernoulli numbers, 132, 328, 402. 
Bessel function, 236. 

Bessel function G n (z), 240. 
addition theorem for, 254. 
asymptotic expansion of, 273. 
in terms of Bessel functions of first 
and second kinds, 240. 
recurrence formulae for, 241. 

Bessel function of first kind, 237. 
addition theorem for, 254. 
as a contour integral, 267, 268, 270. 
as a function of its order, 239, 320. 
asymptotic expansions of, 273, 274 
products of, 340. 
recurrence formulae for, 239. 
zeros of, 241, 274. 

Bessel function of second kind. 238. 239. 
Bessel functions, modified, 267-270, 347, 
351. 

asymptotic expansions of, 271, 293. 
Bessel functions, relations between, 241. 

Lommel integrals, for, 321. 

Bessel’s equation, 236, 266. 

Bessel’s transformed equation, 267. 

Beta function, 144, 145. 


Binomial theorem, 90. 

Branch of function, 13. 

Branch point, 14, 39. 
of an integral, 257. 

Cauchy’s integral theorem, 61, 54. 
integral, 321. 
residue theorem, 67. 

Circular functions, 33, 83, 90. 

Coefficients, undetermined, 96. 

Collinearity of points on cubic, 197. 

Complex numbers, 1. 

geometrical representation of, 1. 
operations with, 1-5 

Complex variable, 7. 
function of a, 7. 
path of variation of a, 7. 

Confluent hypergeometric function, 348. 

Conformal representation, 37, 332, 385. 

Congruent points, 179, 180. 

Conjugate numbers, 1, 2. 

Connected region, 30. 

Continuation, analytical, 122, 208, 360. 
of hypergeometric function, 153, 156, 
249, 297-301, 370, 371. 
of integral of diff. equation, 213. 
theorems on, 123, 124. 

Continuity, 23, 24. 

Abel’s theorem on, 125. 
of series, 92. 
uniform, 24-26. 

Convergence of infinite product, 107, 
108. 

unconditional, 107. 

Convergence of sequence, 42. 
uniform, 42. 

Convergence of series, 76. 
absolute, 76, 78, 358, 369. 
circle of, 80. 
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Convergence, 

of a double series, 78. 

of power series, 80,82,05,358,359,360. 

radius of, 80. 

ratio tests for, 77. 

uniform, 92, 347, 348. 

Coordinates, polar, 2, 29, 294. 
rectangular, 2. 

Cross-cut, 30. 

Cylindrical functions, 236. 

Derivative, 26, 28. 

of function of a function, 30. 
of holomorphic function, 28, 70. 
of inverse function, 30. 
partial, 31, 70. 

Determinant of fundamental system, 
216, 223. 
index of, 224. 

Differential equation, homogeneous 
linear, 209. 
coefficients of, 210. 
construction of, 216. 
domain of ordinary point of, 210. 
dominant equation, 210. 

Frobenius’ method of solution, 225. 
fundamental equation, 220. 
fundamental system, 215, 257. 
indicial equation, 225. 
integrals of, 210. 
of the first order, 210. 
of the second order, 210. 
ordinary point of, 210. 
singularity of, 210. 
solutions of, 210. 

Differentiation, 26, 28, 29. 
of series, 93. 

under integral sign, 44, 69, 138. 

Discontinuity, removable, 23. 

Division of complex numbers, 1, 4. 

Dixon’s theorem, 362. 

Domain of a point, 38, 210. 

Dougall’s theorems, 371, 372. 

E-functions, 348,352, 393-397, 404-415. 
asymptotic expansions of, 351, 358. 
Barnes integral for, 374, 419. 

Elements of a function, 208. 

Elliptic function, 180. 
order of, 181, 182. 
poles of, 180 to 183. 


Elliptic function, 
zeros of, 182. 

(See under Jacobian and Weier- 
strassian functions.) 

Elliptic integrals, 169. 
reduction of, 170-173. 
transformation of, 170-174, 295. 

(See also Legendre’s and Wcier- 
strass’s elliptic integrals.) 

Equation, roots of, 16, 69, 363. 

Euler’s constant, 135. 

asymptotic expansion of, 134. 

Euler's definition of gamma function, 
141. 

Euler’s numbers, 328, 402. 

Evaluation of n, 329. 

Expansion, Lagrange’s, 119. 

Expansion of functions in series of 
fractions, 103, 105, 115, 116, 326. 
Exponential function, 32, 90. 

Ferrers’ function, 307. 

Fourier series, 80. 

Fourier-Bessel integral theorem, 321, 
383. 

Fourier’s integral theorem, 319, 323, 
340, 341. 

Fresnel integrals, 62. 

Frobenius’ method of solving linear diff. 
equations, 225. 
indicial equation, 225. 
solutions free from logarithms, 228. 
uniform convergence of series with 
regard to index, 227. 

Fuchsian type, equations of, 243. 

sum of indices a constant, 243, 244. 
Function, analytic, 29, 208. 
conjugate, 31. 
continuous, 23. 
dominant, 210. 
doubly-periodic, 179. 
elements of a, 208. 
even, 33, 97. 

geometrical representation of a, 7, 

10 . 

holomorphic, 29, 52, 93, 294. 

initial value of, 10. 

integral, 88. 

integrals of, 48. 

inverse, 30. 

limit of, 22. 
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Function, 

meromorphic, 39, 40, 89, 100. 
multiform or multiple-valued, 7, 161, 
209. 

odd, 33, 97. 

of a complex variable, 7. 
of a function, 24, 30, 49. 
of two complex variables, 69, 137. 
of two real variables, 26. 
periodic, 32, 86. 

periodic, of the second kind, 187. 
periodic, of the third kind, 189. 
rational, 89. 
rational integral, 88. 
region of existence of, 7. 
regular, 29. 
simply-periodic, 86. 
single-valued, 7, 209. 
transcendental integral, 88. 
uniform, 7, 209. 
uniform, classification of, 88. 
Fundamental equation, 220. 
Fundamental system of integrals, 215, 
257. 

associated with fundamental equa¬ 
tion, 220. 

in neighbourhood of singularity, 219. 
Fundamental theorem of algebra, 68, 
69. 

Gamma function, 67, 75, 109, 139, 141. 
asymptotic expansion of, 146, 374. 
duplication formula for, 145. 

Euler’s definition of, 141. 
expression as a contour integral, 143. 
Gauss’s definition of, 141. 
the derived function T(z), 141. 
Gauss’s differential equation, 228, 258. 
function II(z)/l41. 
sum, 117. 
theorem, 144, 275. 

Generalised hypergeometric functions, 

343, 358. * 

expressed as multiple series, 363. 
Geometrical representation. (See under 
Complex numbers, Functions and 
Transformations.) 

Green’s theorem, 45. 

Gregory’s series, 84. 

Harmonic functions, 31. 


Hyperbolic functions, 33, 90. 
Hypergeometric equation, 228, 258. 
relations between integrals of, 249, 
298. 

the twenty-four integrals of, 247, 297. 
Hypergeometric function, 77, 151, 229, 
246, 247, 297, 298. 
analytical continuation of, 153, 156, 
249, 297-301. 
as a contour integral, 259. 
asymptotic expansion of, 301. 
confluent, 348. 
generalised, 343, 358. 
Hypergeometric series, 77, 78, 144. 
convergence of, 77. 

Identities, 83. , 

Image of point, 9. 

Indebted contour, 65. 

Indicial equation, 225. 

fundamental system, 227. 

Infinity, point at, 9. 
continuity at, 23. 
integral at, 51, 137, 139. 
integrals of diff. equ. at, 212, 213, 
224. 

loop about, 162, 168. 
residue at, 58, 96. 
singularity at, 38, 39. 

Integrals, contour, 59, 97, 113. 
convergent, 136. 
curvilinear, 42. 
definite, 48. 
double, 69, 138. 
elliptic, 169. 

evaluation of definite, 59, 97, 113. 
finite moduli of definite, 50. 

Fresnel, 62. 
indefinite, 53. 
independent of paths, 52. 
limiting values of definite, 60, 63, 113, 
115. 

of holomorphic functions, 50-52. 
of meromorphic functions, 160. 
of multiform functions, 161. 
principal values of, 65, 323. 
uniformly convergent, 137. 
with infinite paths, 51, 137, 139. 
Integrals of differential equation, 210. 
analytical continuation of, 213. 
at infinity, 212, 213. 
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Integrate of differential equation, exist¬ 
ence of, 210. 

fundamental system of, 215. 
in form of infinite series, 213. 
initial values of, 210. 
linearly independent, 215. 

Integrals of diff. equ. in form of definite 
integrate, 255, 2G6. 
branch points of, 257. 
fundamental system of, 257. 

Integrate of diff. equ. near a singularity, 
219. 

at infinity, 224. 
fundamental system of, 219. 
index of, 222. 
regular, 222. 

Integrand, infinite, 13G, 139. 
Integration, change of order of, G9, 138. 
of series, 93. 
partial, 53. 

under integral sign, 69, 138. 
Invariants (see under YVeierstrass). 
Inverse points, 9. 

Inverse sine function, 1G3. 

Inverse tangent function, 34, 84, 8G. 
I(p) notation, 1. 

Jacobian elliptic functions, 167,182,198. 
addition theorems for, 202. 
complementary modulus of, 16G, 167, 
200. 

derivatives of, 200. 
diff. equ. of quarter periods of, 176, 
231. 

duplication formulae for, 204. 
Legendre’s relation for, 175. 
moduli of, 167, 200. 
orders of, 182, 202. 
periods of, 167, 201, 202. 
poles of, 200, 202. 
relations between, 200. 
relations between periods of, 202. 
relation to Weicrstrassian functions, 
201. 

residues at poles of, 202, 205. 
transition from Weierstrassian func¬ 
tion to, 198. 
zeros of, 200. 

Jacobi’s imaginary transformation, 205. 

Hummer’s function, 346. 
asymptotic expansion of, 350. 


Lagrange’s expansion, 119, 125. 

Landen's transformation, 174. 

Laplace’s equation, 31. 

Laurent’s series, 84, 95. 

absolute convergence of, 85. 

Legendre functions, 234. 

addition theorems for, 314—318, 333. 
of the first kind, 214, 235, 236. 
of the second kind, 235, 236. 
recurrence formulae for, 236, 252, 289, 
290, 310. 

l^egendro polynomials, 99, 214, 235. 
expression in series, 102, 103, 121. 
in definite integral forms, 100-102. 
integrate involving, 122. 
recurrence formulae for, 102, 124, 
129. 

Rodrigues’ formula for, 120. 

Legendre’s associated equation, 249, 
259. 

Legendre’s associated functions, 250, 
259-265, 334, 335, 339. 
as definite integrate, 260-263, 308, 
333, 336, 337. 

asymptotic expansions of, 303-307, 
309. 

recurrence formulae for, 310-314, 337, 
338. 

relations between, 251, 262-265, 275, 
276, 303, 306, 309, 317. 

Legendre’s complete elliptic integrate of 
the first and second kinds, 174. 

Legendre’s equation, 213, 234. 
relation to Gauss’s equation, 235. 

Legendre’s first normal elliptic integral, 
163, 173. 

inversion of, 166, 201. 

Legendre’s normal integrate, 173. 

Legendre’s relation, 175, 188. 

Limit, 22. 

at infinity, 22. 

infinite, 23. 

of a sequence, 42. 

of function, geometrical illustration, 

22 . 

of quotient of two functions, 30, 83, 
295. 

uniform convergency to a, 23. 

Liouville's theorem, 68. 

Logarithmic function, 34-36, 83, 161. 

Logarithmic transformation, 35, 325. 
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Loops, 145, 162, 164, 168. 

about point at infinity, 162, 168. 
notation for negative, 162. 

Maclaurin’s expansion, 296. 

Mehler-Diriehlet integrals, 112, 336, 337. 

Mittag-Leffler’s theorem, 105. 

Modulus, of complex number, 2, 3, 4. 
(See under Jacobian elliptic functions.) 

Multiplication of complex numbers, 1, 4. 

Naperian logarithms, 34. 

Numbers, complex, imaginary, real, 1, 2. 
geometrical representation of, 1-6. 

Orthogonal systems, 32. 

Path of variation, 7, 10, 22. 

Period, of a function, 86, 179. 
parallelogram, 179. 
primitive, 86, 179. 

P-function, Riemann’s, 244. 

Point at infinity, 9, 38, 39. 

Points, congruent, 179, 180. 

Points, critical, 38. 

Points of inflection on cubic, 197. 

Points, ordinary, 38, 210. 

Points, singular, 38. 

Pole, 38, 39, 67, 118. 

an isolated singularity, 39. 
at infinity, 38, 88. 
of order n, 38, 86. 
principal part at a, 86. 
simple, 3^. 

Polynomials, 88. 

Power, the generalised, 36. 

Product infinite, 107, 108. 

expression of function as, 108, 109. 
zeros of, 295. 


Residue at a pole, 57, 58, 67, 96, 295. 

at infinity, 58, 96. 

Riemann’s P-function, 244. 
indices of, 245. 

in terms of hypergeometric functions, 
246. 

Rodrigues’ formula, 120. 

Root extraction, 1, 5, 36. 

Roots of equations, 4, 5, 16, 69, 378, 400. 

theorems on, 118, 119. 

Rouche’s theorem, 400. 

Routh’s condition, 378. 

R(p) notation, 1. 

Saalschiitz’s theorem, 360. 

generalisation of, 365. 

Sequence, 42, 359. 

Series, convergent, 76. 
multiplication of, 77, 82. 
power, 80, 82, 95, 125. 
uniformly convergent, 92. 
well-poised, 366. 

Sigma functions, 109. 

duplication formula for, 190. 
elliptic functions in terms of, 190. 
properties of, 189. 

Similar figures, 8, 37. 

Singularities, 38. 

at infinity, 38, 39, 88, 89, 106, 181. 

essential, 39, 86, 89, 90, 106, 181. 

isolated, 38, 39. 

line of, 101. 

non-essential, 39. 

of a diff. equ., 210. 

Stirling’s formula, 150. 

Sturm’s theorem, 16. 

Subtraction of complex numbers, 1, 3. 
Summation of series by residues, 116. 
Summation of trigonometrical series. 

126, 127. 


Quantities e, r/, positive, 23. 


Region, closed, 92. 
connected, 30. 
function holomorphic in, 53. 
multiply-connected, 30, 47, 58. 
of existence of function, 7. 


of uniform convergence, 92, 96. 
simply-connected, 30. ( 

Remainder in Maclaufin’s expansion, 

296. Cl I- , 

1 i 


Tangent to a cubic, 197. 

Tannery’s theorem, 371. 

Taylor’s series, 82, 95. 

absolute convergence of, 83. 
remainder in, 296. 

Transformations, 7.-- 
bilinear, 8, 9. 

geometrical representation of, 8. 
linear, 7, 8. 
rational, 8.' 

(See under Landen, Logarithmic.) 
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Trigonometrical series, summation of, 

120 . 

Uniformly convergent series, 92, 127. 
continuity of, 92. 
differentiation of, 93- 
integration of, 93. 
power series, 95. 

Weierstrass’s M test for, 94. 

Variable, complex, 7. 

independent, 7. 

Vectors, 2. 

Weierstrassian elliptic function, 106, 
169, 180. 

addition of semi-period, or third of 
period, to argument, 187, 331. 
addition theorem, 185, 331. 
diff. equation satisfied by, 183. 
duplication formula for, 186. 
elliptic functions in terms of, 191. 
geometric application of, 196. 
in terms of sigma functions, 190. 
invariants of, 184, 194. 

Legendre’s relation for, 188. 
order of, 182. . 

periods of, 169, 180, 195, 196. 
poles of, 181, 182. 


Weierstrassian elliptic function, 

relation to Jacobian functions, 201. 
residue at pole of, 181. 
transition to Jacobian functions, 198. 
values when one period real and ono 
purely imaginary, 194. 
zeros of first derivative of, 182, 184. 

Weierstrassian elliptic integral, 167, 
185, 195. 196. 
inversion of, 169, 185. 

Weierstrass’s theorem, 108. 

Weierstrass. (See under .Sigma and 
Zcta functions and Uniformly con¬ 
vergent series.) 

Well-poised series, 366. 
terminating, 368, 369. 

Whipple's theorem for terminating well- 
poised scries, 369. 

Whittaker’s functions, 351. 
asymptotic expansion of, 352. 

u;-planc, 10. 

Zeros, 1, 39, 67, 118, 119. 
of order n, 39, 83. 
simple, 39. 

Zcta functions, Weierstrass’s. 106. 
elliptic functions in terms of, 188. 
properties of, 187. 

z-plane, 2, 10. 
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